STATISTICAL METHODS

APPLTED TO AGRICULTURAL ECONOMICS

By
g »(\
FRANK A. PEARSON O\
:“:,\\”{'
and AN
,,\\“‘3

KENNETH R. BENNEI&i(’
\

Pennsyleania State Cﬁ!{'ﬁgtq\\\,

&
o)
F 4 A A4 4
\7
N
ONN
o8
~ \’g s
A
N
R\
O\
£ mf\s.t
W
y 03:\.)
'S M
\»/
N

New York: JOHN WILEY & SONS, Inc.
Lonpon: CHAPMAN & HALL, Limrrep



O

Copyright, 1942

RY O

Fraux A, Pranson \%’
AND ﬁ

Kensern R. Beysers “&(b
All Rights Beserved \\<)

This book or any part thereof must K}
be reproduced in ony form with

the writlen permission of the g’ﬁer.
3

FOURTH PRINTING, SEBTEMERER, 1951
N
&

S
>
O

Printed in 17, 5, A,



PREFACE

This book was written primarily for those interested in applications of
statistical methods to agricultural cconomics. The illustrations arc largely
drawn from the ficlds of farm management, marketing, and prices. How-

ever, these illustrations are similar to those which might have been taken
from other fields in agrieultural economics and business. The volume s
designed for use as a textbook in colleges and universitics or ag m@nel al
referenco book for statistical workers. O

The arrangement follows the usual procedurc; measuve’s of central
tendency, variation, association, and reliahility. N

The book differs from most textbooks in that it (*in‘ams fwo chapters
on the tabular analysis of relationships. This subjebt’is ignored in most
textbooks despite the fact that it has been and will continuc to be the
most widely used moethod of analyzing relatiboships.

In the chapters on testing reliability, emphasis is placed on problems
which arise in the social sciences. The application of tests of significance
to tabular analysis is given in chaptun 18, 20, and 21; and to corrolation
analysis, in chapter 22, o)

We are indebted to R. A, Tigher and associates for the development of
many of the newer techmquea i testing reliability. We are also indebted
to C. H. Goulden and @.¢{W. Snedecor for gencrous permission to repro-
duce certain tables; andMo Mre. J. V. Casselta for editing the manu-
seript. Of eourse, tlic:ﬁill responsibility for inaccuracies rests with us,

,\:“’ FraNK A, PEARSON
Kesvera R, BenyeTT

Irnacs, Qm‘ YORK

July, L){I
o
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CHAPTTR 1
FREQUENCY DISTRIBUTIONS

Beeause the human miud is unable to grasp facis contained in large,
unordered masses of data, it 1s nceessary to rearrange, condensepsor
simplify these data in some fashion. Incomes on 89 New York Yruit
' _ &

- TABLE 1.—UNARRANGED AND ARRANGED DAT{&'\
Laipor IxcosEs For 88 NEw Yorx Fruir Famws, :l{JLﬁ
| -

() Unarcunged data - (B} Arranged a.ti';t'}(s}(i}ng 10 magnitude

—— _
$ 1,372 1,887 % 4,127 |$— 467 [§ 1,407 | 08200 | § 965 $1,887
~ BRT 387,867 | 5,205 — 6874 Y 887T| 1080 1,900
403 961 250 | 2,807 — 678 403+ 1,108 | 1,948
1,167 | 1,471 — 89 866 | — 4o7 416 1,167 1,965
1,965 | 1,202 535 216 | &\ 328 421 1,171 2,031
1,870 0 1,900 2,111 4045~ 316 498 | 1,202 | 2,111
h2 421 065 2,620 — 206 335 1,271 2,194
- 206! — 32%: 255 |0 L NG| — 194 5r7 | 1,272 2,204
1,270 0 — 46 1,748 | A204 | — 186 618 | 1,348 ¢ 2,347
1,272 907 2,1%“,\ 1| — 21t 661 1,372 2,390
4,136 1 2,347 1,% Y~ 3l — 89 728 1,400 2,544
951 . 2,544 | M10 1,452 — ®5 7ah 1,423 | 2,620
2,081 § 1,425 |/»¥4848 | 2,735 | — 75| 785 1,444 2,732
— 184 STENY 186 98| — 46 8011 1,452 | 2,735
—1,407 1,948 2,871 2,732 + 1 319 1,463 2,820
1,523 (573 854 | 1,463 -+ 9 845 | 1,471| 2,871
| 200 | 2N2,820 |55 1,444 | 17 834 | 1,523 | 2,897
L3, 70244 111 | 1,585 843 40 855 | 1,543 | 3,702
e 728 | 2,390 ki 62 866 | 1,585 | 4,013
0| 1,409 — B5y — 75 216 907 | 1,748 | 4,127
CWoso | 4,013 735 618 255 o51 | 1,867 | 4,136
4,673 8191 1,543 661 250 961 | 1,879 | 4,673
725 5,205

farms for 1913 are ilustrative of ungrouped and disordered data (table I,

part a). With considerable effort, the reader may note that the highest

income was $5,205; and the lowest, — 81,407; and that the other 87

incomes fell betweon these two extremes. When the incomes are arranged
1



‘.2 ' FREQUENCY DISTRIBUTIONS

aceording to size, these same facts can be determined at.a gln?u'n (m.h]p}li
part &). However, this rearrangement deoes not materially increase the
easc of further analysis of the data. . . .

A frequency distribution groups the items of a series :l('.f'()!'illll;:"“i.(j
their size and shows the frequency of oecurrence of. each group. The
incomes have been grouped inlo 14 clagses (table 2). Ench class f“‘(ff‘ltll.‘i

- over a range of $300, The number of

TABLE 2 -FREQUENCY DIS- gm0 in cach class is shown. For

TRIBUTION WITH $500 CLASS

instance, therc were 17 farms with

INTPRVAL incomes,from + 5500 to + S04 e

Lanom Ixcouss ror 89 New Yors construction of such a table pdeplyes:
Frum Famse, 1913 (1) choosing the size of theselads and

Class interval _ the number of classes, (.:23 (r}.u_)o.a-ing
dollegs | FTEUUNOY |3 onae limits, and &) counting the

number of items inledth class,

j:ggg o 21’28} : NUMBER'OF CLASSES
- S0t — - 1. 11 In genegral 4 frequency table! <hould
503 Eg ggg ir; nof comtain fewer than 8 to 10 classes
1,000 to ],,.199 15 or mort” than 25 to 30, depending
1,500 to 1,999 10 upign'%.lltz total nuraber of items in the
2,000 to 2,459 6 Series.
2,500 to 2,999 T ™ A series eontaining a large number
g:ggg :E g’ggg 0\ of items can be divided into more

)’ . .
4,000 b0 4,499 \3 classes than s scries with a small
4,500t0 4,999 |y \1 ‘number, beeause it can supply a

5,000 te 5,499 K > 1 considerable frequency to more classes
O\ - and  because random Auctuations

Tot.al 0\’.. 59 . -
RS among frequencics tend to iron ou

N4 as the number of items inereases. The
maost @t:s'iﬁble frequency table is the one which gives the reader

the paost’ information in clearest fashion., Most readers can grasp ideas

[iﬁz? readily when only a few classes are used. On the other hand,
sorde of the characieristies of o distribution tend io be obscured with
an insufficient number of elasses, Frequeney distributions with a large
number of clagses are likely to contain all the characteristics of the

serics, but it is usually difficult for the reader to ascertain these character-
isties. :

! Althoagh frequency distributions are usually show
also be shown graphically. However, in
tien” and “frequency tahle”

n in fabular form, they may

this echapter, the terms “frequency distribu-
are often used gynonymously,



NUMBER OF CLASSES

3

The caleulation of statistical measures from ungrouped data is very
difficult. This difficulty is overcome in large part when the data are
grouped. The work of calculation {rom frequency tables is about propor-

tionate to the number of classes.

TAELE 3—FREQUENCY DISTRIBUTION WITH $2,000 AND $250
CLASS INTERVALS

Lairor INcoMEs ronr 89 NEw York Frurr Fanrwms, 1913

$2,000 Clasges

3250 (laszes

N .\
. Class interval, dollars ©  Frequency l Class interval, dollarg Fréqghency
i ; N\
-2,000to — 1 14 —1,500 to —1,251 {1
Gto 1,999 36 —1,250 to —1 OD],"
2,000 to 3,009 14 —1,000 to — @:»1
4,000 tc 5,900 i) — 750 to \A\DB01
— 50O ta %" 251
Total 89 - B0y — 1
~Bto 249
. N250 o 499
The labor incomes on 89 farms ||« 500 10 749
were grouped into $500 class _f 7500 999 1
intervals (table 2). The numbert™| 1,000 to 1,249 :
\ 1,250 to 1,499 1

of classes, 14, was sufficient “to

show the main chalacterlst;’cs of
the scries without conqumg the
reader with too much d\bml When
this series was grquped by $2,000
class intervals, 58Narms, or almost
two-thirds Q\f;\;he total, were
included inghe clags $0 to $1,999
(table 3% This frequency table
eIear]} shows the reader that the

08t™commen labor income on
thege fruit farms was between $0
and + $1,999. It dees nof tell the
reader the relative proportion of
farmers receiving & low income
$0 to 4+ $499, or a high income,

1,500 b0 1,749
1,750 to 1,960
2,000 to 2,249
2,250 to 2,499
2,500 to 2,749
2,750 to 2,099
3,000 t0 3,240
3,250 to 3,499
3,500 to 3,749
3,750 to 3,999
4,000 to 4,249
4,250 to 4,409
4,500 to 4,749
4,750 to 4,999
5,000 to 5,249

Total

84

$1,500 to $1, ()99 A further division—that 13, more classes—would be
desirable in this case, both for the reader’s information and for further

statistical analysis.

When this series was divided into $250 class intervals, the number of
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classes was 27 (table 8). This frequeney distribution contains the im-
portant characteristics of the series of {abor incomes, but the 1-t‘:.u1r=r:
has considerable difficulty in grasping them beeause of the luek ol
coneentration. The original series does net contain enougl: observations
to support 27 classes. The high variability in the frequencies of con-
tiguous classes is an indication of too many classes for thoe size of 1he
geries; or conversely, not a large enough series for the number of elias<es.
Thig grouping into 27 classes is little improvement upon the array in
imforming the reader; neither is it a great improvement in facilitud g
the caleulation of further statistical measures.

N
7 "' A

SIZE OF CLASS INTERVAL ““
Strietly speaking, the size of the class interval is deter:miﬂo:d by the
number of classes and the total range in the data. Thergyard, however,

certain additional points which one should econsider tmelicosing the size
of the elasses. The size of the interval should not bt3uth that it tends to
obscure or distort the characteristics of the serigAf there is no danger
of this difficulty, elass intervals should be of futh common sizes as 2,5,
10, 25, 50, 100, 500, 1,000, and so on, ratherthan 1.5, G, 11, 23, 53, 97,
472, and the like. The human mind is gectstomed to thinking in ferms
of certain multiples of 2, 5, 10, and therlike. In the frequency distribu-
tion of incomes in table 2, the size, 6}' the class intervals was $500, rather
than $450 or $535, because 500 i8'% number that is easy to manipulate
mentally and mochanieally, &nd yet does not disturb the major charac-
teristics of the series. ™ /

In general, class intc:rémlﬂ should be cqual in size. A justificatien for
unequal class interyalelies in the saving of space on the printed page,

There is often ditficulty in making frequency distributions of size of
farms in some.;sections of the TUnited States because of the tendency
for farms \to}st)ntain 80, 160, or other multiples of 40 and 80 aeres. The
160 Lllingis farms were grouped by the 50-acre classes 2069, 70-119,
ete, (fable 4). There were 52 farms in the class 70-119 acres, 37 of
which werc exactly 80 acres in sizo, As a result, the actual average of
the class was 83, while the midpoint was 95. The next higher elass,
120-169 acres, contained 33 farms of exactly 160 acres. The actual
average of this class was 151, six acreg above the midpoint, beeause
160 was within 10 acres of the upper limit of the class. When these
far_ms were grouped into 40-aere classes, 20-59, 60-99, ete., the mid-
point was usually the most common acreage and checked quite closely
with the average of the class (table 4},

In the ealeulation of statistical measures from the series of data, the
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class intervals of 40 acres would give more relisble results than the
S{-acre clasy intervals,

TABLE 4—FFFECT OF 8IZE OF CLASS INTERVALS ON REPRESENTA-
TIVENESS OF FREQUENCY DISTRIBUTIONS

Bizm oF 160 Fawrms, Bureau Couxtr, ItiIvoms, 1920

Jl-acre intervals 40-nere intervals
5 - ' i I
Class T Actual | Mid- | Class 7 - Actual | Migs
interval, re- class | point, interval, e class palht
queney X gueney
acres average . of class aures average | ,\o‘f\class
-— ! 3 \
20- 69 15 47 45/ 20— 59 1 41 by 40
70-119 52 83 95 60— 99 50 LSI7 %0
120-169 a8 151 145 100-139 19 ’\ onr 126G
170-219 11 18¢ 195 1404179 500\ 160 160
220269 15 240 245 180-219 & 202 200
270-319 3 277 203 220-254 p \\,15 240 240
320-369 3 ¢ 3338 345 260—291?’\ (- 277 280
370-419 2 0 402 395§ 300—{33? x 2 320 320
4201-469 0 — 445 ¢ S4058FY 1 aso 360
470-519 0 | — 495 1 380-419 2 402 400
520-5H69 1 | 560 545§\ 420-459 Q — 440
LR 460409 ] — 480
ST 500539 0 — 520
4 540579 1 560 560
PN — .
Total 160 ‘ \’\’ Vo Total 160 — —

=

(JLOCATION OF CLASS LIMITS

~ The limits ofplie’ classes should be such that the characteristics of the
serics are n{t:\o‘bmru'cd or distorted. The frequency table first of all
must tell {he’ truth. So far as possible, there should be symmetrical
distribydion of the items within each class. The class limits should be
chosen.to that the midpoint of the class is reprosentaiive of all the
ite}:ﬁ;in it. The midpoints of the classes should not vary widely from
the actual averages of the items in the respective classes. -

When 160 Illirois farms were grouped by 40-acre classes, with the
hmits 0-39, 80-119, cte., the items in each class were not equally
distributed throughout the intervals (table 5). In the class 80-119, the
midpaint was 100, but the average of the farms in the class was only 84,
because a high proportion of the farms contained exactly 80 acres.

When these farms were grouped by 40-acre classes, with the limits
1-40, 81-120, cte., the actnal average size of the farms in the class was
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significantly greater than the midpoint, because a large number of
farms was cxactly the same size ag the upper limit (table 5).

When farins were grouped with the limits 20-59, 100139, ote., the
midpdints agreed closely with the average size of the furms in (he eluss
(table 4). The prevailing size of farms for cach elaxs wax the midpoint
of the class. '

TAEBLE 5. —EFFECT OF LOCATION OF CLASS LIMITS ON REPRESENTA-
: TIVEKLESS 0F FREQUENCY DISTRTIBUTIONS

Size orF 160 Faksmz, Boreaw Counry, Inuixow, 1930 N
R e L
Typical farms at lower class limits Typical furms at upper (E!.‘}.Q‘S)‘I'?]Iif.ﬂ
Class ‘Fre- | Actual = Mid- Class Fre- ~.}X(-t‘(1:11 i Mid-
interval, | queney | elass point interval, (1uon"g)'f\~ cluss . point
acres average | of class aeres S\ |average | of clss
0- 39 3 29 20 -4a0'dr 7 35 21
40~ 79 16 57 - 60 4180 49 76 61
80-119 48 84 100 8320 21 107 101
120-1569 20 138 140 »1'2 1-160 43 157 111
160~199 45 163 180 ‘ 161-200 14 . 174 181
200239 6 | 217 | 2200 201-240 15 236 221
240-279 4 . 243 26087 | 241-280 5 263 261
280-319 2 280) L300 281-320 2 320 301
320-359 2 320 I\ 340 321-360 1 360 341
360- 399 1 &I{(‘S | B&0 361-400 1 400 381
400439 2 A0 420 | 401-440 I 405 421
440479 o JO— 460 441480 N 461
480-519 My — . 3500 481520 0 — 301
520-559 y "Q ¥ — 540 521--560 1 560 541
560-599 01 560 580
Tﬂti}l}f . 160 — - Total ‘ 160 l T -
N . . :

\thre feasible, the class limits should be located at multiples of
certain commonly used numbers, such as 2, 5, 10, 100, and the like.
They should be located so that the mid-values of the classes are also
Integers familiar to the mind and easy to manipulate.

In a frequency table, there should be no indoterminate classes with
only one limit, such as “under 10" or “over 200.”

Common methods of designating class limits are as follows:

i IT 111 v
$ 500-1,000 $ 500 and under $1,000 $ 500 099 $ 750
1,000-1,500 1,000 and under 1,500 1,000-1,409 1,250
1,500-2,000 1,500 and under 2,000 1,500-1,909 1,750
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In each of the above examples, the class limits may be at the same
points, The technique of I leaves to one’s judgment the classifying of
items whose value is 1,000, 1,500, ete. The usual practice with such
class limits is to place one-half of the doubtful items in the class above
ad one-half in the class below. The difficulty of dividing these items
cgually can easily be overcome by devignating the elass limits in someo
other manner. In IT, the class limits are definitely stated, and the only
objeetion is the addition of the words “and under,” which lengthen the
deseription of the class. Thoey are somewhat difficult to read and int(‘{-
pret, and they take valuable space in printed form.
TABLE 6.—RELATIVE AND CUMULATIVE J:‘RE(QFTE-NQY\~,\
DISTRIBUTIONS '\\

Laror Incoves ror 89 NeEw Yorx Frurr Famws, 1913«.

. Cumulative dj‘r‘;‘t}ik;utmn * of
Relative )
. . or pei- \
uas? .mterval, Tre- contage Nlll‘{lbﬁ;r‘.‘i:\\ o Rclatives
dollars quency | oo LY
tion AN\ .
i Upward{ Downward | Upward | Downward
—1,300 to —1,001 1 1.1 |o3% &9 1.1 100.0
—1,000 to — 501 2 2.3 S 3 35 3.4 098.9
— 500 to — 1 11 12 4 T4 86 15.8 96.6
0to 4G9 14 LTS | 28 75 31.5 84.2
500 to 298 i7 RCA - 45 61 .6 68.5
1,000t0 1,400 | 154 [\M6.9 : 60 a4 67.5 49.4
1,300 to 1,909 104 A 11.2 70 29 8.7 32.5
2000to 2,409 (8 @8)T 6.7 76 19 85.4 21.3
2,500 te 2,009 .\:,,’7 7.9 83 13 093.3 14,6
3,000 to 3,49&‘:. 0 0.0 83 6 93.3 6.7
3,500 to 3,900/ 1 1.1 84 6 04 4 6.7
4,000 to 4,499 3 3.4 87 ] a7 8 5.6
4,500 to. 4,999 1 1.1 88 2 98.9 2.2
5{0@ t6 5,490 3 1.1 89 1 100.0 1.1
Tatal /9 100.0 — — — —

* Oceagionally, the class-interval deseriptions for a frequency distribution eumu-
lated downward are 5,000 or more,” “4,500 or more,” “4,000 or more,” and so -
on. Likewise, curnulated upward, they would rcad “less than —1,000," *less than
—6),"" and so on. :

Method ITI is usually interpreted as the equivalent of 11, The doserip-
tion 500-999 usually means 500 and under 1,000. This fact i sometimes
impressed on the reader by writing the deseription 500-999.9. Method
[TT has the advantages of both definiteness and brevity.
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OGCasionally,' the classes are designated by their midpoints, as in 1V,
‘This leaves to the roader the establishment of the upper and lower
- limits of the class. Method IV has the advantage of brevity, and extiab-
lishes the midpoint, which may be taken as a single measure likely to
Teprescht the items in the class.

RELATIVE FREQUENCY

In a relative or percentage frequency table, the frequency of each class
is expressed as a percentage of the total f requency or number of itethrin
the series. In this type of table, the relative frequencies alwaydatil to
100 (table 6, left}. In the series of 89 incomes for fruit farms 47 fell in
the class $500-999. In the rolative frequeney table, 17 \‘.v*a;%, equivalent
to 19.1 per cent of the total number of farms (17 = 891’: 0.191).

AN

Frequency Frequency —a
15— Polygon 15— , x::\\ - Histogram
N
10k : [ —
51 4 5
B (] B t 0 :L_ [ | 1
) -1?'{]][) 5&]}0 ¢ 2;530 4?00 -1%{])0 500 2500 4500
N P\ ] to t
1001 999 ,\~“ 2999 4959 =1001 999 29%9 4;39
Ir[c{@g, dollars Income, dallars
FIGTH’{{F{'] —GRAPHI(C REPRESEXTATION OF A FREQUENCY
&

R DISTRIBUTION
LasorsIacous ik F
'BOR\INCOMES FoR 89 NEw York Fruir F ARMS, 1913, Crass InTERVAL, $500

. The;polygoz.n (left) ia n_linn connecting the number of farme nlotied at the midpoint of the income
. ETOUpA, The histapram (right) ia & =erfes of adjucent colurmns TepTesenting the number of farma. The
gides of the columus Tepresent the cluss limits. -

CUMULATIVE FREQUENCY

In some frequency tables, it is useful to know not only the frequency

tal frequency included in a particular class
clow. For example, there were 17 farms in

9, and there wore 45 farms with incomeg of
}ess than $1,000 (table 6, right). There was 1 farm with an income of
less than —$1.000 and 3 farms with less than —~ %500, Frequencies ma ¥ be
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cumulative beginning with the smallest values in the series or wilh the
largest. There were 6 farms with incomes of more than $3,000. These
cumulative frequencies arc somctimes more useful when expressed as
percentages. Trourteen farms had minus labor incomes, and these repre-
gented 15.8 per cent of the total (table 6).

* GRAPHIC REPRESENTATION

The average reader can grasp the characteristics of a frequency

distribution presented in graphic form more easily than in tabular fori

{(compare figure 1 and table 2). In a system of rectangular coordiusdtes,
the horizontal scale represents the class, and the vertical b(*alo \rcfers

to the frequency. PR
Ny
Numbser
80—
40
N S T OO DR N M &
-1250 750 2750 50, 1250 750 2750 4750

Income, dollars Income, dellars
FIGURE 2.---0GIVEE OR (”T{QJL'L;\TTVL FREQUENCY DISTRIBUTION
Lapor Invcomes For 89 D‘Q Ymu( Froir Fagrus, 1613, Crass InTeavarn, $H00

The mirve to the left is o distrlbut.lon curmulated from the lower incomes; und to the right, from
the higher, - W
A</ i

The dlﬂtﬂbumqn of the labor incomes for 89 fruit farms was represented
by () a freqUgricy pelygon and {(b) a histogram {figure 1). The polygon
is the mafe commonly used method of graphic presentation, but the
hmtogr&m is probably more correct when the variable is not continuous.
The, frequency polygon assumes lincar interpolation between the mid-
p&nfs of the classes. The frequencics of the claszses are plotted against
the midpoints. These plotted points for eonsecutive classes are con-
necled by straight lines.

The histogram consists of a series of adjoining rectangles whose widths

are the class interval and whose lengths are the {requencies. As in the

frequency table, each class in a polygon or histogram is designated by
its midpoint or by its range.

A cumulative frequeney disiribution of labor incomes may also be
shown graphieally (figure 2). This graph which rises from 0 fo 89 is
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called an ogive. It is merely a polygon represonting a cumulative rather

Freasncy|

40

a0

10

oh |
=6250 —2250 1750
- Income, dollars

"l

2750 5750

FIGURE 3.—APPROXTMATELY
BYMMETRICAT, FREQUENCY
DISTRIBUTTON

Lapor Incomes ror 178 Nuw Yorg Fruir
Farums, 1020, Crass InTERVAL, $500

is shout the same number of farms shove and Below
the class of greatest frequency, ”

P4\

into a few broad satcpories. The
symmetrical distribsition is probably
the best known Sut’one of the least
common typ@;bf“distﬁbuti{m found
in econom)'(phenumena. Thenormal
distl'ibyﬁi()\Ll is a specialized type of
symniedrical distribution.

“The’ labor incomes of fruit farms
l%f 1920 are g good illustration of
an approximately symmetrical dig-
tribution (figure 3). In » symmetri-

cal distribution, the average of the
serles is in the class which has the
greatest frequency. The most typieal

- labor income is the average for the

. g
ber of types which magﬁgta.élassiﬁed

© series. In this symmetries] distribution,
numbers of farms above and below th

]
The point of groatest frequency oceurs at abogty ™

the midpotut of the extromes of the data, and tHers,

" than a non-cumulative frequency distribution. At any magnitude of

the incomes, the egive indiestes Lhe
mmber of incomes less than that
amount (figure 2, left), or more
than that amount (right). A high
frequency is reflected in a steep
slope in the curve; a low frequency,
in a leveling off of the curve. Qfives
are difficult to int(zl-prnt..ar\ld are
ordinarily of little valiic™to the
agricultural econom@sﬁ;."

A
| 53

TYPES OF FREQUENCY DISTRIBU-

ZIONS

Frequen\cy distributions of ceo-
nomic data‘are of an infinite num-
R

X

Fréqyéncy
S\

20

10

0
—5250 —3250 —~1250

Income, dollars

FIGURE 4—FREQUENCY DISTRI-
BUTION SKEWED TO THE LEEFT

Lavor TNcomes For 99 New Yorx
I'rurr Famns, 1914, Crass InTERVAL,
500
The point of greatost frequency oecurs to the
right of the midpaiut of the range of fncomes.

There are shout 26 farms to the right and 41 to
the left of the s frequont olass,

750

there are appreximately equal
¢ class of greatest | requency
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There arc also approximately equal numbers of extremely high and
exiremcly low incomes,

Distributions of incomes are often not symmetrical, but skewed or
agyminetrical. In a skewed distribution, such as for the 99 frit farms
in 1914, there arc unequal numbers of farms on cither side of the class
of greatest frequeney (figure 4). This pal’tlcul‘u distribution is said to
be skewed to the left, or toward the low incomes. In this type of dis-
tribution, the class of greatest frequency may be thought of as the most
typical income, but, because there arc more farms below thig elass
than above if, the average income of

the series is below the most typical. Frequency|| I
In 1914, there were no farms that ol QO
had incomes greater than $1,500 \
above the most frequent group, while
there were 9 farms that had incomes 30
less than $1,500 below the most
frequent elass. 20
The incomes for New York fruit
farms in 1918 form an cxecllent £
illustration of a frequency distri-
bution that is skewed to the right,
or toward the higher incomes (ﬁgl.ue o5t 750 750 e

Income, dollars
A-T‘T(I’GURE' 5.-—FREQUENCY DIS
TRIBUTTON SKEWED TO THE
RIGHT

Lagon Ixcomes vor 159 New YORK
Frurr Farus, 1918, Crass INTERVAL,
$500

The point of greatest frequency securs to the

5). In 1918, there were 80 incomes
higher than the most usual, &gd (y
3| incomes lower. :

Extremely asymme\l@?%%n-
bulions are sometithes termed J-

shaped, [rom ?rbg shape of the
frequency pelygon. In a J-shaped

curve, the p\\mnt of greatest frequency
is at or y&r'y near onc of the exiremes
of thedata. The distribution of the

Igft of the midpoint between the exireme
intomes. There arc B farms that made at least
§2,000 more than the most frequent and 2 that
maic loss than $2,000 leas,

nfymber of hens on 141 farms showed :
that the most common number was 0 to 199 (figure 6). This indicates
that probably the greatest number of the 141 farms kept poultry chiefly
for home usze and for helping with the grocery bill. As the number of
heus increased, the number of flocks deercased. The distribution of size
of flocks of strictly commereial poultry farms would probably not have
this degree of asymmotry.

In a multi-modal distribution, there iz no single point of greatest
concentration. This type of distribution may be due to an insufficient
number of ilems or too many claszes, or to the inherent characteristics
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of the data. In the former case, the multi-modal condition may be clim-
inated by increasing the number of items or decreasing the r}umb(-.r. of
' classes, In some series, inercasing

e the iterns or decreasing the classes
r serves only to accentuate the multi-
30 medal condition. When this is true,
2ol there is usually some peculial-.fm*i't.)l'
bearing upon the distribution in

W addition tostrictly random Hudfh-
' — tions. In the distributionef dcre-

. mgize Hoc:(:w o ages of Illinois farms,\fhe fre-
FIGURE 6.—J-SHAPED FRIE- quencies centering a,’qulrnd 80- and
QUENCY DISTRIBUTION 160-acre farms are “highest, not.
Sk oF FLocks on 141 New Yoge because of fagl@i'class intervals
Fanns, 1938, Crass INTERVAL, or insufficient‘data, but because of

o 200 Hexs the tendeney to divide middle-

s tho sue of tho fucks increased, the number  western {ands into multiples of 40
of flocks steadily decroased. and 80y acres (figure 7). The most
‘usual sizes of farms in the area to whieh> the data refer were 80 and
160 acres. Tn the group of 50 farms,t;)’f’«ﬁ()—gg acres, 37 were exactly 80
acresinsize. In the group of 50 farmgs
of 140179 acres, 33 were exaet-lyfl'ﬁ()’ . Freauency
acres. In the group of 15 farmgof 220~
250 acres, 11 had exactly 240 acres *[

4 1

each. N\

Of course, in amy, multi-modal sob
distribution, twe ©F; more points of
greatest freque.r@ymay be reduced to

“oneif the claséinterval is increased
suﬁicient}x\.Where the multi-modal
charaqtéristic is inhcrent in the O _Elﬁ_TéTz‘,lm— 200 ~560
data;\Ho classification should be Acres
figed which climinates it from the FIGURE 7~—MULTI-MODAL FRE-
- frequency polygon, When acreages QUENCY DISTRIBUTION
“of 160 farms were classified by 50. Sze or 160 Farms v Bumeau
acre intervals, 80- and 160-ucre Counry, ILuvoms, Crass
farms were included in consccutive InreRvar, 40 Acres
eiasses,and two pOiDﬁS of grnatest fre- There are two most frequent groupes centering

around §0- and 160-aore farms,
quency were apparently converted

to one (table 4}, The 160- and 240-acre farms were not included in con-
~ secutive elasses; and the frequency of the 170-219-acre class was below

that of the 220-269 or of the 120~169-acre classes,
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Another general type of frequency distribution has been called
U-shaped, again from the shape of the frequency polygon. This type has
two points of greatest frequency, sach at the cxtremes of the series. In
a sense, it is a specialized type of multi-modal distribution. In another
sense, it i3 a combination of two J-shaped distributions. In a true

U-shaped distribution, the tend-
ency to high frequencies at extreme
valuesisinherentin thephenomena,
and is not due to random fluctua-
tion. Consequently, a - U-shaped
distribution cannot be transformed
into another type by changing the
class intervals or class limits,
Varicus aspects of weather exhihit
a tendency to U-shaped distribu-
tions, The hours of sunshine at
Ithaca, New York, werc expressed
as a percentage of the total possible
for cach day. There were numerous
deys with little or no sunshine,

and also numerous days when the « FREQUENCY DISTRIBUTION

sun shone most of the day (figures
- 8). There were rclatively few days

when the sun shone as much” as
25 to 50 per cent of t \p(}Sle]C
hours. This phenomenen ‘was due
to climatological cog,’dghons rather
than to chance, ,\ _

Frequancy
60]:

50
4

i)

20

45 G5

L
AN
N Per cent sunshine

")

N TIGURE 8—U-SHAPED

PEncenTAGE 08 PossieLE Hours THAT

TER SUN SooNE, ItHACA, NEW YORK,

Ms¥ 1o DECEMBER 1938, Cragss In-
TERVAL, 10 Per CENT

The days tended to be prodominantly elesr or

predominantly eloudy. There were relutively

fewer days when the sun shone approzimately
one-half of the tirae.

&n\}xmmsou OF FREQUENCY DISTRIBUTIONS

Two o,r ‘more frequency distributions may be compared by plotting
thes fnequoncv polygons on the same chart. Where the nmumbers of
items’ differ greatly, the distributions may be made more comparable
by plotting their percontage frequencies. In this type of comparison,
any change due to passage of time or to geographical location, age,
sex, type of farm, and the like is usually quite obvious. The most ensily
identified changes are those in the points of greatest frequency and in
the total range of the series.

A frequency distribution of the changes in the top price of cattle
from Thursday to Friday shows the most prevalent amount of changoe
between these days and also the range of the changes. It also indieatos
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- that the chanees of 8 more-than-usual decline in price are greater than
the chances of a less-than-usual decline or of an increase,

A frequency polygon of the changes in top prices frem Iriday to
Monday shows that the most usual changes were small. Further exam-
ination indicates that the chances of an inercase were greater than the
chances of a decrease. The differences between the movemenis (rom
Thursday fo Friday and from Friday to Monday become more striking
and obvious to the reader when the two polygons are plotted on the

“same coordinates (figure 9). Although there was little difference Bafwecen
the most frequent changes in the two instances, there was anifnportant
difference in the relative prevalence of advances or declingsin” prices.
If it is assumed that the type of cattle on the mal‘kep.i\(aé the same,
the chances of an advance in price were greater from, E\"niday to Monday

than from Thursday to Friday. N
changes | N\,
50— * b.
Aot
BAN
B N
. . 2z ,, \\
a0l :'"‘\ f Friday to Monday
ROV \
NYAREL
- Thursday to F
rsday to r!da)fh,\_v! 11
oY 1
10— AN/ : 1
WY d . 1
ealiva
1) it Sl —— Y | )
—500 ‘\\ ~300 ~100 100 300 500
) i Change, cents
FIGHRE 9. —COMPARISON OF TWO DISSIMITLAR SKEWED FREQUENCY
N\ DISTRIBUTIONS

. \*
N\ 7
&?UMBER oF CEANGES 1N ToE PRIcE oF Top

' CarTLE ¥ROM THURSDAY TO FRIDAY
AND FrOM FRIDAY 70 MoXDaY aT Cricaco,

1924-1929, Crass IxteRVAL, 25 CkNTs
The f;egurmmes al prir.:n changes were doeidedly ekewed,. The majority of priee changos from Thurs-
¥ to Friday were declines: from Triday to Meonday, advancoes. There wue little dinoren:-e bet.

the most common changes in the two instances ' o e

In like manner, labor incomes in differen
compared. Relative frequency distribution
Cormn Belt were found to he quite similar
plotted on the same charts (figure 10). The

b agricultural areas may be
$ In the Cotton Belt and
when their polygons were
two distributions show one
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notable difference. Among the Cotton Belt farms, the eoncentralion in
the most frequent income group was higher than among the Corn Belt
farms. This indicates that there was less variability in incomes of the
Cotton Belt than in these of the

Corn Belt. 5{“&224 7
TUSES a0 L/Cotton Belt
Classifying data into frequency a0l
distributions is one of the best ~
and easicst ways of arranging a 4| ComnBelt
large amount of data in an orderly \ \)

fashion. The classes of the variable 10}
are arranged in order of size. The ON
mass of the original series is _20;50 -750  1250,°(8250 5250 7250
condensed info a few classes, the '"“"'”\ dolizrs

midpeints of which are taken to  FIGURE 10, EOMPARISON o¥ TWO

SIM 'R FREQUENCY
\D TRIBUTIONS

LiB0OR, I\rCo.\mf-, IN TR CORN anDd CoTToN
BFL‘I‘-&~ Pre-Wortd Wan [ Yeans, CLass
AN InTRRVAL, $500

describe the items. Items which
arc nearly alike are grouped to-
gether in an offort to simplify the
series.

Certain characteristics of the

¢ The two distribations wre very aimilar, sl the
serics of data may be I(“ﬂrned:, lsrgest number of farmz in both belts made inrgmes
much more 1(‘adlly {rom 8 A1 e_’ frow 31 to $500. The number of furms with great
lnssos or large profits was small in cach ares, but
quency distribution than \trom was largest In the Corn Bels,
the original items. (\

A frequency tabledis 6nc of the best condensed summaries that can
be made of the dat-m, ‘A large amount of material can be presented in &
relatively small amount of space; and, if the table has been properly.
constructed, if 4#ill show most of the characteristics of the series.

Change \duc to passage of time, seasonal differences, geographical
dlﬁ"er(‘ncefs, systems of agriculture, time of the day or weck, or to other
factom bften are vividly shown by plotting two or more frequency
P lygonk on the same coordinates or arranging two or moare frequency
distributions in the same table. In the absence of mechanical cquipment
for computations, frequency disiributions decrcase the amount of
“busy” work necessary in calculaling various statistical measures.



v CHAPTIR 2
MEASURES OF CENTRAL TENDENCY

- Measures of central tendency are the most common type of statistiegl

measurcs used to characterize series of data. One speaks of the arercge
production per cow, the awerage price of hogs, and the a-z.'c?'rz{e\sha(z of
farms in Nebraska. There is considerable range in each of thc above
factors, but the most common characterization is not“v:-ll:iabilit-y bt
central tendency, : 0

In the discussion of frequency distributions in cﬁ‘aﬁjter 1, both the
total range of the data and the points of greatest frequency were pointed
out for several distributions. The more conspielicus characteristic in
each casc was the location of the most frequent class, Fven from the
array of all the items in the scries, the valiie'0f the mid-item was almost
a8 obvious as the values of the expgt}ine%. The simple or arithmetic
average of the series, the value of the point of greatest frequency, and
the value of the midpoint of the s()lfieé are all used as measures of central
tendency.

The most eommon mea:s%m:}s of central tendency ave: the arithmetic
mean, the median, thc\ﬁode, the geometric mean, and the harmonic
mean. Other, less comihon types are the contra~harmonic mean and the
quadratic mean. )"

o
N\ ARITHMETIC MEAN
By far.‘t'Q}nost important type of avera

ge is the arithmetic mean,
commoutly known as the “avorage.” Its cal

otk culation is relatively simple
from:ej’hher ungrouped data or frequency tables. To obtain the arith-
metly mean of a series of individual 1tems, sum 2ll the items and divide
the total by the number of items (table 1). The average labor income

of fruit furms wag $1,212. This was obtained by adding all incomes
~and dividing their sum by 89. )

Trom Fewquazcy DistRIBUTIONS

When the number of items In the sories

\ . _ is large and mechanical
equpment is not readily available, the labor of caleulating the arith-
metic Inean ean be considerably re

duced through grouping the dats
16
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in frequency distributions. The midpoint of each class i 13 taken to be
the value of each item that falls into that class.

TABLE . —CALCULATION OF THE ARITHMETIC MEAN, INDIVIDUAL
ITEMS, METHOD I

LaBor Txcomps Por 89 New York Fruir Fanrms, 1913

|
Individual items,* X | Culeulations
$ 1,372 . Arithmetic mean = Mp—mm@ N
—~ 587 . - Number of incomes
403 - A \
1,167 618 =X _ $107,869
861 M I = T = T
735 A
—— R
Sum 107,869 = §1,2128 )

* The 89 incomes are given in detail in table 1, pagoe Iy \Y
§ In this llustration, thore were 14 farms with nu.m{slab()l‘ incomes aggregating
$4,670 which must be subtracted from the total WOL 75 farms with plus incomes,
$112,539, to oblain the total for the 89 farms, § }0":5869.

Several different methods involvelthe use of the midpoints of the
clusses in ealeulating the arithmefijé average. In one method, the mid-
point of each class is multiplisd 6y the frequency of the class, and these
products are added to find tzht,\'-.um of all the items. This sum iz divided
by the fotal number of )Qsma to determine the arithmetic mean. The
15 labor incomes in fho class $1,000 to $1,499 were valued at $1,250
each (table 2). Thedmtpoint of the cluss, $1,250, was multiplied by the
frequency, 15. Thé sum of the products of the midpoints of the classes
times their &"Qﬁenmeq, $106,250, divided by 89 gave the arithmetic
mean, $1,10%." This value docs not check with the previous mean,
"rEl 212, ca'lc'ulatod by Method I, using ungrouped data. This diserepancy

he ’rraond to the inaccuracy introduced in the assumption that
Lhe {dpoint of each class represented the items in that class, or, spe-
cifically, was exactly equal to the arithmetic mean of all the items in
that class. In practice, the midpoint of a single class may be quite
different from the actual average of the items in the elass, but midpeints
too high and toe low throughout the disiribution tend to be compen-
gating; and the error in caleulating the arithmetic mean from grouped
data is not ususally great. This is capecially true when there is a large
number of items and when the class limits and class intervals have
been properly ehosen,
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TABLE 2—CALCULATION OF THE ARITHMETIC MUAN, GROUPED
' DATA, METHOD II

Lanor INncomes ror 89 New Yorx TruTe Faras, 1013

Class interval, Midpoint Frequency Product Caleulations*
doilars m I fm
—1,500 to —1,001 —1,250 1 — 1,250
—-1,000 to — 501 — 750 2 — 1,500 )
— 500 to — 1 — 250 11 — 2,730 i N\
0 to 499 250 14 3,500 Ma = N
500 to 499 750 17 12,750 ¢ AN
1,000 to 1,499 1,250 15 18,750 ~\'\ ’
1,500 to 1,999 1,750 10 17,500 Y y
2,000 to 2,490 2,250 6 13,500 G o e o
2,500 t0 2,599 2,750 7 19,250'\~ ) = _“8'(') :
3,800 to 3,409 3,250 0 {0y
3,500 to 3,999 3,750 1 3Wa0
4,000 to 4,499 4,250 3 127750
4,500 t0 4,999 4,750 1 01,750 ~ $1,104
5,000 to 5,499 5,250 1 \ 5,250
Total - 80N+ | 106,250

"% Avithmetic mean Bum of frequenafes,of ineomes times midpoints of classes
]ll 1 e — .
: “o * Number of incomes

The caleulation of the arithmetic mean from the frequency table by
Meathod II was much shotter than from individual items by Method 1.
The transition from Method T to Method YT was an important labor-
saving step. Additicudl refinements in method further shortened the
calculations, TheseSmprovements involve estimating the probable posi-
tion of the a&itztynﬁetic mean and calculating a eorrection which, when

added to + é?‘assumed,” “estimated,” or ¢ guessed” mean, rosults in

the tme.‘rh}ean. The first step in these methods is to guess the group
in whigh’the arithmetic mean occurs, The arbitrary origin or “assumed
me-a(;i 7is usually the midpoint of the class judged to contain the arith-
metic mean, A common procedure is to take the midpoint of the class
of greatest frequency as the arbitrary origin, In determining the eorvec-
tion which is added to the arbitrary origin to determine the arithmetic
mean, the procedures diffor slightly. In Method I1I, the midpoint uged
as the arbitrary origin is the basis. of coraparison. The devialions, D,
of each of the other midpoints from the arbitrary origin, A, are caleu-
lated by subtracting the arbitrary origin from them.

The next step consists of multiplying the deviations, D, of each class
from the arbitrary origin, 4, by the frequency, 7, of that class. These
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produets of {roquencies times deviations, fD, are then summed for the
entire series. The corrcetion, ¢, is determined by dividing the sum of
the frequencics times deviations, ZfD, by the total number of items in
the series, N. The arithmeiic mean, Ma, is determined b v adding the
correction, ¢, to the arbitrary origin, 4.

TABLE 3.—CALCULATION OF THE ARTTIIMETIC MEAN, METHOD III

Laror Incomms vor 89 NEw York Fnumr Farwms, 1913

. Mid- Fre- Devia- Prod- N\
Class interval, - < S
dollars point gueney tion uch Caleulations
m T D D ¢\
NS ¢
—1,500 to —1,001[ —1,250 1 2000 | — 2000 | Me =~A,+ €
-1,000t0 — 301 | — 750 2 —1,500 | - 3,000
— BO0to— 1| —~ 250 11 —1,000 | —11,000 m\ _fD
Oto 499 250 14 — 500 | — 7,0004 N
500to 990 750 17 0 8
1,000to 1,498 1,250 i5 500 7800 ) 4 _ers0
1,500to 1,980 1,750 10 1,000 ‘10 VH
2,000t0 2,499 | 2250 6 1,500 2V 9,600 $39.500
2,500t 2,099 | 2750 7 12,000 )} 14,000 =%
3,000t0 3,499 3,250 0 2~900 0
3500t 3,999 3,750 1 3000 3,000
400010 4,499 | 4,250 3 N 3500 | 10500 | 5 — B4
4,500t0 4,999 | 4,750 1 4,000 4,000
5,000t0 5,499 5,250 A 4,500 4500 F Me = 3750 + $444
Total — 89 — 39,500 - 81,194

N

* Arithmetic mean, ={A¥bitrary origin + Correction.
. Sut bE frequencies of incomes times deviations from arbitrary origin
Correetion = \
¢ Number of incomes

In the ex'%nplc of labor incomes on 89 fruit farms, the arbitrary
origin, Ajxwas the midpoint of the class $500~999 (table 3). This mid-
pr)mtswals ehosen rather than some other because this class had the great-
st PreQuency and beeause one might expeet from superficial observation
that the arithmetic mean would be closer to its midpeint, 8750, than
to any other midpoint. The midpoint of the next class above was $1,250.
The deviation of this midpoint from the arbitrary origin was $500
(1,250 — 750 = + 500). The deviation for the next higher midpoint was
$1,000. The deviation of the next class lower than the arbitrary origin
was — §500; and the next lower, ~ $1,000. These deviations from the
arbitrary origin in terres of dollars were multiplied by the number of
incomes in the respective classes, and these products were summed for
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the 14 groups of incomes. This sum of frequencies times deviations,
<+ $39,600, was divided by 89, the number of incomes, to determine
the corrcetion, + $444. The arithmetic mean was $1,194, the sum of
the arbitrary origin, §750, and the correction, $444 (table 3). It may
be noted that the arithmetic mean caleulated from this frequency

distribution was $1,194 regardiess of whether Mothod II or Method [11
was used,

TABLE 4—CALCULATION OF THE ARITHMETIC MEAN, MRETHOWNY

T.aBoR INCOMES TOR 89 New Yorx Frurr Farus, 1913 N

£\,
Class i Mid- Fre- Devia- Prod- . ;.\
ass interval, . : . \ .
dollsrs point Gluency tion uct Ealeulations™®
m H d fd PP,

LY —_
~1,500t0 —1,001 | ~1,250 1 -4 — &Y"Ma=4+o
—-1,000te — 501| — 750 2 -3 728/

— 500to— 1| — 250 1 -2 {4 BN
Ot 499 250 14 —1yNO e be o= (‘AT)‘
. 500to 999  7E0 | 17 o} o
1,000t0 1,499| 1,250 15 oy 15 79
L500te 1,999 1,750 10 o 2 20 ¢ =ggx¥00
2,000t0 2,490 2,250 6 N 3 18
2,500t 2,990} 2,750 7N 4 28
3,000t0 3499 2250 | O 5 0 = 0.8876 x $500
3500t0 3,900 | 3750 | NI 6 ]
4,000t0 4499 2230.{ ™ 3 7 21 = $444
4,500t0 4,999 | 470 1 8 g8 |
5000t 5499 5,250 1 9 9 | Me =$750 + $444
Total \’:\" — . B9 -—_ 79 =$1,104

« Correll - (ti3‘;:‘@%;‘1?;?;‘;;ezlz;f‘;;ﬁgfs;s) Clas
K\ T Number of Incomes i“te“'a‘)'
\Further refinement in the caleulation of the arithmetic
frec'ruency distribution may be obtained by using deviat,
arbitrary origin in terms of the number of class intervals
cedure, the arbitrary origin is nocessarily the midpoint
The deviation of the class above the arbitrary origin is a
stead of the amount of the class interval. The deviatio
class below the arbitrary origin is —
class is multiplied by its frequency,
for the whole distribution. This sum is
tions and multiplied by the class int,

mean from a
ions from an
. In this pro-
of some class.
lways + 1, in-
n of the third
3 (table 4). The deviation of each
and these produets are summed
divided by the number of observa~-
erval to obtain the eorreetion. As
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in the preceding method, the correction is added te the arbltra.ry orlgm
to determince the arithmetic mean.
In the caleulation of the arithmetic mean of labor incomes by Method

IV, the same arbitrary origin, $750, was used (table 4). The deviation -

for the $1,250 class was + 1, rather than 4 $500 as in Method I ;
the deviation for the next higher class was 4 2, and so on. Similarly,
the deviations for the lower classcs were — 1, — 2, and so on. The
frequency for each class was multiplied by the deviation in terms of
class intervals for that class, and the sum of these products, 79, wag
divided by the number of items, 83. The quotient, 0.8876, was multi-
plied by $500, the elass interval. The produet is the correctionf 3444,

NS

TABLE 5.—CALCULATION OF THE ARITHMETIC MMN‘WIm

DIFFERENT ARBITRARY ORIGINS . O

Lswor Incomes ror 89 Now York Feomr FARMQ, 1913

Arbitrary orlgm, $250 . Arb}tm\j origin, $2,250
Midpoint Fre- Dl.?Viﬁ.- Product Midp:(rhit Fre- Df.sz.- Produet
quency tion fd R § quency ticn 7d
" f d N\ f d .
~1,250 1 -3 | ~A3f -1,20 1| -7 | - 7
— 750 2 -2 |y - 750 2 -6 | - 12
— 250 11 -1 {0 -11 — 250 11 -5 — 55
250 14 oy o 250 14 4 | — 58
750 17 N 17 750 17 -3 - 51
1,250 15 2 30 1,250 15 -2 | - 80
1,750 w D 3 30 1,750 19 -1 ~ 10
2,250 | 40 4 24 1 2,250 | 6 0 0
2,750 | N\ 5 35 2,750 7 1 7
3,250 N0 6 0 3,250 0 2 0
3,750% 1 7 rd 3,750 1 3 3
4,250 3 8 24 4,250 3 4 12
“, 750 1 g9 9 | . 4,750 1 5 5
5,250 1 10 10 5,250 1 ] 6
Total 89 — 168 Total 80 —_ ~188
Caiculaﬁon ~ Caleulation:
Ma = 8250 + gy x $500) Ma = 2,250 - (1 x 3500)
= $250 + (1.8876 X $500) = $2,250 — (2. 1124 X $500)
= $250 - $943.80 = $2,250 — $1,056.20

= $1,104 ) = $1,194
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~ which was added to the arbitrary origin, $750, to obtain the arithmetie
average, $1,194 (table 4).

Identical arithmetic means are obtained from grouped data regardless
of which of the above methods is used (tables 2, 3, and 4), Mcthod TV,
which involves deviations from the arbitrary origin in terms of class
intervals, requircs the least effort and is the most common.

SHIFFING THE ARBITRARY ORIGIN

It was pointed out that the midpoint of the labor income class, of
greatest frequency, $500-999, was used as the arbitrary origin. “\Fhis
practice, though advisable, is not necessary for the accurate calédlation
of the arithmetic mean. Any midpoint or even any other ngmber may
be used as the origin. When the arbitrary origin of t}ge}‘distribution
.was placed at 8250 and at $2,250, the arithmetic meag@wete the same
(table B). They also agreed with the arithmetic mean ob{?ained in table 4.

S1ze oF Crass INTERV;&\R;

Caleulating statistical measures from frequéncy distributions rather
than from ungrouped data introduces sorpe inaccuracy.! This inaceuracy
varies among different groupings of thé” same data. The arithmetic
mean of labor incomes, $1,194, calcul}itéd from a frequency distribution
with 8500 class intervals did not* check with that ealeulated from
- distributions of the same data Using other class intervals, The mean
Iabor incomes obtained with \three different-sized class intervals were:

+&
Crass [ mm':xw ARITEMETIC MEAN
'3‘02 0 $1,206
79N 50D 1,194
AN 2,000 . 1,225

These mayﬁ"e\compared to the actual avers
data (talgl%l}. The inaccuracy in the use
usuallysintereascs with an increase in the siz
& dectedse in the number of classes.

%
\ }
_ CHARACTERISTICS

The advantages of an arithmetic me
of central tendency are:

ge, $1,212, from ungrouped
of frequency distributions
e of the class interval and

ah compared with other measures

1. It is the most 'easily caleulated.
2. It is by far the most commonly used.
3. It is the most easily understood

It t eas because its caleulation is simple
and it is the most widely used.

1 Page 17,
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4 It is bused on all the observations.
. It is g caleulated valuc, and not based on position in the scries.
(J It is adapted to algebraic treatmoent.

The disadvantages of the arithmetic mean are: |

1. Bince it includes all the items, its value may be distorted by extreme
valucs.
2. The average is not always a good mensure of cenfral tendency,
as for instance in extremcly asymmetrical distributions. AL
Other characterisitics are: \
{ \
1. The sum of the deviations about {he arithmetic meany m we¥o,
2. The sum of the hl]_'l]&TBt: ol the devialions about a ymnt is a mini-
mum when that point is the arithmetic mean. ”
3. Its standard error is less than that of any othcx\zﬁeasurc of central
tendency.
UsEs ‘\\
The arithmetic mean is the most importént and the most, widely used
statistical measure of any kind. 'lhc, ases of the arithmetic mean arc
as many and as varicd as the ac LlVl’ElC‘i of man. A discussion ef economic
questions is full of examples of arithmetic means, or averages, as they
are more commeonly callod. A“few’bf these are: the average yield of wheat
in Kansas, the average milg8 0f automobile travel per gallon of gas, the
average daily prices of 1iogs in Chicago, the average cost of producing
onions on muck land \ﬁ\m avcrage assessed value of personal property
of Tllinois farmers, &0d the average fire loss on Ohio farms. There are
myriads of others, ¢/
' .t\“
\"\f’ MEDIAR
Affer t'l'}‘ arithmetic mean, the median is one of the most important
mmsu\cs of central tendency. The median is the value-of the mid-item
&;t \weties arranged in order of size. From ungrouped data, it is a desig-
¢d valuc rather than a calculated measure. The procedure in deter-
mining the value of the median item is relatively simple. Arrange the
items of the series in order of magnitude, When the number of items is
odd, the median is the value of the middle item. To determine the middle
item, count from one end of the array to the (N -+ 1)/2 item. If the
number of observations is even, the median is indeterminate. In this
cage, the median is arbitrarily the arithmetic average of the values of
the two middle observations, the ¥/2 and (N 4 2)/2 iters.
The 89 labor incomes were arranged according to size (table 6). The
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median was the value of the 45th item, 3965, There were 44 incomes
less than $965; and 44, greater. If there had been one more farm with
an income of, say, $2,000, the number of items would have been 99,
and the median would have been the average of the 45Lh and 46th
items, or $1,023 [(965 + 1,080) = 2 = 1,023).

TABLE 6. —DETERMINATION OF THE: MEDIAN FROM ARRAYED DATA*

Labor Incomes FoR 80 NEW York FRUIr Fanws, 1903

N
Individual items arrayed from lowest to highest N

,\"\I__. - —

$-1.407 | 8- 80| $255 | $618 |$ 866 81,202 (81,471 |8 905 152,735
- 587| — 85| 250 | 661 907 | 1,271 | 1,523.,2,031 - 2,820
- 573 — 75| 290 728 951 | 1,272 1,548, 12,111 | 2,87
- 467 - 46| 387 | 733 961 ; 1,348 | K585 | 2,104 | 2,807
- 328 1} 403 | 735 965 | 1,8724.1,748 | 2,201 - 3,702
-~ 316 91 416 | 801 | 1,080 | 1,400\ 1,867 | 2,347 | 1,013
~ 206 17| 421 [ 819 | 1,108 | 1,495 | 1,879 2,300 | 4,127
— 1 40| 498 | 845 1,167 {15444 | 1,887 | 2,544 | 4,136
— 186 62 | 535 | 854 | 1,100P1,452 | 1,900 | 2,620 | 4,673
C- 11| 218 577 | 855 \J11,463 | 1,948 | 2,732 | 5,205

* From j;&hlé'l, page 1.

From grouped data, it is”uSua’aflly impossible to pick out the median
item. However, the class ontaining the median item is easily located.
Within the range of this élass, the value of the median may be defermined
by interpolation. Tl}c Eual method involves g, lineay interpolution. The
observations in thé thedian class may be divided into those above and
those below thewiedian item. The proportion of those below the mediun
item to the tohgl frequency of the class is an expression in class intervals
of tl'le distaice from the lower limit of the class to the position of the
medianditem. The median is the sum of the lower limit of the class
plus\flﬁs proportion of the class interval, The caleulation of {he median

fr{lzim‘the lower limit of the class may be shown diagrammatically as
ows:

. N :
Lower Tirnit ﬁbs":a?vzetl% ngjs Number of jtems
Median = |  ofelss |\ R below the
sontaining 2 _ N\ median eclags  Claes
median T Numbarof feemsin — | | fterval

¢ median elags

The median may afso be caleul
class.

The median, $985, interpolated from the frequency distribution by
Fhe first method was the lower limit of the median class, $500, plus the
_ -}nterpolated amount of the clags interval, $485 (table (I

ated from the upper limit of the median
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The median as mterpniated from the frequency distribution, $985,
was not the same as the median from the ungrouped data, $965 (tables
6 and 7). The interpoluted median is only an estimate, and it varies in
different frequency distributions of the same data. The error due to
interpolation is dependent upon the size of the elass interval, the position
of the class limits, the number of items in the median class, and the
nature of the distribution.

TABLE 7.—APPROXIMATION OF THE MEDIAN FROM A FREQUENCY

DISTRIBUTION . ~
Lasor INncomEs For 89 New Yomk Fruir Fakws, 1913 \
- - £\
Class.interml, I‘quencv L Cal(,ulatloua’ Y
dollars ‘ N
~1,500 to 1,001 1 ‘ “\1 L
~1,000 to — 501 2 ' Mo _1_‘+(2 ")?;
— 500 to — 1 11 AN Jo
0 to 409 14 ¢*¢
500te 999 17 "\
1,000 to 1,499 15 CMe = 500 + (440 )( 00)
1,500t0 1,999 0 0
2,000 to 2,499 6 O
2,500 to 2,999 kS 165
3,000 to 3,499 O = 500 4 ( )(500)
3,500 to 3,909 LN\ 1
4,000 to 4,459 N 3 '
4,500 to 4 899 ¢ ™ 1 — 500 & 485
5,000 to 5,499, o\ 1
. Total '.\ } | 89 — §985

* Me is the sy:mba for tho median,

I_: is the ]0\1' “Timit of the class confaining the median,
© J_s is thewumber of items below the medisn class.

fois th{e fr'equency of the median clasa.

i msthc ‘clags interval,

The median may be read from an ogive or cumulative frequency
volygon such ag given in figure 2, page 8. The median may be obtained
by drawing a horizontal line from the vertical axis at the median point,
N /2, and dropping a vertical line to the horizontal axis from the point
at which the horizontal line cuts the ogive. At the point on the horizontal
scale which is cut by the vertical line, the value of the median may be
read. Although this method of determining the median is often pointed
out, it is rarely used and deserves little discussion.
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CHARACTERISTICS

The advantages of the median compared with other measures of
central tendency are:

1. It is easily understood.
2. It is easily determined. .
3. Tts position is based on all the cbservations,
- 4. Its value is not affected by extreme obscrvations at either end of
" the frequency distribution. ~
5. The median ean be determined regardless of whether 1he firstand
" Iast classes in a frequenecy distribution are indeterminate, )

'\
The disadvanteges of the median are: 3 .

4
<

1. 1t is not a calculated value. A
2. It is neither so familiar nor so widely used a thbﬁrithmeti(: mea.
3. The observations of a series must be arrangdd before the median
 can be determined. PN

‘4. Tt is not adapted to algebraic treatmedt.

5. It'i8 erratic if the number of items s ¥mall.

ol

Other charaeteristics are: R

1. The numbers of positive a

) nd Tegative deviations from the median
- are equal, -

2. The sum of the ﬁrs,t\ﬁowers of the deviations from the median,
without respect to sig 1,'\i‘5~a minimum,
3. The median hds A larger standard crror than the arithmetic mean.

A%/ Uses

" The medjaxl}:}s"a valuable measure of eentral tendency, but its use is

] relatively&rsigniﬁcant compared with that of the arithmetic mean.
The median is used both as a sub

' stitute forand g complementary measure
to the erithmetic mean. It is pa

i rticularly applieable to statistical series
Wﬁh extremely asymmetrical distributions. Singe the median is not

_-u_nduly weighted by the extremely large or small items, it is often a
more accepfable measure of central tendency for such series than the
arithmetic mean. The median is sometimes u
index numbers of prices. At any one time,
which are extremely high or low becayse of
level. ¥f the number of jtems included in
© One or two unusual prices might distort th
'it would not show securately the movem

sed in the preparation of
there may be certain prices
factors other than the priec
the index is not very large,
¢ final index number so that
ent of prices. The extremely
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high price of cotton in the northern states during the Civil War unduly
affected index numbers of prices when cotton was one of the components.,

Measures of central tendency bear certain relationships to each other.
which change with different degrees of skewness and variability., When
the median is used in connection with the arithmetic mean, it affords
a method of studying the charscteristics of the distribution. A case in
point is the eomparison of labor incomes on 60 Wisconsin dairy farms in
1916 and 1917. The arithmetic means and medians for the two years

wcere as follows: A
Year Mea Me A
1616 $ 627 $ 515 M0
1917 1,075 1,176 &

Both measures of central tendency reflected an increx{se'in incomes in
1917 over 1916. For 1916, the arithmetic average a%éeeded the median,
This indicated that there were more farms with déss than $627 incomes
than with greater incomes. The roason for this was probably a few
extremely large incomes; that is, tho dis@x"{but-ion was skewed toward
the larger incomes. In 1917, the situafioh was reversed. There were
more farms with incomes greater than’the arithmetic mean, §1,075,
than less. The distribution was sl::evi'}ed toward the lower incomes,
L MODE

When one speaks of t.fkc"“man on the street,” the “layman,” the
“typical farm,” the “m03t common wage,” and the like, he is uncon-
sciously reforring to thodes. The mode is the most common item of a
Bering, O

“The mode diffétd from the arithmetic mean and the median in that
it cannot, bo determined from a series of ungrouped data,’

In a fregugncy distribution, the mode is the point of greatest concen-
tration ;¢hat is, it is the value whieh is most frequent or most typieal
for ﬁl\lé,’ént-ire distribution. The class of greatest . frequency is usually
termed the modal class, and some point within that class is designated
asvthe mode. The exact location of the mode within this modal class is
usually determined by some method of approximation. Commonly, the
position of the mode is fixed either side of the midpoint of the modal
class, depending on the respective frequencies of the elasses adjacent
to the modal class. If the frequency of the class above is greater than
that of the class below, the maode is above the midpoint of the modal
class. The procedute is to add to the lower limit of the modal class the
proportion of the class interval indicated by the ratio of the frequency
of the class above to the sum of the frequencies of the class above and
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the class below the modal class. Diagrammatieally, the mode may be
. defined as follows:

Frequency of clags
Lower limit abave modal class . Chioss
Mode = of maodal + Frequeney of Frequency of juterval
rlass cluss above ) + rlasa below )
mocdal class modal elass

“The mode, approximated from the frequency distribution of labor
incomes by “working up,” was the lower limit of the modal ¢lass, $500,
plus that proportion of the class interval given by the ratio of 1540 29
(table 8). The mode was this proportion, $259, plus 8500, or $750
' ¢\
TABLE 8.—APPROXIMATION OF THE MODE«\ N

Laror INcomes FOR 89 NEw Yorx FruiT FARM%»i’QIé

Class interval Midpo , S
a.s; (:11113, r;'va, i irﬂomi; Freq;:enoy y éalculations*
1,500 to —1;001 1,250 1 1 LD J
Tt 0 —1, Tl o~ ! = C B LN, P
—1,000 o — 501 - 750 N Mo =1+ (f_1 +f+1)°
- 500to — 1 - 250 11 D
Ote 499 250 R
500te 999 750 | e\ 15
1,000t 1,499 | 1,250 (L 15 Mo = 500 + (14 T 15) (500)
1,500 to 1,999 1,750 10
2,000 to 2,499 24250 6
2,500 to 2,000 ) i2’,‘750 7 15
_ 3,000t 3,409 [ {%,250 0 = 500 + (§§) (500)
. 3,500%0  3,900%\ * 3,750 1
4,000 to 4,499\ 4,250 3
4,500 to 4,909 4,750 1 = 500
9 , = 500 + 258.62
5,000 to 75,499 5,250 i
oy &/
. z:i\)fal . — 89 = $758.62
L *Mrn% the symbol for the mode.
- y _‘f;r and f,; are the number of items in the classes next below and next above the
i \nndal class,

. tis the clags interval,

L © Tho value of the mode may

The e be determined from frequency curves.

‘ mode is the value of the variable corresponding to the
. hl'gh?st point on the frequency curve which gives the best fit to the actual
_ dJstnbution. In determining the mode, several types of curves have
- been fitted to the distribution. Some of these are Karl Pearson’s mathe-
- ma.{':lcal curves, moving averages, and other curves smoothed by some
arhitrary method. Unless there is a very large number of items in the
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distribution, the mode read from a smoothed curve is ustally more
accurate than the mode approximated from s frequency distribution.
In symmetrical distributions, the arithmetie mean, median, and -
mode have the same value. It was discovered that, when the distribution
was moderatoly asymmetrical, there was a definite relalionship among
these three measures, if therc were sufficient observations in the distri-
butions. The median lies about one-third of the distance between the
arithmetic mean and the mode. T'rom the values of the mcan and
median in such a distribution, the mode may be cstimated by the _

following formula: \

Mo = Mg — 3(Ma — Me) OV
This relation can be used to approximate the mode from_ li{:‘groil_'ped
data. N

" CHARACTERISTICS \\

The most importa‘h{ advantages of the mode may be summarized as
follows; N

1. It is by definition the most usual or typical value, and as such is _
often more representative of the series thamany other measure,

2. The mode is not affected by extrenfely large or small items.

_ The disadvantages of the mode‘g.r},’:a
1. The “truc’’ mode, whichuis rather rigidly defined, is very difficult

to caleulate. R :

2. The “appm)dmatef’(é}oHES are frequenily too ina(:curate_ to be of
practical value, especially*when a limited amount of data is available.
3. Approximatg rgolids are not adapted to algebraic manipulation.,

»\\ UsEs _

In the m&é of most people, the concept of the mode is the clearcst
of all the'measures of central tendency. When one speaks of an average,
he ysyally means the arithmetic mean; but his conception of the arith-
melie/mean is frequently that of the mode. The layman assumes no
differcnce between the arithmetic mean and the mode, and often uses
“the average” to describe the most usual, most common, or the most
fypical. .

Alihough the mode may be the most common concept of central
tendency, its use in general analysis is almost prohibited by the lack
of a satisfactory method of caleulation. The arithmetic mean is not hard
to caleulate and is rigidly -defined. Most methods of determining the
mode do not define it rigidly, and, as a result, there is oo much varia-
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-~ bility among modes caleulated by different methods. Methods of caleula-
tion which do define the mode rigidly are prohibitive because of the
vagt amount of work involved. There is no one method which combines
simplicity and aceuracy.

In statistical analysis, the mode is sometimes used in preference to
other measures of central tendency when the emphasis is placed on the
most typical or most common value. The justification for using the
-mode is that it is the least abstract of all averages and for many purposes
is more representative of the data than any other measure. ~
. : GEOMETRIC MEAN O\

The geometric mean differs from the arithmetic mearin that it
averages numbers with respect to their geometrie rather thait ariihmetie
differences. The arithmetic mean of three numbers is:mw-thir(l of the

: 2\ Y

TABLE 9—CALCULATION OF THE GEOMETRIC MEAN
' FROM UNGROUPED DATA

$
PERCENTAGE oF ALL OWNER-OPEMT@" Farms MoHTOAGED,
93 Covnries or NEerAgEA, 1930

Original item Logarith Q
X fgo " vaﬁ 3 Calculations
56.3 | LONL7505
62.9 N 1.7087 Z{log X)
82.8 4 Loiso log My = = =
62.0 o o\ 1.7924
P\ . -~ 161.6862
% . g3
N\ .2 17497
,§~ b1.4 1.7110
R\ ?7 .8 ) 1.76190 = 1.7708
N 5.9 1.7551
J = Tota 164.6862 Mg = 50.0

-_— . 0

sum qf_ the three. The geometric mean of three numbers is the third
?:uot, or cube root, of th;e p@_u_ct of the first number times the gceond
imes the third, My = VX, X,X 3. When the number of items ig greater

- than 3 or 4, the tasks of multiplying the numbers and of extracting the
_ Toot are almu§t impossible without logazithms. In practice, the geo-

n:_met-_n_c mean 15 found by summing the logarithms of the ;toms an.d
- dividing the sum by the number of itoms. This resulting “Ia,vurage
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logarithm” is the logarithm of the geometric mean, snd its value is
easily read from a logarithm tahle. :

log X1 + log P -]—.log Xy _ Z(og X)
N - N

log Mg =

The logarithm of the geometrie mean is to the logarithms of the observa-
tions as the arithmetic mean is to the obscrvations themselves.

The geometric mean of the pereentage of Nebraska farms mortgaged
was determined by summing the logarithms of the percentages (table @)\
The total of the Jogarithms, 164.6862, was divided by 93 to obtain the
logarithm of the geometric mean, 1.7708. The number conwespbnﬁmg
to this Jogarithm was 59.0, the geometric mean, M

The geometric mean may be ealeulsted from a frequeflcy table. As
in the ealculation of the arithmetic mean, the HHdel»kﬁb are taken fo
represent the items in the classes. The logarithmgbf)these midpoints
are multiplied by their respective {requencies; theL{ produets are totaled ;
and the average is obtained. The natural num@er corresponding to thls
average logarithm is the geometrlc Iean, 58

CHAI{ACTEBISTI{JS
The geometric mean has certain @dvantages among which are:

1. It takes into consideration, all the items.
2. Tt is subject to algebrziu(?\;mampulatlon
3. It is adapted to the\ma“mpulatlon of ratios.

The dlS&dV&Iltang'()f ‘the geometric mean are;

1. It is not gg}{éi'atlly understood.
2. Tt is diffienl¥ to calculate.
3. It canngt be determined when there are both negative and positive
values inghe series, or where one or more of the values is zero.
A\

"Rﬁ%‘;g"éometﬁc mean has additional interesting characteristies:

1. Tor any series of observations, the geometric mean is always less
than the arithmetic mean and greater than the harmonie mean. )

2. Tt gives greater importance to small numbers, and less to large, .
than does the arithmetic mean. When the distribution is skewed toward
the larger valucs, the geometric mean is often nearer the mode and more .
typieal than the arithmotie mean. Conversely, when the skewness is
toward the smaller values, the arithmetic mean is more typical tha,n the
geometric mean,
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UsEs

The geometric mean is a relatively unimportant measure of central
endency. The average person does not understand its meaning and has
fifficulty with its calculation. It is a particularly useful average for vari-
2bles which tend to increase in a geometric pattern, For example, num-
hers of some bacteria multiply in a certain ratio to existing numbers of
hacteria. The increase in a different period is usually not a constant
number but a number based on a constant ratio of the organisms at the
beginning of each period. Q.

In the computation of index numbers, the geometric mean has bien
found to be particularly adaptable to the manipulation of whtn e,
which are rafios.? The geometric mean hag a similar applwatwn in the
comparison of paired variables where the different pairs vary greatly in
magnitude. In the following illustration, the taxes paiddn1930 and 1935
were the paired varizbles. The three farms were ngtleomparable in size,
and the arithmetic mean was heavily weighted by\farm 1.

Fany ) 1630 \ & 1933
1 $498 N\ 3605
2 202 142
3 Jov 63
Ma O '255 270
My R P 176

Taxes increased on farm 1 a,‘nd decreased on farms 2 and 3. The arith-
metic mean indicates t\the average taxes were practically unchanged,
whereas the geometrie, mean indicates that taxes declined. The arith-
metic means reflecf/thie actual dollar changes in the total taxes paid by
the three farmg, Che geometric means reflect the percentage ehange in
the taxes, allfgbms being weighted equally.
“The imparéance of the geometric mean is much less than is indicated
by spaceidevoted to its discussion. The geometric mean is a compara-
-twgly\ummportant type of average because the human mind is less ae-
| chgtdmed to thinking in geometric than in linear differences and is not
ﬂ,ccus.tomed to cobtaining averages by a process of multiplication. In
-practice, the geometric mean is rarely used because it is not generally
_ undergtood, is difficult to determine, and has few specific adaptations.

HARMONIC MEAN

The harmonie mean is & relatively unimportant measure of central
| tendency, with a restricted application. Tt is the reciprocal of the arith-

2 Page 60,
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metic mean of the reciprocals of the observations. Tt can be calculated
from either ungrouped data.or frequeney tables. The hafmonic mean of
the proportion of farms mortgaged wasg 58.6 from ungrouped data (table
10). The harmonic mean was slightly less than the geometric mean.,

TABLE 10.—CALCULATION OF THE HARMONIC MEAN FROM
UNGROUPED DATA

PurcENTAGE 0F Arn OwNER-OPERATED Faksms Mowrcadrb,
03 CounTiEs 0oF NEBRASKA, 1930

Original item Reciprocal \ A
X /X Caleulations R
2\
a\ b
56.3 0.01776 1 1 s W1
7 F el
62.9 0.01500 1 X, Xy
2.8 0.01208 Mh e
62.0 1001613 I.“}\
z(—
.4
AN
- - .'\ W
56.2 0.01779 MO 155607
51.4 0.01946 & s
57.8 0.01730 ' .
56.9 001757 = 0.01706
Total 1. 586070 " Mh =586
* Mh = harmonic mean. i“’\

ZAY, . N
The formula for the ha.rm‘e@c mean may also be written; Mh = SA/%)

"’CQARACTERWI‘ICS AND Uses
The harmomé‘mﬁan has the following advantages:
1. 1tis ecf on all observations.

2. Tt lgnds itself to algebraic manipulation.
3. It\l? adaptable to averaging rates of performance.

ébme of the disadvantages are:

1. Tt is not determined by a simple process.

2. It is not easily understood.

3. It greatly magnifies the importance of small numbers.

4. It is meaningless when the observations include both positive and
negative values, or when one or more values are zero.

Thée harmonie mean is primarily used in averaging rates. For instance,
if three men take 8, 5, and 4 hours respectively to husk an acre of corn,
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the problem is to determine the average number of hours to husk an
aere. The greater the time required, the slower the speed of husking.
" The efficiency of the husking is represented by the reciprocals of the
time required. The arithmetic mean of 8, §, and 4 is not the desired an-
swer. The usual procedure is to caleulate the acres husked per hour by
each man, 0.125, 0.2, and 0.25, find the arithmetic mean of this number
of acres, 0.1917, and its reciprocal, 5.22, which is the average hours re-
quired to husk an acre. This average is merely the harmonic mean of
'8, 5, and 4. The harmonic mean has very little practical application to
statistical problems other than those involving rates. \
’ COMPARISON OF “AVERAGES” 3
Certain definite relationships exist among the varigﬁs measures of -
" central tendency. Ranked according to size, the mqs,f;s from largest to
smallest are: arithmetic, geometric, and harmoni€.)The geometric and
harmonie means are always less than the aritl?getic mean, because they
give greater weight to the small obsewatiom.; 1¢ sizes of the differcnces

among these three averages depend on”sﬁe\degree of variability in the
data. : ' - QO

)

A

¥ 7

M’ex
Ma’
&
- - S \“
FIGURE\L-LOCATION OF THE ARITHMETIC MEAN, MEDJAN, AND
MODE{IN FREQUENCY DISTRIBUTIONS SKEWED TO THE LEFT AND
A\ RIGHT

. PN
. p “‘{W.hcn the dimct?on f)f skewness iz changed, the positions of the arithmetic mean und the mode are
N reversed. The mediun fe about oue-third of the distanee from the arithmetic mean to the mode.

Mo

"The relationship of the median and the mode to each other and to the
arithmefic mean depends upon the degree of skewness in the distribu-
++ - tion. If it is assumed that there arc sufficient observations and that the

frequency distribution eould be represented by s relatively smooth

symmetrical curve, the mode, median, and arithmetic moan have the
same values. When the distribution is skewed to the Jeft, the median is
~ less than the mode and the arithmetic mean is less than the median.

When skewed to the right, the arithmetic mean is largest, followed by
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the median and then by the mode (figure 1). The relation of the mode
and the median to averages other than the arithmetic mean depends
upon their relationship to the arithmetic mean and that of the arith-
metic mean to the other mecasures.

The mode and the median are not caleulated from all the observa- -
tions. The median is based upon position in the series; and the mode, -
on the degree of concentration. From ungrouped serics, the median i3 a
sclected value, while all the means arc abstractions and often not the
same as any one value of the series. The median is the value of the mid-
item, and there are as many observations below as above. The modé'is
the most typical value, ' A

Sinec the median and the mode are based upon position and. telative
concentration, respectively, their values are not determined by all the
observations. All the caleulated averages consider all itends'in the series.

Of the ealeulated values, the arithmetic mean is t éitsiest to deter-
mine, and, because it is also eastost to understand,Jt is by far the most
important, All the calculated means are su‘njcct\to algebraic manipula-
tion, while the approximate mode and mediga(&ré not.

Only one of the calculated averages, ‘t-héf&tithmetic mean, can ordi-
narily be used when there are both pogitive and negative values in the
series.? The mean and mode ean be uséc;llwhen there are negative or posi-
tive values, or both. PR\

*

The arithmetic mean is by farthe most common and the most useful
average. It is well understoodNeasy to caleulate, and is adaptable to all
kinds of data. The next m?)}t common and most important measures of
cenfral tendeney are theé*mode, which is well understood but usually
difficult to determire accurately, and the median, which is fairly well
understood and felafively easy to determine.

t All can be ,usiéd\ ;vhen s measure of central tendency s desired which will ignore

sign. O\



CHAPTER 3
DISPERSION

Averages are the most important measures describing frequency dis-
" tributions or ungrouped masses of data, but they pertain to onlyohe
type of characteristic—central tendeney. Other important featlines are
not described by averages. Dispersion, or the nature of the distrnbution
_of observations from value to value, must be deseribed by}pl'hcr statis-
* tical measures. 1t is important to know not only the megsure of central
_tendency but also the degree of variability among thé\tems from which
it was obtained. ’

Most of the study of dispersion is confined tevariability or the degree
of heterogeneity in the values of a series, Minor phases of the study of
dispersion are skewness and kurtosis. Skéwress deals with the degree of
distortion from symmetry present in distributions with a definite degree

. of concentration. Kurtosis descri'b‘eé:.’t’he degree of concentration about
_ the mode. ' \ '

™\
~ 3

{ VARIABILITY

Variability is the kg{{’ioﬁe of world activity. Variability exists in the
nature of life, betjcent plants and animals, in orders, families, and

- species, and evenywithin the species themselves. The method of repro-
ducing life epéobrages variability and prevents homogeneity. Varia-
bility existgdninorganic forms. There are differences due to geography,
'climati’c‘o tors, natural resources, and the passage of the ages. The
interagtion of all forces produces even greater variability in the pattern
Q,f\ei“ﬂstence. The most important problem of statistical analysis ia the
~“study of variability, its amounts and causes. This section js devoted to
© - the measurement of the amounts of variability. The range, average devi-

-ation, and standard deviation are the more common measures of the
amount of variability in data.

Range

. The simplest, most easily understood, and most widely used measure
of the amount of variability is the range. By the range is usually meant
the total range, or the difference between the highest and lowest values

: 36
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in a series. The range can be read very easily from the array in which
the values are arranged according to magnitude. The range in labor in-
comes was §$6,612, the difference between —$1,407, the lowest, and
+ $5,205, the largest (table 1, page 1). The range in data grouped in a
frequency distribution may be estimated as the difference between the
midpoints of the first and last classes. The range in labor incomes esti-
mated from the frequency distribution was $6,500 (table 2, page 2).

The public is far better acquainted with the range than with any
other measure of variability. The use of the range is greatest in the field
of price quotations. Since it is physically impossible to print the guota-
tions for all sales for one commodlty let alone for all commcithtles,
method of abbreviation such as the highest and lowest prxoeqs used to
indicate the range. Newspapers indicate ranges in the pridesiof products
of intercst to their readers. The daily cash price of No:*2yellow corn at
Chicago on Qctober 7, 1940, was quoted as 65 @.68L5¢. The range was
14 eent per bushel,

Ranges in prices may apply to weekly quo’sat\ms as well as to da:lly,
like 54 @ 5.25 per 100 lb. of canner and Qtter cows at Chicago for the
last week of 1938; monthly, like $3.25, @ %5.25 for December 1938; or
yearly, like $3.00 @ 6.00 for 1938 Sgch ranges arc most deseriptive
when they refer to a short perlod of tithe, a definite market, and a specific
grade of a certain class. N

X (ODARTILE RANGES

There are other tyges\bf ranges not commonly known to the layman,
but used widely by\statisticians. These measures are partial ranges
measuring the differénce between the values of items at certain positions
in the dist-ribl{’ai})ﬁ. The median is a measure of central tendency based
on positionard is the value of the mid-item. The first quuartile, @y, is the-
value of}.},he item loested one-fourth of the distance from the lowest
item #o.the highest, and the third quartile, @s, is Jocated at threc-quarters
of\this distance. The yuartiles are directly comparable to the median,
which may be ealled the sceond quartile. The interquartile range is the
difference botween the values of the first and third guartiles (@ - ).
The more common measure of variability is the semi-interquartile range,
one-half the distanee between the first and third quartiles. This is some-
times known as quartile deviation, QD = (&s — Q1}/2.

The quartiles are ealculated in much the same manner as the median.
From ungrouped data, the first quartile is the value of the item which
divides the series into onc-fourth below and three-fourths above. The
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N N1y, , .
- first, quartile is the value of the (7f+ §) item.! The first quartile of

. 89 1
labor incomes was the value of the 223{th item (T + 5= 22%). Of

course, there was no 2234th item, and so the quartile was interpolated
as being three-fourths of the distance between the 22nd and 23rd items
(table 1, page 1). Since the values of the 22nd and. 23rd items were $259
and $290, respectively, and their difference $31, the wvalue of the

. 22%th item would be $282 (259 + 34 X 31 = 282). The third quar tllc

" was the value of the (— 2) item, which was the 6714 th 1tcm

3 X 9. + i = 674 ) SBince the 67th and 68th items were. 31‘887 and

81,900, respectwely, the third quartile was $1,890 (1, 887~]— 4 = 1,890).

_ The first quartile, median, and third quartile wé¥e \the values of the
22%4th, 45th, and 6714th items. These vslucs_were $282, $965, and
$1,890, respectively. N

The interquartile range was $1,608 (1\890 — 282 = 1,608). The
semi-interquartile range or quartile deviation, $804, was one-half this
amount. The central half of the incomes' was distributed over a range
of $1,608, lees than one-fourth of thetotal range. The semi-interquartile
range, together with the total I:@l:ig(;, indicates the amount and nature
of the scatter about the medigh, The size of these two measures indicates
‘the amount of the dmpvrsaf)n and a comparison of them reveals the
nature of the concentratior about the median. When the interguartile
range is as great as hal;fm\he total range, there is no fendency in the data
~ to concentrate abduba eentral point. Conversely, the smaller the inter-

quartile rangecenipared to the total range, the greater the concentra-
tiori about, a*edtral point.

Quartlle\ eviation can be ealculated from grouped data. The first and
third guartiles are interpolated within the classes containing them in the

 sam€ \nanner 2s the median. A diagrammatic representation explains
fhe A calculatmn and indicates the formula.

Numher of
The Toger it () ()
N gf.ls:rtile - eontaining ) quartile vliss ; Class

firet quariile Numher of items in nterval
quartile class

The third quartile may be calculated similarly., The first and third
quartiles of labor ineomes ealculated from grouped data were $295 and

! The first, quartile is sometimes designated as the value of the ) (N + ])

N
(—~—— + 1) item, Many students designate the quartile as the value of the nearest
item to the fraction indicated,
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TABLE |.—CALCULATION OF QUARTILE DEVIATION FROM
GROUPED DATA

LaroOR INconllms For 84 New Yosk Faorr Farms, 1913

Class interval, Frequency Third quartile, working up
dollars f ; SN
1 —
)
—1,500 to —1,001 1 - A
—1,008 to — 501 2
- 500to — 1 11 ¥=?%Z=66-75 \
to 499 14 -
500 to 999 17 267 A\ ¢
— -0 e \A
1,000 to 1,499 15 R (i ) )
1,500 to 1,999 10 Q= L5O +\—; /690
2,000 to 2,499 6 66.75.
2,500 to 2,999 7 = 1,500 + ( d) (500}
3,000 to 3,499 0
3,500 to 3,999 1 75
4,000 to 4,499 3 = 1,500 + ({ ) (500)
4,500 to 4,999 1
5,000 to 5,499 1 Q=1 3?\3‘
Total 89 Quartﬂe dcw&tlon
N Qa Q:
First quartile, * working up . QD
3 ’3
(i‘ — ;_,-) S 1,838 — 205
Ql = l—i + fﬂ 3 i"\\ 2
N _89 =772
T =22 ‘\\ |
(8749 — 14;) ~ Coeﬂicient of quartile deviation
N = :
G =0+ (500) Van ) (100)
0 2\20 500) Q + Q :
- +§ ) ( 1838—295) (100) = 154,300
- o ) (500) (1 838 + 205 = 72,133
ok b5 | Vop=T2.34
4

* 0, and Q; are symbols for the first am;l the third quartiles.

1_; iz the lower limit of the claa%?s:g/mnm he quartile.
f—: and f; are the numbers of ite elow and in the guartile class.

i is the class interval.
QD = quartile deviation or semi-interquartile range.
T gn is the coefficient of variability based on quartile deviation.

$1,838, respectively (table 1). The quartile deviation was $772
(58382“% = 772), approximately the same as that from ungrouped
data, $804.
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The shove measures of variability are in terms of dollars, acres, and
the like, and are not comparable from one series of data to another. The
relative amount of variability in different series is not shown by their
respective quartile deviations. A relative measure for quartile deviation
is obtained by dividing the differcnee between the first and third quar-
tiles by their sum and multiplying by 100. The symbol Vgp denotes the

" ecefficient of variability based on quartile deviation, The coefficlent of

variability® in incomes was 72. In the coefficicnt, the variability is ad-
justed to the size of the items and thus is comparable from cne scries
to another. This coefficient can never exceed 100 whon the valueg are
all positive or all negative numbers. It is of questionable valuc shen the
numbers are both positive and negative. - \
- 1t is possible to calculate other partial ranges, such as’th}e\lO—QO per-
centile range, the 2-8 decile range, and the like. Porgentiles are the
values of items in the array at those positions whjcfl.divide the serics
into 100 equal parts. Similarly, the deciles are thewdlues of items which
divide the series into 10 equal parts. The 10;98.percentile range is the
difference between the values of the 10th ané('é]Oth percentiles. The 10th
percentile in labor incomes was —$232, Une-tenth of the incomes wore
less than —$232, and 90 per cont above.™

Quartiles, deciles, and percentilog@re measures of the values at certain
positions and are used in other, Ways than for the caleulation of vari-
ability. They are comparable o the median in that they. are based on
position. ‘They are not meagtres of contral tendency, but are deseriptive

- of the distribution. - , ¢\ .

Thesge measures of ai*b\persion have been used extensively in the fields

of education, psyghelogy, and sociology.
. A%

N Average DrviaTiow

) The n}o\?ef‘éommon measures of variability deal with the deviations
in t-hq Ygﬁes of the observations from some measure of central tendency
—};sgaﬂig‘r the arithmetic me_an.; The average, or mean, deviation is the
: ,zm{;l‘ame_tlc mean of the deviations of the observations from the arith-
* Iaétic mean of the series. It is easily calculated from ungrouped data.

Ungrouped Data

By one method, each item is expressed as a deviation from the arith-
metic mean, and these deviations are summed without regard to sign.
"The sum of the deviations divided by the number of items is the average
: dg_evia,tion. The average deviation of labor incomes is ealeulated by sub-

. ¥The cocfficient of varighility may be expressed cither as a proportion of 'the
- whole, 0.72, or as a percentage, 72, with or without the per cent symbol.
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tracting the arithmetic mean, $1,212, from each income, summing these
deviations without respect to sign, and dividing this fotal, 885,711, by
89 (table 2). The avcrage deviation, §963, shows the average amount by
which incomes varied from the arithmetie mean, §1,212,

TABLE 2—CALCULATION OF AVERAGE DEVIA-

TION FROM TUNGROUPED DATA WITH DEVIA-

TIONS

Lanor Ixcowzs ror 39 New Yorg Fromr. Farms, 1913

Labor Deviation from : |
income ¢ arithmetic mean, $1,212 Caleulations* N
X ; T e\
N\ ¢
$ 1,372 % 160 - “(“ A
— 587 -1,799 s
403 - 809 AD5
1,167 - 45 4
x:\ o
] . N N _ 85,711
- 75 —1,287 N\ 89
618 ~ 504\
661 - ghls
735 - 49T - AD = 963
Total | ANIRS, 71
*AD =« réé;e deviation, .
& = Hevirtions of the original items from the arith-

7y \inctic mean.
Elgh =/deviations summed without regard to sign.

The averag’é.\ievia,tion may also be determined from ungrouped data

without calevlating the individual deviations. The sum of the positive
* deviatigys may be found by subtracting from the total of all the values
gregtar*than Lhe arithmetic mean the product of the arithmetic mean

by the number of items greater. The sum of the negative deviations
is The difference between the total of the values lower than the arith-
metic mean and the product of the number of items lower, and the
arithmetic mean. The sum of these two differences {or, since they are
identical, twice one of the differences) divided by the number of items
in the serjes is the average deviation. The méthod of using only negative
deviations may be presented diagrammatically as follows:

; Number of . Hum oilt.‘hn

mber i 5 leas

2 it‘irmsless Arithmetie | _ Tﬁ;;:t?:

= Number of than arith- Mean | arithmetic
ohaeritions ruetic mean menn

Average
deviation
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This procedure yields the same average deviation, $963, as the first
method (tables 2 and 3). This method is particularly applicable when
the series is very large and tabulating equipment is used.?

"PABLE 3—CALCULATTION OF AVERAGE DEVIATION FROM
UNGROUPED DATA WITHOUT DEVIATIONS

TLanor INvomEs* FoR 39 New Yorg Frurr Farws, 1913

Ineomes Ineomes : )
less than more than N\
arithmetic arithmetic Culeulationaf A
mean, $1,212 | mean, $1,212 ) '\‘..\
X _ o X iMa ’\.\
$—1,407 81,271 ;2 A
__ ’587 1,272 AD N[(N_{;{.QI&M.:;} EX_qu
— 5&73 : 1,348 g
— 487 1,372 =.§1;0 X 1,212 — 17,745)
] , NV g5 (60,600 ~ 17,745)
1,108 4,127 o\ ¢
1,167 4,136 4N 2
r T B = — 42 8
1,171 4,673 00 gg < 42,805
1,202 | 51205. ® 85,710
Total 17,743 LBoriae 89
&)

* From table 1, p;zg;n'l. )
t Mu is the spmkol for the arithmotic mean.
N_n. re}}r%m’its the number of itemns Jess than the arithmetic mean.
ZX _uqrepresents the sum of the items loss than the arithmetic mean.
R\ \ Grouped Data
m’]}_‘h'e' average deviation may be caleulated from a frequency distribu-
‘t"{oﬁ"using deviations from thc arithmetic mean ecaleulated from that
distributien. The deviations of midpoints were multiplied by the fre-
quencics, summed, and averaged. The average deviation was $966
(table 4). This average deviation from grouped data was practically the
_same as from ungrouped data, $963 (table 4 comparcd with 2 and 3).
The average deviation is usually calculated about the arithmetic
mean, but some students have caleulated it about other measures of
central tendency, notably the median. The average deviation is 8 mini-
mum when ealeulated about the median,

* With such equipment, each term of the ‘diagrammatic formuly is eagily obtained.
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Coefficient of Variability

Average deviations are always expressed in the same unit as the
original items. Therefore, the average deviations of two different series, -
such as incomes and crop yiclds, are not comparable. Comparable
measures of variability can be obtained by expressing the average devi-
ation us a percentage of the arithmetic mean,* V,p = (AD + Ma}100,
The coeflicicnt of variability.for labor incomes was 81 (966 + 1,194 =
0.809). This abstract cocfficient is comparable with that of any othe\r
serics. ' \

TABLE 4—CALUULATION OF AVERAGE DEVIATION FROM C{R@I]’PED
DATA USING DEVIATIONS FROM THE ARITHMETIC MEAN

Lapor Incowss* vor 89 New Yomx Frurr FanMs, 1913

[ (<
g Deaviations of Fm- :
Class Mid- Fre- | midpoints from \ ‘i
. . . LN Mimes .
interval, puint | queney arithmetic /M devi Calculations
' evia-
dollars m F moean, $1,1ﬁ4 4
<\ ions
Fo) fl2]
—1,500 to —1,001 {—1,250 1 el 2,44 2,444
-1,000 %0 ~ 501 |— 750 2 BN 1,04 3,888
- 500to— 1 |— 2607 Ik | 1,444 15,884 ]
Oto 499 250 | 42 944 13,216 § AD = =5
500t0 999 75{".,17 444 7,548
1,000t0 1,499 | 1,250\ 15 . 56 840
1,500t0 1,999 | 1,450 | %10 556 5,560 .
2,000t0 2,499 [\ 225040576 | 1,056 6,336 |  grlom
2,500 t0 2,999, N\ 25750 7 1,506 10,802 -
3,000 to 3,49@:.‘&, 50 0 2,056 0 :
3,500 to 3\,'99 3,750 1 2,556 2,556
4,000 to \¢,409 | 4,250 3 3,056 9,168 .
4,500.404°4,999 | 4,750 1 3,556 8,556 | 4 p _ goe8 -
b0Ubs0 5,499 | 5,250 1 4,056 4,056 :
TOt.EL] -_— 89 - f.-'/ L’ 85 H 044

* Table 2, page 2.

The average deviation is easily understood. It is relatively easily cal-.

culated, especially from ungrouped data. The average deviation weights

the individual deviations in proporﬁion o their size and does not give
as do somc other measures of

undue weight to large or small items,

4 V.4p represents the coefficient of variability based on the average devistion.
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variability. As a measure of variability alone, the average deviation is
anexcelled. Its lack of popularity is due to its unsuitability for algebraic
menipulation and for the computation of further statistical measures,
The average deviation is a logical measure of variability, but the
standard deviation is more widely used because it ean be manipulated
algebraically.
' ' o STANDARD DEVIATION
The standard deviation is another measurc of variability, based¢on
‘deviations from a central point. The standard deviation is the sgure
- root of the average of the squares of the deviations of the 1tefﬁw\fr0m

the arithmetic mean. The difficulty of adding positive and ncgatw(‘
" deviations without respcet to sign is avoided by squaring gherdeviations.

. &2
TABLE 5—CALCULATION OF STANDARD DEVI\}PION FROM
TUNGROUPED DATA BASED ON DEYRATIONS

LaBor Incomis FOR 80 Naw Yome FP,E'I’I\\FARMS, 1913

-
Labor Deviations from o ONY
- ineome arithmetic mean Deviatiqui\,
. ’ ’ squared, Calculations*
_ $1,212 oSN
X T N "
$1,372 '3 160 \’- ¥ 25,600 Tt
587 ~1,799 (S 3,236,401 o=V 7
403 — 809\\ . 654,481
1,167 — "45 2,025
‘ O o _ /137,882,813
- . '\“ ’ ) 89
-7 A7 1,97 1,656,369 '
618 N — 5HM 362,836
661 \ Y — Bbl 303,601 = +/1,549,245,0%
(%5 —~ 47 227,529
- “ —
\‘I‘étal — 137,882,813 o = $1,245

* &, sigma, is almost the universal symbol for the standard deviation.

Ungrouped Dala

‘The standard deviation may be ealeulated from ungrouped or grouped
data. The calculation from ungrouped data follows the same procedure
as for the average deviation, except that, in addition, the squares of the

- individual deviations must be obtained. The calculation is explained in
" detail by the following diagram:
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Standard _ Sum of squares of deviations from arithmetic mean
devizlion Number of observations

The standard deviation of labor incomes from ungrouped data was
$1.245 (table 5). The standard deviation, like the average deviation, is
a measure of central tendency in the variability of the observations .-
about the arithmetic mean. The standard deviation is always larger than
the average deviation, : _ .

From ungrouped data, the calculation is much more difficult for stand-
ard deviation than for average deviation, because it involves all ¢he
operations necessary for the average deviation and also the squasing of
individual deviations. In practice, the standard deviation ;’\fé‘nf’ un-
grouped data is usually not obtained by this method, beéeduse the -
squared deviations are so large that they become unwields.The method
is included here to aid the beginning student in obtaining a elearer pic-
ture of the principles involved in the standard deyistiph.

When mechanical equipment is available, the'standard deviation is
often cbtained from ungrouped data, but the squdres of individual devi-
ations are not caleulated. The large amoung of work involved in obtain-
ing the individual deviations and their ’sqim'r'es is eliminated.

This recently developed method. is Yietely an adaptation of & simple
 algebraic principle which is imporfant in many phases of modern sta-
tistics: The sum of the squares-Bf* the deviations about the arithmectic
mean is equal to the differenge between the sum of the squares of the
original iterns and N t-imﬁs”s\-hé square of the arithmetic mean. Fhis re-
lationship may be showh diagrammatically as follows:

Sum of thesy™ Sum 7. _

squares ofy of the Number Square

deviations gquares I _ of of the
6m” ~ | ofthe | — | observa- arithmetic

arithmetic original tions mean

amean items

apd*a;l:g\'eijraically as follows:
Zq? = ZX* — N(Ma)?
This simple relationship was used to ehange the method of obtaining
‘the standard deviation as follows: ' '

Sum of the " Sum of i 2
scquares of the squares Sum of the
deviations of the original
Stm}d%rd = fromn arithmetic =" original - items
deviation mean items Number of
Nﬁmber af Number of . o’bservatiqns
observations :

observations,
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a=/‘/¥= E}‘\’?Z_(%)2

The firet diagrammaitic and algebraic expressions for the standard devia-
tion are the older methods (fable 5); and the second, to the right, the
more recent (table 6).

or, algebraically,

TABLE 6—CALCULATION OF STANDARD DEVIATION FROM
UNGROUPED DATA BASED ON ORIGINAL ITEMS

e \ The usual way of aveiding

Q.
Lapor INcomEs For 89 New Yorg Fruir Fanrms, 1913
£ 3
_ Labor income, O
Lg.bor income, X squared, X2 Ca]eulat'l‘o.r.{s
# ~\ 2
$ 1,372 $ 1,882,384 _ EXINCYEIX\?
—587 344,569 | ° 7 N\~ T)
403 162,401 \ 2
B _Z 268,621,253 B (107,869 2
Ve 89 89
; ) ; - .
618 a8l oz |\ +/3,018,216 — (1,212)
661 436,920\ 1% = +/3,018,216 — 1,468,044
735 540,205, L
: : N = +/1,549,972
Fotal 107,869 268,621,253 s = $1,245

)

* With tabulating, equipment, the sum of the original ttems, X, and
the sum of their squares, =X ?, are obtained in one series of operations.®
The standard de¥idtion in incomes calculated by this method was $1,245
_ (table .6). This'method of computation from the squares of the original

items is nét Jordinarily used when tabulating equipment is not available

#

because of the large numbers involved.

¢

O

Grouped Dalg

the manipulation of large, unwieldy num-
bers is by the use of the frequeney distribution. Here, again, the method
follows that for the average deviation, with the addition of the squares
- of deviations. The midpoints of the classes may be expressed as devia-
tions in ferms of units or class intervaly from either the arithmetic mean
or an arbitrary origin. When deviations from the arithmetic mean in

. terms of units are used, the calculation may be explained diagrammati-
. cally as follows:; :

¥ Appendix B, page 425,
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Sum of -frequer'_mies.times the squares of the
Standard _ deviations of midpoints from arithmetic mean
deviation Number of observations

The standard deviation in labor incomes caleulated by this method
was 81,266 (table 7). It is about the same as that from ungrouped data,
$1,245.

When the deviations from the anthmetlc mean are expressed in
units, the squared deviations are likely to be large and unwieldy numbers,
ag in the example given in table 7. N\

TABLE 7.—CALCULATION OF STANDARD DEVIATION FRQM\
FREQUENCY DISTRIBUTION AND ARITHMETIC MEAI\*T N

Lavor INcoMEs For 89 New Yonk Frurr FarMg, 1913 ™

2
3

Devia- . ¢
finbn -
irom . quum :
Clags Mid- Fre- arithe Deviations tirhed .
- interval, point | quency mustin aquarad devigtians Caloulationa
dollars ” J Eo { pptared
menrl, &«&® pzt
$1,194 D
® \Y
- \.r
R
~1,500 to ~1,001 | —1,250 1 |—2,444 | $W73,126 | 5,973,136 S
—1,000 to — 501 |— 730 g |-1,004 08,770,136 | 7,558,272 | 7 N
- §Wte — 1 |- 250 11 | —1,444Y 2,085,136 | 22,038,486
0 to 409 250 14 |— 914 891,136 | 12,475,804
500 ta 999 750 17 = N\age 197,136 '3,351,313
1,000 to 1,499 | 1,230 15 N\ ° 56 3,146 47,04 S
La0to 1.000 | 1.750 | (108} 86| 308,136 ] 3,001,360 %{;’-"’3
2,000 t0 2,409 | 2,250 \3\ 1,056 | 1,115,128 ] B,600,816
2,300 to 2,000 | 2,750 N 7 1,556 | 2,421,136 | 16,947,052
3,000 ko 3,498 | &,2580 O 2,056 | 4,227,136 - 0
3,300 to 3,009 3..7'50 1 2,356 | 6,533,136 { ©,533,136 | _
4,000 to 4,499 | 4,350 3 3,056 | 9,839,186 | 28,017,408 =+/1,603,585.44
4,500 to 4,999, /4,750 1 3,556 | 12,645,136 | 12,645,136 .
5,000 ko 5, q\g \’5 250 1 4,056 | 16,451,136 | 16,451,136
Total — 5] — — [14_2,;19,194 a=§1,266

\

Ilch of the “busy work”’ and the increasing posmblhty of mechanical
errofs may be eliminated by expressing the deviations in terms of class
intervals rather than units, a,nd about an arbitrary origin rather than
the arithmetic mean.

The sum of the squarcd deviations about the arithmetic mean is
equal to the sum of the squares about any arbitrary origin minus a
torroction factor which is based upon the differcnce between the arbi-
trary origin and the arithmetic mean.® This fact is very useful in eal-

5 This correction is the square of that used in the calcula.tmn of the arithmetic
mean (table 4, page 20).
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culating the standard deviation. When the midpoint of a class is used
as an arbitrary origin, the deviations may be computed about the
- arbitrary origin in terms of class intervals. Since the deviations will be
small numbers, like 41, —38, 42, ete., the deviations squared will also
‘be relatively small. Another advantage in using this method lies in the
fact that the arithmetic mean is often not known when the student sets
out to obtain the standard deviation. Sin¢e the correction factor, which
is based on the difference between the arbitrary origin and the arith-
metic mean, is obtained in the process of caleulating the standard
~dewviation, it is not necessary to know the arithmetic mean. TheNSegin-
ning student may not comprehend this method of caleulatign. =§0 easily
as the previous methods desecribed, but the results are exac\tj‘y the same.
* The various steps in the procedure are as follows: < N

Standard
deviation

Bum of frequenrcies
times squares of
deviations from,

artitrary origin in

nlass intervals

Sum of th.g‘ H
fragiencics

timesdeyiationa Clres

in wlass

interval
Nintervals

Nuinber of cbservations,

Vi.uflb\ of obeervations
N\

The standard deviation from groupcﬂ data was approximately the
same, $§1,267 and $1,266, whether calculated by the above method or the
preceding one (tables 7 and 8).

N

TABLE 8.—-CALCULAT{0N.OF STANDARD DEVIATION FROM
FREQUENCY DISTREIBUTION AND ARBITRARY ORIGIN

Laror _le'comm'gs': For 80 New York Fruir Farws, 1913

&

S

N

N

¢ Devig-
Mld- Fre- tions
Clasa interval, |\ &7 in class .
dollurs '\. ) .p::‘nt que;c_v iribere dr | fd'| s Caleulations
'S vzla
R
—1,50080 —1,001 | —1,250 1 -4 |18 | ~4| 16 I/ Tfd
Lo orlte — sox i~ 7sp b -3 9] —&| 18 4/;\—) W
: [ME0te ~  1(— 250 | 101 -2 | 4 [-22) 44
\ /' 0te 499 0 | 14 ~1 1|—-14| 14
500 to oug 760 | 17 0 ol o o BT _ 7951
1,000 60 1,499 | 1,250 | 15 1 1] sl EC ) 500
Lawee 1,800 | 1,750 | 10 b 4| 20| 40
2,000 60 2,409 { 2,250 | ‘g 3 9| 18 a2 —
2,500 60 2,908 | o750 | v £ [ 16| 28| 1x2 ) = V720224719 —(0.8876)1(500)
3,000 60 3,490 | 3,250 0 5 |25] o o
3,500 t0 2,009 | 3,750 1 6 |38 8 36 N T T AT % I T Ty
v B = 7222 —
1,000 10 4409 | 1 050 2 R ol N 7.2022471¢ —0. 78783370 (500)
4,500 50 4,999 | 4,750 8§ |64 8 54
5,000t0 5,209 | 5,250 | 1 9 181 | o g1 | =288E%500
Taotal - %9 — — | 79 641 =%1,267
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The difference in the size of numbers in the examples of the two
methods is impressive (tables 7 and 8). The sums of the eolumns fx?
and jfd* were 142,719,104 and 641, respectively,

As with the caleulation of the arithmetic mean, the value of the
standard deviation is the same regardless of which arbitrary origin is
used. When the arbitrary origin is zero, the deviations in the observa-
tions are the observations themselves, and the one step of ealculating -
deviations is climinated. The determination of the standard deviation
in this special case is as follows:

Sum of frequencies

- 2
: acies
times squares of Sum of frequencieg

Standard _ midpoints - | . ﬁt_mi_L\ms
deviation Number of obaer- um nrt.o _ Gpser-
vations Vaj' PR

Numerous variations of this method would be possibie;éuch a8 express-
ing thoe value of midpoints in terms of class interwals and expressing
the midpoints as deviations, not from zero, b@t from the midpeint of
the lowest class. ' : \

Many variations in all the methods oficaléulating standard deviations
from frequency distributions may be Jound in textbooks. Even others
are possible. Most of these involv;c’thé same basic principles and yield
the same result. BN > :

Coefficient of Variability _

The average labor ineﬁ&e was $1,194; and the standard deviation,
$1,266 (table 7). The'standard deviation is 106 per cent of the average
income. This relatiohship has been termed the coefficient of variability
based on standard’aeviation, and is denoted V, = (¢ + Ma}100, ‘The
advantages arid Himitations of this coefficient are the same as those given
on page 4({{0‘1‘ the coefficient; based on quartile deviati(.m.' o

In stidying only labor incomes, the standard deviation, 81,266, is
the mdre valuable measure of variability; but in comparing the varia-
,'iﬁﬁiiy\'in incomes with that in size of farms, yields per acre, number of
cows, and the like, the coefficient of variability, 106, is the more valuable.

CoMpARISON OF MEASURES OF V@,AB_ILITY

Range and partial rangés, such as quartile deviation, are “ posi?;_if)n”
measures whose values depend upon those of items in deﬁmte p.osn.;xons
in the array. They are not affected by all the observ?,tiu_ans, and indicate
nothing regarding the distributions between their limits. Average aud
standard deviations are “calculated’”” values, based upon all the observa-
tions. - . - .
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Standard deviation is always greater than the average deviation,
because-the squaring of the deviations before averaging gives the larger
deviations greater weight, Both the standard and average deviations
are greater than quartile deviations. The average deviation is usually
about four-fifths of the standard deviation, while the quartile devistion
is about two-thirds of the standard deviation. A range of one standard
deviation on either side of the arithmetic mean usually includes ghout
two-thirds of the observations. As indicated by the definition, the range |
of one quartile deviation on either side of the mean includes aboufrone-
half of the ohservations. The average deviation lies between the stawdard
and quartile deviations, and its eorresponding range includes.Between
one-half and two-thirds of the observations, D

Ny

TABLE 9—RELATIONSHIPS AMONG THREE MEASURES OF
VARIABILITY FOR A NORMAL DISTR):BUTION

Percentage of observationsineluded Size of each
within z given rang€en‘either measure of
Measures of side of tlle'}ﬂé““ variability
variahility . relative to
&= one | Wl bwo + three standard
deviation |\ 'deviations | deviationg | deviation
Quartile deviation. . . .. .. 50,0 82.8* 95.7* 0.6745
Average deviation. .. ... . Gr5 88.9* 98.3* 0.7979
Standard deviation. . . , . o \& 65.3 95.4 99.7 1.0000

- * Not commonly uzed,

For a normal distribution, these relationships are fixed and have
been dete;'m;hed mathematically (table 9). The exactness of thesc

-relationshipe is disturbed when the distribution departs from symmetry
or no;g}a)ity. In distributions that are not normal, the erder of size of
the-three measures is unchanged, but the relative size is changed. In
{symmetrical distributions, which are not normal, their relative sizes
change with the type of concentration about the average.
'The average deviation has 5 great advantage over other measures of
variability in that it is casily under

Vi . : stood. Students recognize it as a
simple arithmetic average. Ranges and partial ranges, like the quartile

devia_,ti{_m, are fairly well understood. The standard deviation is diffieul$
for bcgmmr.lg sfsudents to comprehend. They often calculate it without
: understandmg its underlying principle.

In the esse of calculation, quartile deviation ranks ahead of average

deviation, and the standard deviation s & poor third, when the data
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are ungrouped. There is little difference in the time required for the
determination of the three measures from frequency distributions.

The standard deviation is the only measure which is well adapted to
algebraie treatment. Quartile deviation is not a calculated measure,
and the average deviation is awkward to express algebraically because
plus and minus signs are considered alike in its calculation.

In an elementary trestment of statistical series in which a measure
of variability is desired only for itself, any one of the three would be
acceptable. Probably the average deviation would be superior. How-
ever, in usual practice, the measure of variability is employed in further
statistical analysis. For such a purpose, the standard deviationds, by
far the preferable. The standard deviation lends itseli to the-dnalysis
of variability in terms of the normal eurve of error. Pragtically all
advanced statistical method deals with variability and génters around
the standard deviation. This alone explains why the signéard deviation
has been used to a far greater extent than the other measures of varia-
bility. N

Uses \

Elementary statistical analysis often entls with the caleulation of
the average or the standard deviatign;Most students are interested in
the direct applieation of such mggfmii'es to the problem at hand. The
value of the most important statistical measure, the arithmetic mean, -
lies in its use for making comparisons. Measures of variability are also
of direet value for co:g}{éa‘fsons. They are useful in comparing the

“amount of dispersiornin several series. Sometimes, the eoefficient of
variability is more(] adeful than the original measure, especially when’
the different serids Are not in the same units. :

The yicl of\born in various states and for different years has often
been studigd by the use of averages. A more revealing analysis could be ..
made with theasires of variability. Averages tell nothjng about the way
th?xﬁe’l\d’in Towa varics from year to year, or the size of year-to-year
fludtiations in Towa compared with those in Nebraska. For the 50-year
period, 1880-1929, the average deviation of corn yield for Towa was
4.6 bushels per acre; and for Nebraska, 5.7 bushels (table 10). These
average deviations show variability in terms of bushels. Because the
average yield was not the same in all states, average deviations cannot

be corapared dircetly. When these -average deviations were expressad
wans, the resulting coefficients of _

in perccntage of their respective m¢ ting
variability were comparable. The coefficients of variability were 12 for

Iowa and 21 for Nebraska. Variability in the yield of corn is less in the
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TABLE 10,—VARIABILITY IN THE YIELD OF CORN PER ACRE IN 81X
CORN BELT STATES, 1880-1929

Average Average Coellicient of
State yield deviation®* variahility
Ma AL Vao
Towa. ... ... it 37.2 4.6 12
Hinois. ... i, 34.5 4.5 13
Indisna...........ccooiieonn . 34.1 4.3 13, A\
Missouri........cooviiiiiiennn. 28.1 3.8 14
Nebragka. ...l 27.7 5.7 ,21: A\
Eansas. . .....ciiiiivanninnnsn. 21.9 6.3 7 N\20°

_ *The variability could have been measured by the standard dgii}iéion in place of
-the average deviation, The differences among states would have{q&m about the same.

“heart” of the Corn Belt than in areas farther olith and west. The
most important cause of this is the differencein‘elimate.

The variation in corn yields may be comparéd with the variation in
yield of other crops in the same states. Bepause wheat viclds are lower
than yields of corn, the measure used, for comparisons among crops for
the six states was the coefficient of ¥arability (table 11). For all three
crops, corn, oats, and wheat, varighbility in yield was least in the northern

‘states, Wisconsin and Minnesotd, a little higher in Iowa and Illinois,
and greatest in Kansas .a,nfd Nebraska (fable 11). Again, the cause
for these d_iffercnces w s@lif’natc. The high variability in Nebraska and
Kansas was due to -t-h,e~g cater prevalence of drought during the growing
- BEASON.

AX

TABLE 11.—G@BFFICIENT OF VARIABILITY IN THE YIELDS* OF
CORN, OATS\AND WHEAT IN SIX MIDWESTERN STATES, 1880-1929

O
NS State Corn Oats Wheat
o:’\\ w4 .

Wisdonsin. . ................... 11 0 14
Minnesota._.................., 12 14 15
Towa..oooovveiiiiii i, 12 13 17
Hlinois. ... .., e e i3 14 17 -
Nebraska................... . .. 2t 6 20
Kansas........................ 29 : 21 19

* Based on average deviation,

_ M.easures of variabi]ity may also be useful in farm-management
studies. A group of 680 farms in Ilinois were classified as to tenure;
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and the size of farms, receipts, expenses, incomes, and profits were
studied. Comparisons between owner-operated and share-rented farms
indicated more variability in the former (table 12). The difference in
variability between the two types of farms was small for size, somewhat
greater for receipts, cxpenses, and farm incomes, and greatest for net
profits.

Averages for these factors indicated that the share-rented farms
were larger in size and had the greater farm receipts and expenses and
farm incomes. In spite of their smaller size, owner-operated farms
were more variable in size, in method of operation, and in profits.
Regardless of type of tenure, farm receipts, exponses, and jxcerne.
were morc variable than si%e  mprg 19 COEFFICIENTS O VARIA-
of farm; labor income was still  B[LITY* FOR SIZE AXD INGOMFES OF
more variable; and profits were  FARMS OPERATED BY/QOWNERS AND

extremely variable. . SHARE TENANTS

Prices are a fertile field for 680 Farms v McoHENRY Counry, ILLINGS,
the study of variability. Vari- o2
ability in prices of individual N
eommoditics at a given time Fabtdy Owners tfnh:;:s
or variability in the price of o\ o
one commodity with the pas- RN -
sage of time may both be ~T§E:i§fr$;nés """" ‘:Eg gé
studied advantageously. Variva, | aom expensen. .| 63 2
ability in the price struetufe® | Farmincome. . .... ; 78 60
with rising, falling, and ﬁébl’e_ Labor income. . . .. .. 169 115

381 132

prices has held theinterest Net profit. . ...... -
and imagination ef(Jhany stu-
dents. W\ . .
In the field-of marketing, one might study variability in the cost of
different m‘é’hbds of marketing, variability in sales from time ti;:a time,
_from stord to store, city to city, and the like. The home econormist hag
studigd ) variability in consumption of various foods and articles of
cléthi}lg according to age, raeial groups, income levels, ﬂ:nd the like.
Space prevents listing more of the many fields in which the amount
of variation may be measured, comparisong made, and valuable con-
clusions reached. - . - _
A preat deal of statistics is concerned with the relationshlps_.among
different series. Methods of analyzing these relationships usually involve
a measure of variability. This measure has practically always been the
standard deviation or its square. The greatest usc of the sta:ndard
deviation has been in the analysis of relationships, rather than in the,

study of a single variable.

[ —
* Based on standard deviation.
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SKEWNESS

Skewness is another characteristic of the frequency distribution.
Standard and average deviations are measures of the amount of dis-
persion. Skewness describes the nature of this dispersion. Symmetrical
distributions sre not skewed. In asymmetrical er skewed distributions,
the number of observations either side of the mode is unbalanced. A
distribution is said to be skewed to the right when more than one-half
the observations are greater than the mode. Conversely, it is skeweq to
the left when more than one-half are smaller than the mode.

A wide variety of measures of skewness have been developecf % They
are shstract coefficients generally based on relative posifions “of the
quartile, median, mode, and arithmetic mean. They d}ffﬁr greatly in
the ease of caleulation. Their values are not eomparable

Most statistical workers in the field of econemies have not been
concerned with the problem of skewness.® TheyMiaVe been more inter-
ested in the amount of variability than in 11;5\)1aturc The difficulty of
ealculatmg the coeﬂimenﬁ of skewness usuaﬂy 0utwe1ghs its uscfulness.

. KURTQSIS

Kurtosis is another characterigti@'of the frequency distribution. Like
skewness, it also describes thelnature of dispersion. Kurtosis is the
degree of peakedness in thesdistribution or in the concentration at its
central tendency. A distzibution more peaked than the normel curve

is said to be Ieptokurt%(,m peaked, platykurtic; and normal, mesokuriic.
Kurtosis® is an unim

purposes may be,\lgnored.

"7 Karl Pearspn developed a simple evefficient of skewness based on the difference

between thesrithimetic mean and the mode in terms of standard deviations:
'.:\ : g o Ma - Mo
o

™

o~ Mﬂfs, F. C., The Behavior of Prices, Publications of the Nationsl Burean of

\%c?mormn Reses,rch No. 11, p. 574, 1927, used coefficients of skewness in a study

the dispersion among prices of individual commodities during periods of rising
and falling price levels.

¥ Kurtosis = 8y — 3, where 8, = E . (EE‘Z)

rtant statistical measure, and for all practical -



CHAPTER 4
INDEX NUMBERS

An index number® is a comparative measure of magnitude’ It is
ratio of the magnitude of a variable at one time, place, or position to i
magnitude at another. It may also be the ratio of one variable to angthér.
Index numbers indicate changes and differences, and they dres very
useful tools in the study of prices and other variables. A\

The simplest index number involves the ratio of onlytwo things.
For example, the ratio of the United States farm pri,ce?@f corn in 1932
to the price in 1926 was 0.402, or an index of 40.2 \ ’

1932 price corn _ 28.1¢ SO \
1926 price corn 69.9¢ O4U2,br 1ndex.40.2) |

Index numbers are commonly express’e’&"as pereentages. The 1932 price
of corn was 0.402 times, or 40.2 perteent of, its 1926 price.’ o

Tn terms of wheat, the indexof the 1932 price of corn was 724
(28.1 + 38.8 = 0.724, a ratioH072.4, an index). A common example of
an index is the so-called cofn*hog ratio—more aceurately the hog-corn
ratio—which is the hu%@e[é .of corn required to equal in value 100
- pounds of hogs. Thig fatio is not expressed as a percentage, but as a
proportion. In 1932, %he corn-hog ratio was 12.3 (347 + [?.281 = 1'2.3).

The ratio of £h#” price of hogs in Georgia to the price in Iowa is an
index numbe\‘fﬁiased on geographical differences. The index.for 1933
was 111: O _

O Georgiaprice 8300 _ 31 or index = 111
N Iowa price ’

$2.70

A great variety of these simple index numbers, or relatives‘ as they
are somnetimes termed, is in comstant usc. Itis a commen trait of the
human mind to think of magnitude in terms of relative rather than

#index numbers” are commonly used for
the plural of “index.” These expressions were derived from the Latin.word jindem
related to the Latin indice, meaning “point cut.” Since the expressions “index
number” and "index numbers’ are rather long, the words *index,” “indexes,” and
“indices” are more frequently used. The word -“indices™ is the Latin plural for
“index’; “indexes” is the Anglicized plural.

55

! The words “indices,” “indexes,” and
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absolute values. The size of a given variable at a given time or place
bears meaning only when it is compared to the size of another variable

" or to the same variable at a different time or place. To state that the

price of corn in 1932 was 28.1 cents might mean little Lo one who did
not know the prices previous to or following 1932. To state that the
price in 1932 was about 40 per cent of the price in 1926 or 43 per cent
of the 1910-1914 avcrage price is to indicate that the price in 1932
was much lower than in cither of the other two periods.

The most commeon type of index number measures prices with passing

" time. The base period for index numbers is the period \nth which

others arc compared, and is usually fixed. Index numbers of€ priges are
usually percentages of prices for the base period. \,

Index numbers of individual eommodities arc relatwyly Simple, casily
understood, and readily caleulated, but of little mtu ¢t to the student
of statistics. The prices of various products fer's’ given period may
be combined into a single index number. Group index numbers are less
important than individual indexes, but moré difficult to calculate, much
more difficult to understand, and, conséqhently, more interesting to
the statistician. \

"A person can easily grasp the mnvomont in prices of a single com-
modity. However, the mind hag groat difficulty in averaging the move-
ments of a large number of, prices, some of which may be rising and
others falling, The combifiation of a number of single indexes into one

" eombined index grea y(wi:r’npliﬁes comparisons,

The index for 1982 farm prices in terms of 1926 may be calculated
for a-part of or {01 41l farm products. Many different methods of com-
bining these Jprices have been devised. Some of these are relatively

~ simple; othefs are difficult. The advantages of the difficult methods are

not usy ¥ suffieient to compensate for their disadvantages. A fow
relgsnfely simple methods are adequate for most statisticians.

- UNWEIGHTED INDEX NUMEERS
BSuM or NUMBERS, OR SIMPLE AGGREGATIVE

~ One of the simplest metheds of combining prices and calculating

~ index numbers involves the simple addition of the price quotations.

The sum of the price quotations for any period expressed as a percentage
of the sum of the corresponding quotations in the base period is the
index number. This method is called a sum of numbers, or a simple
aggregative. The prices of a bushel of corn and of wheat’ a pound of
butter dand of cotton, and 100 pounds of hogs totaled $9.158 in 1910-1914,

$14. 41? in 1928, and $4.408 i in 1932 (table 1). One, procedure is to
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congider each of these totals as index numbers indicating the relative
level of prices for the three periods. Another practice ig.to express cach
total as o percentage of the totals for the base period. When this base
period was specified as 1010-1914, the index for 1926 was 157.4; and -
for 1932, 48.1  (4.208 = 9.158 X 100 = 48.1). When 1920 was the base
period, indexes were 63.5 for 1910-1914, 100 for 1926, and 30.6 for 1932.

TALBLT 1.—INDEX NUMBERS BASED ON SUMS OF NUMBERS

InpExEs oF PricEs or Five Famu Prontcra

\ .

; p
Commodity P 19101914 1926 1932
O
Comn, per Bl .ot e e $0.648 $0.699 '\"$D,281
Wheat, per DAl ... oeee i ian e 0,880 1.351 \f. 0.388
Bulder, per Ih. .o e 0.256 0416 } 0.21%
Hopgs, por TO0 Ib, ..o 7.250 "IQSOG 3.470
Cotton, per b, .. ..o e 0.124 { 0715l 0.058
Tobal. . v §9.15850 $14.417 | §4.408
Index, 1910-1914 = 100, . .. +oevnoonennes +i60) 157.4 | 481
Index, 1926 = 100, . o neeeererinerneneens  \s.5 100 ' 30.8

L S

‘one of the easiest to understand and
“tault; Since the size of the physical
unit for each produet aﬂ'(;gtsi\it-s quotation, the importance of products
quoted by large physica‘l\ﬁ\tﬁts is OV(:remphasized. In the a,bf)vc example,
the prices total $4.408,in 1932, over three-fourths of which was con-
tributed by the hoguotation, $3.47. Practically nothing was contrib-
uted by the cuttbii, $0.058 (table 1}. The same was true f?r 1926 and
for 1910—19{4.\ﬁhanges in the price of hogs affected the mc!c_x about -
four times a8 much as changes in all the other four commodm_es. The
indexes.a%tually showed the changes in hog prices slightly modified by
the-ehahges in the other four prices. ‘ _
e sum-of-numbers method is satisfactory when the physma] units
are chosen so that their quotations are very nearly the samec. When ihe
Drices were expressed in terms of 1.5 bushels of corn, 1 bushe! of wheat,
3 pounds of butter, 12 pounds of hogs, and 7 pounds of cotton, each
product contributed about equally to the index (Lable 2): _

In practice, a group of price quotations is almost never sufficiently.
uniform to justify the use of the sum—ofmmr}belfs me’?hod. Although
changing the physical units and adjusting their quotations render the
nethod satisfactory, this process destroys one of the great advantages
of the sum of numbers, ease of caleulation.

The sum-of-numbers method i8
to use, but it contains a sexidus
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TABLE 2—INDEX NUMBERS BASED ON SUMS OFF NUMBLRS WITH
_MODITFIED QUOTATIONS

InpEXEs oF Prices oF FIveE Farm Pn(mum"a

I
Commodity |] Quantity \ 1610-1914 1626 | 1932
| P,
CBITL. v eeeeee e raeneanes 1.5 bu. $0.972 $1.049 ‘ 0,422
TWHERE . o e v s eeeeie s 1 bu 0,880 1.351 . (.388
Butter........ U 3 1b. 0.768 1.24% ‘ 0,633
Hogs, . oovveniancinaananns 12 1h. 0.870 1416 0.4%
CoblOm. ..o e e eeiiieanenss 7 lb. 0. 5368 1.0a7 | R 46
*_.
Total. . o vttt — $4.358 6. 101 # 87265
Index, 1910-1914 =100 . . ...ooevuvvnnns 100 m. = 52 0
Index, 1926 = 100. . . ... ovvrvnerenirn--- 71.2 A ‘ 37.0

NN

ArrravETIC MEAN OF Rmﬁi&vm

A common method of calculating the md\x of a group of prices 1= to
average the index numbers or relatwes $or the individual commodities.
The arithmetic mean is the most ('ommon average employed. The index
of the price of an individual commﬁdjty is the ratio of the price to the
corresponding price for the base period. The price relative for comn in
1932 on the 1910-1914 bgse was 43.4 (0281 + 0.618 X 100 = 43. 4)
(table 3). The corres ihhg relative for hogs was 47.9. The arithmetie
mean of the five re lap\es for 1982 was 52.0, indicating that these prices:

TABLE 3.—INDEX NUMBE-RS BASED ON THE ARITHMETIC MEAN OF

) N RELATIVES
'§ w InpExEs or PricEs oF Five ¥arm Pronucts
: \ \® Prices Relatives
<\ “Commodity | I —
} |
\ 1910-1914 | 1926 ‘ 1932 1910-1914 ‘ 1926 1932
E— I —
Corn,perbu. ... ... ‘ $0.648 ‘ $ 0.609 1 30.281 100 107.0 | 43.4
Wheat, per bu. .....l 0880 1.351 | 0.38% 100 153.5 44.1
Butter, per b, ... ... ‘ 0.256 0.416 | 0.211 w00 125 | 82.4
Hogs, per 100 I, |, . 7.250 11.800.§ 3.470 100 ‘ 162.8 47.9
Cotton, per 1h. . ‘ 0.124 0.151 | 0.058 100 121.8 | 46.8
Total.............. ‘ — — ‘ — 500 708.5 | 264.6
v - | ——
Arithmetic mean of relatives or indexes, 1510-1914 = 100 100 141.7 | 52.9
| | N S
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were about one-hslf of the 1910-1914 average, The arithmetic mean
of the 1926 relatives was 141.7,

This method tends to give equal importance to all the products in the
index if the price movements are approximately the same. When such
is not the case, the relalively highest-priced article contributes more
than its share to the index. In 1932, the relative for butter was 82.4,
ghout twice the other relatives. Butter confributed one-third to the
1932 index, while each of the other commodities contributed about
onc-gixth. In 1926, the relatives for corn and cotton were considerably
lower than those for wheat, butter, and hogs. Consequently, corn fnd
cotton influenced the combined index less than the other commetisies.
‘Such fluctuations are year-to-year phenomena and would be-invelved
in the construction of any type of index number. They are not faults
of the particular mcthod of constructing the index nuibber, but the
reasous for their construction. The arithmetic mean{of “the relatives
method does give the various commodilies approxilmately equal weights
over a long period of time.? It is not difficult tg-chleulate and has been
used very widely. : \ o

MepiaN oF RErAlves

In the discussion of central tendenest ‘it was stated that for distribu-
tions containing extremely large o small items the arithmetic mean
might not be so typical an average as the median.? When prices are
changing rapidly, a few pricés,ay precede or lag behind the majority
of commodities and mayo\s{gﬁuly affect the arithmetic mean. There are
also times when unusya\konditions cause one or two individual prices
to risc much higherthan the rest. The price of cotton in northern
states during the/€fvil War and the price of potash during World War I
are cases in point. Because such situations do exist occasionally, some
statisticiang\prefer to caleulate group index numbers on the basis of
the medggh}ather than the arithmetic mean.

The<1032 relatives arranged according to size indicate that the
meuyy was 46.8 (48.4, 44.1, 46.8, 47.9, 82.4) (table 3). The median,
46.8/ was somewhat lower than the arithmetic mean, 52.9, which was
unduly affected by the very high relative for butter, 82.4. The 1926
median index, 153.5, obtained in the same way, was larger than the
~arithmetic mean of relatives, 141.7. o

The median may be somewhat erratic when baged on such a small
nuraber of relatives. In practice, a much larger group of commodities
s usually included in an index.

?This is true if there is 1o persistent long-fime trend in any of the prices relative

to the trond of the group.
3 Page 26.
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CGromMETRIC MEAN OF RELATIVES

The geometric mean of relatives is sometimes designated as the index
number of a group. Whereas the arithmetic mean weights equal arith-
metic differences alike, the geometric mean weights equal ratio differ-
ences alike.t The geometric mean emphasizes the small ifems and
discounts the importance of the large ones. Consequently, it is always
less than the arithmetic mean, but not greatly different when thee is
little varisbility in the relatives. \

TABLE 4—INDEX NUMBERS BASED ON THE GEOMITRIC Mit\AN OF
' RELATIVES O ’
Inpexes oF Pricrs oF Five Farw PRODUCT.‘%"}}.
1910-1914 1926 \f 1932
Commodity Loga- K Zq\.}fgtl- Taoga-
Rela- | rithms | Relas. [\ “rithms Rela- ! rithms
tives | of rela- | tives\{ of rela- tives of rela-
tives ™ tives tives
Corn. .vennenonen. 100 2008 107.9 | 2.03302 | 43.4 | 1.63749
Whesat.............. 100§ 2.0 153.5 2.18611 441 1.64444
Butter.............. 100 A 2.0 162.5 2.21085 82.4 1.91593
I‘{Ogs...' ............ ]QQ“‘,\ 2.0 162.8 2.21165 47.9 1.68034
Jotton. ............. {&0 2.0 121.8 2.08565 46.8 i 1.67025
Total.,....v..... ;o0 — 100 | — | 1072728 | — | 8.54845
Averagolog. 7. ..| — 2.0 | — 2.14546 | — ‘ 1.70960
Index, 19%’!’{)‘1’4 =300...... 100.0 — 139.8 — 51.2
AN i _

Thegeometric raean ig o root extracted from the preduct of a group

_ ,Qilii}\linl:fers, and is most easily obtained by the use of logarithms. The
N\geometric mean of relatives is the index whose logarithm is the arith-
4 The relative prices of two products at two periods are:

Probuers

A
B

Arithmoetic mean
Geometric mean

Periop I

10
100

Perion 11
200
50
125
100

The nrithmetic differences from the arithmetic mean are the sé.me, 75 (200 — 125 =
75, and 125 — 50 = 75}, The geometrie or rativ diffcrences from the geometric mean

are the same, 2 (200 + 100 = 2, and 100

+ a0 = 2).
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metic mean of the logarithms of the individual items. By this method,
the index of prices of five farm products was 51.2 for 1932, and 139.8
for 1926 (table 4), These index numbers were slightly lower than those
based on the arithmetic mean hecause the importance of larger relatives
was discounled. They were quite different from the indexes based on
the median because the geometric mean is based on all the relatives,
while the median is not. '

TABLE 5.—INDEX NUMBERS BASED ON THE GEOMETRIC MEAN OF

PRICES N\
ixpEXEs oF PrIcES oF FIvE Famm Propucrs O\
AN\ .
; AN
19101914 . i 1926 % 1932
Commodity ' “.( L
Price |Logarithm | Priee | Logarithm '\P’rihc Logarithm
Corn. ... s, 64 8¢ 1.81158 69.0¢ 1.R4B48 | 28.1¢|-1.44871
Wheat. ..o .eenen. 88.0 | 1.94448 | 135.1 | (2013066 | 38.8 | 1.58883
Butter, .. ...l 25.6 1.40824 41, 6.“,\‘1 .61009 | 21.1 | 1.32428
Hogs............... 725.0 2.86034 |1,1805 E] 3.07188 [|347.0 | 2.54033
Cotton . ........... 12.4 | 1.00342 | Ip:1 | 1.17808 , 5.8 0.76343
Total............... — | o.nmogf — | 9.34509 | — | 7.66568
Average. ............ — 1.82361°( — 1.96002 | — | 1.53312
Minus log for 1910-1914. . ..; 52361 — 1.82361 —_— 1.82361
7 ';._.—
Log of ratio to 1910-1014 &5 ™0 _ | p.14841 | — | 9.70951-10
Log index,* 1910-1014 22\00¢| - 2.0 — 2.14541 | — _1.70951
Index, 1910-1914 = 300v . .|100 —— [139.8 — |51.2
A |

*The addition/ 962 t0 the logarithm of the ratio is the same as multiplying by
100, or nmvin{ﬁgﬁhé’ decimal point two places,

Geom@t}i\e means of relatives may be calculated more simply (table 5).
The gtep involving the determination of the relatives may be omitteq.
e Yatio of the geometric mean of the quotations to the ggome!;rw
medn of the corresponding quotations for the base period is identical

to the geometric mean of relatives.®

® The genmetric mean of relatives of the eommoditics may beexpr essed as follows:

o/ Price corn 26 Puice bogs 36 o,
Price corn *10-14 7 Price hogs 10~ 14
~/Price corn '26 X Price I hogs "26 X i_c .
Prico corn '10714 X Price hogs '10-"14 X ete.
The two expressions are algebraically identical. The statiskieal procedure based on
the first formuls is given in table 4; on the second, in table 5.
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The caleulation of the geometric mean of the quotations involves
the tabulation, addition, and averaging of the logarithms of the actual
prices for each period in question (table 5). The index numbers, which
are the ratios of the geometric averages for the given periods to the
geometric average for the base period, may be found by subiracting
the average logarithm of the base period from the other average loga-
rithms and finding the number whose logarithm is this difference. The
average logarithms for 1932 and 1910-1914 prices were 1.53312 and
. 1.82361, respectively (table 5). The natural numbers corrvspmuling\to
these logarithms are geometric means of prices. Since the gt.g)melzric
means arc in terms of logarithms, their ratio may be found most-casily
by subtracting the logarithm for 1910-1914 from thaf™Tor 1932
~ (1.53312 — 1.82361 = 9.70951-10). The addition of 2 pg\the logarithm
" places the index in percentage terms (9.70951 — 10.¥ 2 = 1.70051 =
 logarithm of 51.2). The geometric means of relativevand of prices yield
exactly the same index numbers (tables 4 andﬁ{x The method in table 8
takes less time and consequently is the moxgs’\i’iridely used.

WEIGHTED INDEX :N’UL;[BERS
; The preceding methods assumed th#itéqual weighting of commodities
- In final index numbers was desireduBecause commodities arc not always

of equ:?l importance, methods ha¥e been devised to give each commodity
. & specific bearing on the filal index proportionate to its importance.

TABLE 6.—DETERMIN{1T10N OF WEIGHTS FOR INDEX NUMBERS
- X

N
Commodity Amount, 1910-1914 Yalue, Pereentage
NG 000,000 priee 000 weights
Comn....o 437, .01 B513bu 64.8¢ $ 832,424 10
Whesat. . 28NN 658 T 88.0¢ 579,040 18+
Butterag ..ol 2,004 Ib. 25.6¢ 813,024 15*
Hoges,%..oo.Lo Ll 122 (100 1b.)| % 7.25 284,500 27
%”}A';On ............... 7,970 1b. 12.4¢ * 988,280 30
Total. ... — — 3,297,268 100

* The percentuges arc 17,561 and 15.559. In order to have the weights tofu‘l IE],

only the former was raised. If the total were to be raised, a similar principle would
apply, and 8 percentage such as 14,4845 might be raised to 15.

WEIGHTED ARITHMETIC MEAN oF RELATIVES

The weights used for the arithmetic mean of relatives may be derived
fror_n physm'al quantities and prices in a variety of ways. The common
basis of weights is the value of products in the base or some other
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specifiedd period. Sometimes the weighis are expressed jn terms of their
original values, and somectimes on a pereentage basis. ' .
Five agricultural commoditics were weighted according to the valu
of sales (table 6). The value of corn sold, $332 million, was 10 per cent
of the total value of the five commodities and was given a percentage
weight of 10. When percentage weights are used, the weighted arithmetic
mean of relatives is determined by multiplying cach relative times ifs
weight, summing the produets, and dividing by 100. The 1932 relative
for wheat, 44.1, was multiplied by its weight, 18. The relative for bufiten,
82.4, was multiplied by its weight, 15 (table 7). The products for whest,
794, butter, 1,236, and for corn, hogs, and cotton were summéd-The
total, 5,161, was divided by 100 fo oblain the weighted indes, 51.6.

~

N
TABLT 7.—INDEX XUMBERS BASED ON THE WEIGHTEIVARITTHMETIC
MEAN OF RELATIVES N
IxDpEXES OF PRICES 01'_FJVE FarM £RUDUCTS
¢:~\"
1926, 1932
Commodity P;I(‘a(;;l};‘;:%c — 0 N
Relatives] | Products | Relativest | Products
Comn................ 10 |<Nd7.0 | 1079 | 434 43¢
Wheat........o...... 18 N 1535 2,763 44.1 794
Butter............... 158 162.5 2,438 82.4 1,236
Hogs.. . ...ooooooo...  orJ) 162.8 4,396 7.9 | 1,283
Cotton. ............. \§) 121.8 3,654 46 .8 1,404
Total............ S 10 — | 14,830 — 5,161
— - " >
Index, 19101914100 .. ... .... — 143.3 —_ 51.6
* Table 6, f Table 3.

e ) ) )
The1932 weighted index, 51.6, was somewhat lower than fjhe un-
weiphted arithmetic mean, 52.9; for 1926 the reverse was true.’ These

sinall differences werc due to the relative weights given commodities
which were high or low in the particular yeara.” . .
For those students who expect to calculate & long series of index

¥ Table 3, page 58, compared with fable 7.
*In ususi practice, as in the above cxample, weights are expressed as percentages.

The vahues upon which the percentages are calculated could themselves be employed

48 weights. The sum of the products of these values times the relatives divided by -
This procedure involves more

the totul value would give the same index numbers.
caleulation and consequently is less popular
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nambers, the following procedure would cffect a considerable saving
of time over the above method.

The weighted srithmetic mean of relatives may he writien dingram-
matically as follows;

Weighted index = E (Prmn for given poriod % Respective prr-

Base price cenlage weight
_ E Price for given , Weight )
; period Baso price

Q!
With constant weights and a fixed base period, the expression Weight -
Basc price is a constant for each commodity for the cntjud Peviod.
Therefore, the index is the sum of the products of prices timdw consiant
multiplicrs. : R, ™

- R
TABLE 8.—THE USE OF MULTIPLIERS IN THE CADCULATION OF THE
WEIGHTED ARITHMETIC MEAN OF RELATIVES

N
InpexEs or PricEs or Five FARM;}RODU(:'LE

Percentage | 1910- | Multi 1020 e
di ercenfage ultiy
Commodity weights 1914 3 plibwe" I
PN Price | Produect | Price | Product
(Com.......i..| 10- |68 |0.1543 |60.9¢] 108 |281¢| 4.3
Wheat........l 18 18%0¢ | 0.2045 135.1¢ | 27.6 | 38.8¢ | 7.9
\Butter ........ 15 \\ 25.6¢ | 0.5%59 | 41 .64 24 .4 21.1¢ 12.4
Hogs.......... 27.~ % 7.25 | 3.7241 |$11.80 43.9 |$ 3.47: 12.9
Cotton. ... A 1 12.4¢ | 2504 L1514 | 365 | 5.8¢| 140
X I R
Index, 1910-1912100. . .. . — — — Juse — | 55
P i .
Nl
Themultiplier® for corn was the percentage weight, 10, divided by

t@g;}ﬁlO—lQl«i price, 64.8, or 0.1543. Tho multipliers for the other
f»z-{rm coramodities are given in table 8 The 1926 and 1932 prieas of
<corn, 69.9¢ and 28.1¢, times the multiplier, 0.1543, 'give the products
10.8 and 4.3. These, added to the produets for the other ecommodities,
* give directly the indexes 143.2 for 1926 and 51.5 for 1932 (table 8).
These indexes are the same as those given in table 7 except for ihe
difference due to insufficient decimal places in some calculations.
'I"his procedure has the advantage over the alternative method of
saving a preat deal of time and encrgy in the ealculation of a long series
of indexes. The calculation of relatives for each peried is eliminated by

" 81 the prices were quoted in dollars, the multiplisr would he 15.43.
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the caleulation of one set of multiphers. This procedure has the dis.’
advantages that it is probably more difficult for the beginning student
to follow, and is not a saving of labor when index numbers for only
one or two perlods are desired.

WeigHTep GroMETRIC MEAN

The same system of percenlage weights may be employed in ealeulat-
ing weighted geometric means of relatives or prices. The logarithing of
relafives or prices, whichever the ease may be, arc nmltiplied by t
weights. The sum of the products of weights times the logarithms\of
relatives divided by 100 gives the logarithm of the index. A\

'\ “
TABLE 9 —INDEX NUMBERS BASED ON THE WEIGHTED (}lleﬁMETRIC
MEAN OF RELATIVES N

InDHXES OF PrICEs OF FivE FarM PRODTJH;'QQ )

: 1010-1914 1926 O 1932
Come Per- | — ; \" i .
modity | "8 Log of | Product,| Log of y{Froduct, Log of | Product,
] weights , rela- | log X rela- ) log X rela- log X
| tives* | weight | tivesd weight tives® weight
! ) » ™ —— — -
Corn...... : 10 20 7 20 \ :2.(.)3302 20.33020 | 1.63749 | 16.37490
Whent ... C18 2.0 A6 915611 | 30.34908 | 164444 20.59992
Butfer..... 15 20 |80 |2.21085 | 33.16275 |1.91503 | 28.73895
Hogs..... | 27 soed st | 221165 | 5971455 | 1.68034 | 45.36918
Cotton... | 30 | 20 N 60 |2.08565 62.56950 |1.67025} 50.10750
Total. . . .. 100 N | 200 . 21512608 | —  [170.19045
Average. .| —AN — 20 — -2.1512698) — 1.7019045
— 'L_:;_.. ! [ I, —
Index, 19104\@r 11 = 100. ... | 1000 | — [1417 - g 50.3
X |
AN * Table 4.

‘qlh:é“ simplest procedurc is to arrange the weights, relatives, and
logarithms of relatives in an orderly manner (table 9). The logarithms
~of relatives ave multiplicd by the weights, summed, and avc‘ragcd; By

use of & table of logarithms, the index corresponding to this average
logarithm muy be readily found, 50.3 for 1932 )

When prices rather than relatives are used, the logarithm of t-_he index
is found by averaging the products of weights and. the 10%%1'“'1““5 of
Prices (table 10). Again, the differcnce between this Procedure and that
shown in table 9 is the elimination of the price relatives.



66 INDEX NUMBERS

TABLE 10—INDEX NUMBERS BASED ON THE WEIGHTLED GLOMLETRIC
MEAN OF PRICES

INDEXEs oF PricEs oF FivE FarM Provuers

10101911 1k ! Tonid
Per - : e - .|._...____
Commodity cexrtalxlge Log Praduct, Log Produet, + Lawe I L*rinlaet,
weights of log ¥ of log = P S Lo X
price® welght price® weight ‘ price* i wiedght

10 | 1.81158 ! 18.11580 184448 | 1841480 |1.-1—-}HT!‘ LTy
18 1094448 | 35.000641 2.13066 | 3845188 IJH'-&?H PR - |

15 | 140824 | 2112360 | 161000 | 2428635 | 142 rfa\n}m
27 1286034 | 77.20018  |3.07188 | s294076 | zaaua wRankal
30 | 1.00842 | 32.80260 |1.17808 | 3336040 | ms;s ozl
P\ S .
Total..ceeeeen.n... 100 —  |1ss2r182 —  |onseate S 7 raieies
SPL ”‘x\‘\ - . S —_
Average. ... ....o......... — LB42T1R2 | — 1.oosb1a [ - - 154205
Minus log for 1010-1914.... .. — 184271821 — N PN ) I 1827182
Log of ratio to 19101914 ... . —— 1] — 05{51:2137 — 7017 023-10
Tog index 1010-1014=100__, .| — 2. —  J{AaEinar | — LFTO23
Indes, 1910-1914=100....... — 100.0 e MLT — a3
X > i

* Table,sf 9,

N

WLIGHTEB‘ AGGR EGATIVE

For reasons to be discussed” la‘rer the so-called weighted aggregalive
index has gained mcrvabxgg popularity. This method is mercly an
+ extension of the sum of giumbers or simple aggregative method ivelving

the application of wei \s For each period including the base, the total

value of given amounts of commodities is computed. The ratic of this
total value for ‘a?gwen period to the total value in the base period is
the Welghtm\i'\xdex number. The weights are physical quantities. They
- are not baséd upon values and arc not percentages. The weight for
corn, 513\000 000 bushels, is multiplied by the 1932 price, 28.1 cents,
to obrtam the value of corn for that year, $144,000,000 {table 11}. The
%ﬁm ‘of the 1932 values of 513 ;000,000 bushels of corn, 658,000,000
vshels of wheat, and so on was 81,707 million. Since the same quantities
were worth 83,297 million at 1910-1914 prices, the index for 1932 was
51.8 (1,707 -+ 3,207 X 100 = 51.8). When the same physical weights
arc used with the weighted arithmetic mean of relatives and with the
weighted aggregatives, the two indexes are identical® In such cases,
the weighted aggregative method is merely a short proeess for obtaining
the arithmetic mean of relatives. The physical weights which are multi-

glfld ls)y prices in table 11 arc proportional to the multipliers used in
able :

RN, . .
D1ﬁerenc_es are duc te insufficient decimals in caleulation,
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TABLE 11.—INDEX NUMBERS BASED ON WEIGHTED AGGREGAT__IVEB

INnpEXES 0oF PrIcEs o FivE Famu Propuers

1910-1914 1926 1932
Physical
Commodity 80(3?36% Value, | Value, | Value,
N Price | 000,000 | Price | 000,000 | Price |000,000
omitted g . g
comitted omitted omitted
l '!
Corn....... 513 bu. 64.8¢ | $332 | 60.96 $ 350 | 28.1¢4 |$ 1ddN
Wheat.....! 658 bu. 88 .0¢ 579 | 135.1¢ 885 38.8¢ \255
Butter. . . ..'2,004 Ib. 95.6¢ | 513 | 41.6¢| 834 | 21.14 (42
Hogs....... 122 (1001b.) | $7.25 885 |$11.80| 1,440 £3. 4R 423
Cotton. . ... 7,970 Ib. 12.4¢ 938 15.1¢ | 1,203 5.8y 462
Total. . ... ‘ — — 3,297 — 4,725 ¢4 — 11,707
Tndex, 1910-1914 = 100..... — 00 | — | 14?,\.3| — | 5.8
|

COMPARISON OF INDEX NUMBERS

Therc was considerable variation in the' lnETEX numbers for 1926 and
for 1932 due to methods of caleulation. Twp general types of unweighted
index numhers were prepared: (1) theum of numbers or simple aggre-
gative, and (2) averages of relati}fgé.j"

TABLE 12.—COMPARIBON OF ’IﬁDEX NUMBERS OBTAINED BY

VAQEIOUS METTIODS
INDEXES OF I’HIC“"\ff\é)F )Five Farm Propucrs, 1910-1914 = 100
: Index numbers
\“Mothod —
n/ 3 1910-1914 | 1926 | 1932
| NS —
anezghi?d
Surd8f humbers, simple aggregative (table 1).. . 100 12;; :gé
S\UTD %t numbers, simple aggregative modified (table 2| 100 }53' s | 168
Médian of relatives (page 59). . .onvvvnrrvrme 100 - :
Mean of relatives
Arithmetic (table B). ... .\oeverornenmamsrmosne 100 1;;; 232
Geometrie (table 4). ... .. .o erem s 100 137.8 50.0
Harmouic (caleulations not given). . ...-oo---oeee 100 ) )
Weighted
Mean of relatives
Arithmetio (Fahle Th. ... vvveeanseer bomrommnns __ log }ﬁ-?{ Zé'g
Geometric (table 9). . ... veeerevrrrremrsremnt” igo 140-0 49-4
Harmonic (calenlations not givem). ....-o-rveee-e 100 143-3 51.8
Aggregutive (table 11)...ccvoceoeerroeaismermios : :
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The sum-of-numbers method usually results in erratic index numbers
beeause the size of physical units is not comparable for all commodities.
One hundred pounds of hogs were worth many times mote thin a hushel
of eorn or a pound of cotton, and this index was predomiantly a
" yefloction of hog prices. Binee hog prices increased from 1910 1914 to

1926 relatively more than the other products, the 1926 index by this
method, 157.4, was higher than that by any other method (table 12).
This fault was remedied when the physical units were adjusied so that
guotations were about the same for all commodities. When thix pro-
cedure was followed, the resulting index number, 140.5, was much le&s
than that given above, 157.4, and practically the same as the arifittic
mean of relatives, 141.7. The advantages of the sum-of-numbefiyméthod
are its simplieity and ease of ealculation. However, when pli~y.~§i(f;1l units
and quotations were modified, these advantages were Jo"st

The median was also erratic when the number, efS\tommoditics was

-small. The 1926 index, 153.5, was higher than all Qthers except thes sum
of numbers; and the 1932 index, 46.8, was the‘QWest of all. IHowever,

. with a large number of commodities, the ygedian would usually be less
erratic than other index numbers. In tHe)Opinion of many, an index
‘number should show the most typicaltéliange in a group. The median
satisfies this requirement better thafl most calculated averages. Extreme
variations from the most typicalalifluly affect the size of all “caleulated”
index numbers. They affect,{he median of relatives only as any large
itern affects the position,gf}he median.® After the individual relatives
have been obtained and\lrrayed according to size, the median iz casily
determined by inspe€tion. The disadvantage of the median is its unsuit-
ability for small grédps.

Index numbrs“which are means of relatives always rank in size from
largest to\smallest as follows: arithmotie, geometric, and harmonie.
The mpqu?tt of variation among these means depends upon the amount
and'n@'ftiire of variahility in the relatives.

4 '1‘~he arithmetie mean is by far the most important of all unweighted

11.1dcx n}lm_bers. Tt is well nnderstood and is adaptable for groups of any
- size. _It i8 relatively easy to calculate. The determination of the individual

m]atlves- requires considerable time, but this is more of an advantage
than a disadvantage because many persons are interested in the relative
change of individual commodities as well ag of groups.

The geometrie mean of relatives, though never of great practical

1e 'Far‘thesg reasons, the mode of relatives might be a better index than even the
median if a simple and accurate method of determining the mode could be devised.
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importance, has been the ecenter of mueh theoretical diseission and
controversy. It is more difficult to calculate and much more difficuls
to understand than the arithmetic mean, but it has the advantage of
weighting cqual ratic differcnces alike. The arithmetic mean always -
weights equal arithmetic differences alike, whether the relative be high
or low. When there are a few extremely high relatives, the geometric
mean is usually nearer the median and gives a more reliable index than
the arithmetie mean. Conversely, when there are a few extremely small
relutives, the arithmetic mean may be preforable,

As to method of caleulation, the weighted aggregative index 1s somies
what comparable to the sum of numbers or simple ageregative JHow-
ever, the rcsulting weighted index does not have the disadva\ﬁta?ge of
the sum of numbers. The predominating influence of large guotations
in the sum-of-numbers index is usually compensated {or i the weighted
aggregative by differcaces in physical units. The modifiéd sum of num-
bers is really a weighted aggregative. The weightéd aggregative is very
similar to the arithmetic mean of relatives bobh 3h ease of ealeulation
and in the sizc of the index. The weighted@ggregative and weighted
arithmetic mean of relatives are idenfital when the same physical
quantities and basc period prices are usett as a basis of weights. On this
basis, the respective 1926 indexes, are ‘the same, 143.3; and for 1932,
almost the same," 51.8 and 51,6 (¢able 12).

The relationships among yaribhs weighted means of relatives are the
same as those among unayeighted means of relatives. The weighted
arithmelic mean ig la éf'fhan the geometric or harmonie means; and
the harmonic is the’smallest. The arithmetic mean is by far the most
important wuighi&él'—fnean index. There is little fo choose between the
woighted arithmiefic mean and the aggregative from the standpoint of
calcu]at-it_m\’éjrﬁplicity, comprehensibility, or size of the index. However,
the arithpietic mean has been used much more than the weighted
ﬁggr}égﬁt’i’ve, partly becausc of custom and partly because of interest
i theindividual relatives.

The primary advantage sought in the weightin '
greater accuracy. The ideal of accuracy i never attained in any mde.x
number, weighted or unweighted. The quotations themselves arc esti-
mates representing an infinitesimal part of the salcs of any one or any
group of commoditics. An index number represents only 2 sample and
is subject, to sampling errors, Further inacouracies arise because of the

difficulty of obtaining aceurate weights.

g of index numbers is

1 Pyifferences are due to insufficient decimals in ealculations.
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For 1926, the difference between the unweighted arithmetic and
geometric means was 1.9 points; that between the weighted and un-
weighted arithmetic means, 1.6 points. In the light of all the variables
affecting index numbcers, those differences due to weighting were prob-

" ably negligible. In the attempt to attain perfection, the problem of
weighting has been and will probably continue to be given attention
out of proportion to its importance. There are, no doubt, cases where
the relative importance of the various commodities is xo different that
weighting would increase accuracy. ' .

The. five most common indexes are the weighted and um\'oig}nt:ed
arithmetic and geometric means of relatives, and the \\'vigh{g\'(‘l aggre-
gative. The greatest difference between any two of thesd hlexes was
3.5 in 1926 and 2.6 in 1932. The above differences’? ale insignificant

“compared with the striking ehange in prices from 1921{ to’1932.

The final choice from the above five methods«is-ieually made on the
basis of persenal preference. In making the chqice, the doubtful advan-
tages of greater accuracy of some index/miimbers must be weighed

- against the greater case with which otherjodex numbers arc ealculated
and understeod. P\ 4

TIME-REVERSAL TEST

Beveral years ago, accuracy :i‘h’ éonverting a series of index numbers
'from one base period to another caught the imagination of many students
.interested in index-numljertheory. This common practice of conversion
was challenged. Tho{ wsual criterion for testing the validity of this
CONVersion was conp rizon with the index recalculated on the new hase.
To convert tkle\1932 index of five commodities from the 1910 -1914 to
the 1926 b'ag:é ‘the usual practice was to divide the 1932 index by the
1926 indexs The converted weighted aggregative index was 36.1
(518 AM3.3 X 100 = 36.1). When the aggrogative was recaleulated
W‘l.ﬂ.‘l;igz{)' as 100, the index was the same, 36.1 (table 13). The weighted
. ,\afggrega-tivc was, therefore, said to satisfy the time-reversal test. Certain
gommon methods, such as weighied and unweighted means and medians
of relatives, were severcly criticized because they did not mect the tegtl?
Much of the litile popularity the weighted and unweighted geometric
means have enjoyed was due to their convertibility. The sum-of-num-

bers method also satisfies the test.

For the six methods, the greatest differonces between converted and

12 Because of the small number of vomr iti
. *E d nodities, five so i y ter
than otherwise would have been expeeted, » Be, these differences wers pre>

18 WAt L .
8 Weighted or unweighted harmonic means do not, salisfy the test.
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recalculated indexes, 0.2 point, was probably overshadowed by other
types of crrors (table 13), The practical significance of the convertibility
test has been greatly overemphasized.

TARLE 13- COMPARISON OF CONVERTED AXD CALCULATED
INDFEXES FOR 1932

1926 = 100
Clonverting the 1932 index from
the 1910-1914 to the 1926 hise "\
Ca;lc\ﬂlgted
Method Calculated indexes, 1932 index, T
1910-1914 = 100 | Converted | 3696 = 100
: 1932 indexy i
. 1626 /100
1996 | 182 1 LF
Sum of numbers. .. ... e 157.4 48.1, N\ 80.6 30.6
Arithmetic mean of relatives...... 141.7 52.8 ¢ 37.3 37.5
Geometric mean. .. .............| 139.8 ‘51’} [ 36.6 36.6
Weighted arithmetic meant. . . ... 143.3 1(51"6 8.0 36.2
Wreighted geometric meanf.. ... .. 14174 :L 50.3 35.5 35.5
Aggrogative® . . ... . ... 1438 | 51.8 36.1 36.1

* The converted 1932 index, on, ghe 1026 base, was obtained by dividing the 1932
index, on {he 1910-1914 base, By ‘the 1926 index on that base. (For the sum-of-
numbers mathod, 48.1 + 1574°5°0.306.) o, .

t Thesec indexcs were inﬂ@seﬁdently caloulated from the prices in table 1, page 57.

1 Based on fixed weights of relatives, :

N HTS
™ WEIG

In thoe ’"ﬁ%:fmination of weights for index numbers, there is the
problem G assigning to each component a weight propertionate to its
imp(,n’&;lﬁ'ce in the index. The basis of estimates ol importance varies

iththe subject of the index number.

¥or example, an index of retail food prices in Chicago should be based
upon the amount of the different types of foods purchased by a normal
family and not upon the amounts of food produced in the TUnited States,

the amounts produced in the ares about Chicago, or the amounts
coming into or proeessed in Chicago.

In general, 1t is better to weight
rather than production hecausc prices are 0
production, and because there would be no duplication of produets.
For instance, in an index of Towa farm prices, if the weights were hased

farm prices on the basis of sales
btained for sales and not for
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on total production, the index would include all the hogs and all the
corn produeed. Since hogs are merely corn on the hoof, tlas procedure
would, in effect, weight corn doubly, once as grain and once as hogs,
Likewise, an index number based on all production would include hay
" twice, onco as hay and once as livestock and livestock products. The
simplest way to eliminate such duplications in feed and livestork is to
weight farm prices on the basis of sales.

The problem of duplication is common in other fields. For instance,
index numbars of business activity frequently contain two series retleet-
ing the same changes, such as steel production and carloadings.

It js not possible to generalize on the many other problems inghapsing
weights, Decisions must be made when the particular questigns arise.

7%
S

YarianLe WEIGHTS o\

Another aspect of the weighting problem has £6¢d0 with the usc of
fixed or variable weights over long and short Qeg‘iods of time. Tt had
been the common practice to use fixed weighi€regardless of the lenglh
of the peried covered by the index. Tn recent;\);ears, a few persons have
varied the weights over long as well as short periods of time.

Changing the rclative weights of',qo'rnmodities over a long period of
time can be justified on the basigeef upward or downward trends in
relative production. For instanegiduring the last 200 years, the produe-
tion of metals has increased\relative to othor things. New products
have been introduced. Fan instance, petroleum was not discovered
until about the middlg %f*the nincteenth century, but since that time
its production has inercased at a very rapid rate. Tn addition, new uses

“have been found fot;6ld products. Cocoa is & product which was known
and used for ggntiiries, but was relatively unimportant until the choco-
late bar appeated. Rubber is another produet of this type. Some products
formerlx Iy important are now negligible. Ashes, eandles, furs, and
Whiskgy,wem once relatively much more important than at the present
timé:y ™
N\ Any change in weights should be slow and gradual in order that it
have no effeet on the short-time variations in the index of prices.

Changing weights over short periods of time u'sually has little justifi-
cation. Irends in either prices or production cannot be determined at
the time. The only possible basis for such changes in weights is year-to-
year, month-to-month, or other short-time variations in production or
gales. An index with short-time variablo weights is not satisfactory
because the weights are constantly changed among the different com-
modities so that the lowest-priced commodities get the greatest weight.
Some students vary weights of indexes of farm prices in certain staies
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from month to month with seasonal marketing. If is elaimed that an
index ealeulatod with these weights shows the price situation as it
affects producers in the particular month more clearly than an index
with seasonally fixed weights, Variable seasonal weights allow the exelu-
sion of porishable products from certain months in which they are not
available or important. Seasenally changing weights may make eom-
parisons betwoeen the corresponding months of different years more’
valusble, but they prevent the direct comparison of the farm price
level for different months of the same or other years.

. A

BASE PERIODS .

One of the important requisites of a suitable base is its ne,a,{n?gfqg o
the period studied. Since the period studicd is usually the prepent, the
bhase should be well within the memory of most persons now dping busi-
ness. Memory is short, and the human mind naturally mékes comparisons
most easily with events in the not-too-distant pass, \¥%

Whenever possible, a base period in which theyprice structure was
approximalely in cquilibrium should be chg&'{zxn. Whenever prices rise
or fall, some prices change more rapidly add by a greater amount than
others. A disequilibrium in the price_strutture is then suid to exist. -
Buch a disequilibrium is greatest when prices are changing rapidly.
Such & period should be avoided jo the choice of a base, because:

(@) Tt is usually assumed that*differcnces between commodities for
any period arc accurately ghown by the individual indexes. Tpis is to
assume that o “normal? Q%lfﬂ-innship cxisted during the base pEFIOd; and

() In the absencevoftrend in relative prices, effective weights are
most likely to coimeide with given weights when the prices were 1
approximate equ\il:ll\)rium in the base period.

\"\ TYPE OF COMMODITIES

\‘r(’]um@:i’\have been written on methods of calculation, weighting,
ba“i‘i 1p1§1"i(;d8, and time- and factor-reversal tests for index numbers.
Thesk problems have been of considerable theoretical interest to & fow
students, but of much less practical importance. As pointed out 1n the
above diseussion, index numbers vary but little with method of cs%lcula-
tion or weighting. Furthermore, they bear much the same relation t,o
one another regardless of base period.

The major part of the variability in indc
E‘l‘) the commodities included 'and to the h}:_a

ue to time is the primary purpose for whic
are calculated and Ii)s usua);I;z) taI;{en for granted. Variabi]it'y due to lthe
commodities included has also been conspicuously absent In theoretical

% numbers of prices is due
aseage of time. Variability -
h index numbers of prices
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controversies around indexes of prices, either because it was nol recog-
nized, or because it also was taken for granted.

When the price level changes, some commodities change more rapidly
and g greater amount than others. In 1932, when most Priecs were
relatively low, farm prices were relatively lower than most other pr ieed.
Regardless of the method used and whether the commaoditios wore

- weighted, the index of five farm products was about one-hall that for
five food products at retail (table 14).

TABLE i4—EFFECT OF TYPE OF COMMODITY, WEIGHTING, Al\ﬁ)
METHOD ON INDEX NUMBERS FOR 1932 O\
1910-1914 = 100 S\

Ny

s

‘~
Indexes computed by vmfou.s methods

< &
.“\:\
Unweighted | \\Weighted
Type of commodity relatives / \\.‘ relatives
prices ineluded ) .."\: '. Aggre-

Arith- | JGeot | Arith- | Geo- = 2¥VE
metic 4§ pletrie metic metrie
meapy[w mean - omean mean

Farm, flexible: N

Corn, wheat, butter, hogs, cot duy 52.9 ‘ 512 51.6 5. 3 5.8
Wholesale, ﬂemble K®

Serap steel, hides, l&rd\\}pper L |

GOKE. ..t N 63.6 ' 59.1 ‘ 80.5 : 57.0 | 60.2
Wholesale, in Acziblesy

Paper, rails, theead] sodium bi- |
carbonate,/centent, . ... .. .... 169.1 | 187.4 ‘ 168.8 ‘ 166.7 | 168.9

Retail, inflazibls”
Corn méal; Tiens, vib roast, milk,

117.3 ‘ 116.9

!i 117.6 ‘ 117 2 | 117.5

e

NHome wholesale prices declined very rapidly, while others changed
buf little. An index of scrap stecl, hides, lard, copper, and coke was ahout
one-third the index for paper, rails, thread, sodium bicarbopate, and .
cement (table 14). In 1932, the index for the latter group was about 170;
and for the forme_r, 55-60, when pre-war was 100, The size of an index
of wholesale prices is, therefore, dependent on different combinations
of the t'wo types of eommedities included. The commodities to be in-
cludej(% in an index of prices can be classificd in many ways. Some
cllasmhcatlons give commodity groups whose price movements are widely
divergent, such as the grouping into raw, semi-manufacturcd, and
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manuf; actured goods, [n contrast, some elassifications are made according
to the fexibility of prices. Most classifications are merely deseriptive
of the commadilies included, such as the division into metals, foods,
and building materials,

During the past gencration, there has been a trend toward further
breaking down of price indexes into smaller groups. The motive for this
hag been fairly consistent in that the subgroups have been homogencous

a5 to type of commodity rather than as to type of price movement. In
some eases, these classifications have incidentally resuited in homos
geneity of price movement as well.
Since index numbers depend much more on the type of. corff{ho}hty
included than upon the various statistical techniques, more\emphams

should be placed on the former. o '\ N
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CHAPTER &
SECULAR TREND

The tendency {or things to vary is common and has been takmr{or
granted by most persons in overyday life. The measurement oi: Varia-
- bility has already been discussed in some detail {chapter 3). & }';g‘c:biezll'n
of far greater importance is the analysis of variability a(:(;’dr,(]ing tq its
 causes. The variability in many types of data, such as prigesy production,
yields, and business activity, can be studied in referm\ln{e to the passage
of time. The relation of chronoclogical differences¥{y economie factors
has long been studied and is one of the importaniproblems in the field
of economics, D
Variations associated with the passageof™time are of several types.
For example, prices change from day t4 ddy, month to month, year to
yvear, and from decade to de(:ade:,’ﬂ’bme of these movements follow
definite patterns, while others afe\quite irregular. One of the more
 persistent types of variation igtsecular trend. Secular trend is usually
thought of as a persistent ghange oceurring over a long period of time.
In some analyses of any<time series, it is often desirable to measure
the amount of seculafifediid separately from other types of variability.
" In other analyscs, ipi&esirable to eliminate secular trend from the data.
) LINEAR TRENDS

. N> METHODS OF APPROXTMATION -

Thc..rh%i easily recognized type of secular trend is linear; that is,
graphieally it follows a siraight line. Straight-line trend is easily under-
stgod because the rate of change is constant. Methods of ealeulating

“limear trends are relatively simple compared to methods of caleulating
non-linear trends.

Ruler or String Method

The simplest way to determine linear trend is %o estimate i from
the plotted data. After a litile experiencel this is a rather accurate
method. It is widely used in preliminary analysis. There are certain
differences in technique, such as supoerimposing a, string or a transparent

~ ruler over the plotted data,. Usually, the line of {rend is drawn with &
straight edge after the position of the line has becn established by
76
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inspeciion (fignre

000 acres§

2n

280 }

230

190

150

I [ O W |
1531 1937

.,
110
1825

3 b
1919,
U3
FIGURT, 1.—RULIKR METHOD OF
APPRONTMATING A STRAIGHT-
LINE TREND

WATERMELON AcrEacE HARVESTED IV
e UNirED Hrares, 1919-1937

. The transparcnt ruler wus shifted about until
its upper cdee uppeared to represent the line of
trend that approximately  hiseeted the data !
The values for the first, middle, and laat yesrs
were then read.

!N

the trend line. If the trend line hagy™

‘been drawn correctly, the averags
and the trend value for thg‘.n{ﬁddle
year, 1928, will be ideiticat. This
value, 211,000 acresnjs also the
average of the ‘\(a‘mes for the
beginning and griding years [{142,-
000 + 280,000, 2 = 211,000].
The yq&&increase may be ex-
pressed wds® a percentage of the

E"Qllﬁ{.’;jé‘f'or the period, the trend value for 1928.
7667 acres, which is an annual increase® of 3.6 pe

X100 = 3.6},

LA line that bizects the data assumes that the areas
not exactly, s .
4 deviations is & minipnum.

about equal. This is approximately, but

line ahout, whieh the sum of the square

*From 1919 to 1921, the average acreage
and from 1935 to 1037, 264 (273, 257, and 263).
¥ 8inee the average and the annual inereas
equation of a straight line, the equation May

77

1). The line of trend for watermelon acreage was

determined and drawn with the
use of a transparent, cellnloid
ruler. By reading the values from
this trend line for the first and last
years, 1019 and 1937, it was found
that the acreage increased from
142,000 to 280,000. The increase,
138,000 acres, spread over 18
years, amounted to 7,667 Acres, -
per year. R -

The average acreage forgall19
years can be approximafcd” from

000 acres [ ~
280 <

264
v

I
1% 1938

1918 1922 1926
FIGURE 9 _AVERAGES METHOD
OF APPROXIMATING A
STRAIGHT-LINE TREND
WATERMELON ACHEAGE HARVESTED IN

e UNITED STATES, 1919-1437

A gtraight live is drawn through the averages ’
for the firat 3 ¥eaTs, 142, amd the last 3 vears,! 264,

1930 1933

The annual inerease Was
r cent (7,667 + 21 1,000

above and below the line sre '
the same as the least-squares

harvested was 142 (122, 149, and 155);

e are the same as the cons_tants in an
e written as follows:

¥ = 211,000 + 7,667z,



i SECULAR TREND

Averages Method

Certain arbitrary guides for the estimation of the trend line have
been used. Some workers designate two points representing the averages
for a few years at each end of the data as determining the trend line -
(figure 2). In the watermelon illustration, the average for the first three
years, centering on 1920, was 142,000; and for the last three years,
centering on 1936, it was 264,000 acres. The difference, 122,000 acres,

"which was spread over a 16-year period, averaged 7,625 acres per
year.? This rate of increase was about the same as that found in the
ruler or string method of approximations. O\

. '\
Selected-Points Method A

A variation of the averages method of approxirnajipﬁ id that com-

monly designated as selected points. Two points determining the trend
line arc found by inspeetion rather than by avafaging. The common
‘practice is to use the values of normal or typital years. For instance,
in the watermelon illustration, the years 1920¥and 1935 appear to be
approximately normal or typical of the yoars near the beginning and
the end of the period studied. The acrefiges for thesc two years were

- 149,000 and 273,000. The increasé™ef 124,000 acrcs in the 15-year
period averaged 8,267 acres per, }iéai‘. If the years 1921 and 1936 had

been sélectcd as the normal, the increase would have been 102,000

(257,000 — 155,000 = 102,000), and the annual increase would have
been 6,800 acres, \‘ ) '

The aecursey of tl% method depends upon the skill with which
the determining peints are sclected. The selected-points method of
appro.xima-tion 1?:: the least accurate one given because of the difficulty
of choosingsi}itable points. The averages method is also inferior to the
rler or sixifig method since the averages are based on limited data
Subje(;.t 4o chance variations. The ruler or string method is superior
bggfmi}sé the estimation of trend line is based upon all the data rather
than & small portion of them.

Semi-Average Method
In this {nethod, the straight line is hased on twog points determined
by averaging the first and last halves of the data. The two averages
are plotted at the center of their respective periods, The first O-year

114 If 4-year averages, 159,(?00 and 269,000 scres, were used, and the difference,
= ]:(1),000, stad over 15 years, the annual rate of inerease would be 7,333 acres.
e two lines based on 3-year and 4-year sverages would be different.
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average® for the watermelon acreage, 1919-1927, was 171,000; and the
second, 19291037, was 263,000 acres. The first average was centered
on 1923; and the sccond, on 1933. The annual increase was 8,200 acres
per year (82,000 + 10 = 8,200). This method is very simple, and the
result does not depend on individual estimates. If the data are not sub-
ject to irregular and violent fluctuations, the method is reasonably
matisfactory. '

LEssm-Rguaruss METEOD

Those students not satisfied with approximation methods may
determine the host-fitting straight line by least squares. By this method,
the avernge and the rate of Increase are determined matheqlg‘t'{cally
and are bused on all the observations. T\

A straight line may be expressed algebraically as follmiv,jj.,‘ by

Y=g+ br ) '\\
For annual dats, it may be written diagranunaticailgf as Tollows:
Fstimatoed Average Averag‘c\' Years
SIS ee value yearly meagured
)[frl) for the J T | rate'of J from middle
vaues period A\ change year

The “average yearly rate of ~fhange™ determines the slope of the
line, while the size of the “av?({i'age value for the period” determines
its lovel, 2z ]

In the cquation ¥ =4 - 3 bz, Y is the trend value for the given year;
¢ and b are coustanté\§ﬁd ¢ represents the passage of time. Whe‘n th'e )
values of @ and b e cstablished, the value of ¥ in any trend Iine 18
dependent on varetions in z, the passage of time.

The va]ue«':?f;"a, the average for the period, is calculated by t-hfe ]_loTlg—
establishadahothod of summing the items in the series and dividing
by the ’l,{lhxl.l')(zr of years.s The value of b, the rate of change or slope of

. f The*middle year, 1928, was omitted hecause the total period cover.ed arélodii
SUMBor of years, The O-year averages were caleulated from the data in table 1,
e 80,
_ ®The general equation for a straight line in the slope
in which b is the slope of the line, and 4 is the ¥ interecpb. h th
In applying this formula to a line of secular trend, let the ¥ axis pass throug 29
midpoint of the series of years on the X sxis. Then the yoars will be dcnf.)‘te(%. ]sist];- [: _
=1, 0, +1, 42, ete., cither side of this point on the X axs. The ¥ axis ¥ ft}(:‘
bisect the trond ]il'l!':'-, and the value Df t.he Y intcrcept will b‘B t\h() Inld]JOIDt. ;) . ;
line, or the average of the series, L.e., »¥ + N. The slope 18 the 111cre$cn U}che
corcesponding to s unit change in 2. It can he demonst.rated that the value

slope is Zz¥ + 2z

_intercept form is ¥ =& + bz, -
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the line, is less easily understood and is obtained from the following .
formula: b = Zz¥ = 2zt

TABLE 1.—CALCULATION OF STRAIGHT-LINE TREND BY MITTTION OF
LEAST SQUARES WITH ORIGIN AT THE MIDDLYE OF AN O NUMBER
OF YEARS

WATEEMELON ACREAGE HARVESTED IN THE UNLrED Srares, 1019-1437

Deviation Acreage | Produet of | Y=0+bz
from Deviations | harvested, |deviation in Q)
Year middle squared 000 years and =¥ A
- year x? omitted aerenpge e =N '\'~>
z Y z¥ \\
[ zz i“_;_l =~ 2122
1919 -9 81 122 ~1,008 .50 14
1920 -8 64 149 ~1,1028¢ K>
1921 -7 49 155 1,088\ ~e ¥
1922 -6 36 211 1,308 | b =T
1923 -5 25 158 < 90
1924 -4 16 186 Y 744 e
1925 -3 9 T &) AT = '-'-:'}.'1:) = 7.618
1926 -2 4 208\ <] — 410 470
1927 -1 1 J3e — 186
1028 0 0 R k! 0 ¥ = 2§22 4 7618
1929 1 1 N em .2t
1930 2 4 24 254 508 Por cent increase =
1931 3 N 254 62
1932 4 \{16"’ 248 992 b
1933 5 |h V25 221 1,105 2% 100
1934 6 0 36 284 1,704 o
1935 TN 49 273 1,811
1936 7. 64 257 2,056 - TO18 00
1937 \:"\:~9 31 263 | 2,367 2122 7
] \\ - —_ )
Total ,,3,4 — 570 | 4,031 1 4,342 = 3.59

N : ~ Il —

) 000\\’ wi
N In fitting a straight linc to watermelon acreage, the average acreage,

a,i52122 (4031 + 19 = 212.2) (table 1). The yearly rate of change, b,
is 7.618 (4,342 + 570 = 7.618). The cquation becomes:

Y =21224 7618

where 7.618 is the yearly increase in thousands of acres and 212.2 18

the average acreage for the period 1919-1937 in thousands of acres.
The trend value for any particular year can be easily determined

from the equation of the line by substituting for x in the equation the
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deviation corresponding to that year. For example, this deviation for
1934 was +06. The estimated or trend value was 258,

Y = 2122 + (7.618) (+6)
Y = 212.2 4 45.708

Y = 257.9

The 1934 normal trend line value, 258, was somewhat less than the

actual, 284.

The normal value for cach year may be caleulaied and showﬂ by

dots Iying in a straight line (figure
3). The usual practice is to calculate
the values of only two dots and
“conneet them with a straight line.
The average percentage inerease’
for the least-squares straight-line
trend is given by dividing b by «
a_rld multiplying by 100. Stated
Fmot-her way, the slope of the line
is expressed as a pereentage of the
average. The acreage harvested
inereased on the average 3.59 per
tent per year (7.618 + 212.2 X 100
= 3.50). A
’ One of the simplest technidues
In determining the .z@twéquares
straight line is that usﬁ in table 1
when the origin washat the middle
year and the numibor of years was
odd, When phdniumber of yearsis

even, theob‘m‘blcm is glightly complicate

.
NS

N\

000 acres - ~
280 - 3

240
200 -

169 -

12(]|:__,l||||||-|||
’,jgm 192z 1926 1930 1834 1938

UV FIGURE 3.—LEAST-SQUARES

METHOD OF CALCULATING

A STRAIGHT-LINE TREND
WATERMELON ACREAGE HARVESTED IN

g UNITED STATES, 1919-1937

The points which form & atraight lins indicete
the trend in the acroags. A comumnon procedurs s

o indicate the trend with a eontimious straight

line.

d by the fact that there is no.

middleq’:(:zar. This difficulty is overcome by designating the point haliway

b(’t{&mn the two middle years as the origin 0
f@m this origin arc then expressed 10 b
In‘ fitting a straight line to the acreage O
}958, a 20-year period, the origin was pla
The deviations in terms of half-years Were
}930, and so on. The sums of the colum
instead of Zx, T2V, and =%, as they wou
years. To obtain ZzY, the quantity 32zY s

change is ot to be conf
id be calculated from the eurve of compound

1
ser The sverage percentage rate of
centage rate of change which cou

f the deviations. Deviations
alf-ycars rather than years.
{ watermelons from. 1019 to
ced betwecn 1928 and 1928,
41 for 1929 and +3 for
ns are 223, Z2¢Y, and Z4a?,
1d be for an odd number of
divided by 2. Likewise,

used with the constant

in
terest type, ¥ = arX, where r is the rate.
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472 ig divided by 4 to obtain Zz2. From this point on, all ealeulations
are the same as for an odd number of years as given in table L

The determination of the least-squares trend line is more difficult
than the approximations by the various methods discussed, [ 1s widely
used and possesses the advantages of greater accwracy, rigidity of
definition, and adaptability to further algebraic manipulation® In
practice, the most desirable method of determining the trend line de-
pends upon the degree of aceuracy desired. If there is to be vo further
algebraic treatment of the data, the approximate methods are wsughly
about as satisfactory as the least-squares method. The trend linesNor
watermelon acreage by the different methods were similar. (M)

Since the averages and yearly rates of change arc known,sﬂmy may
be expressed in equation form, in thousands of acres, as follaws:

Btring or ruler ¥ =211.0+ 7:6@:75
Averages Y = 203.0 A REZ5z
Belected points Y = 2]5.‘1\1—‘8.26’&
HSomi-average Y= 2L2.Q\F 8. 208
Least squares Y =‘2f2.2 + 7.618z.

The rates of change were quife simila'r:..'f["hese trend lines were deter-
mined independently of one anotherdand in the order given above.
: iI‘he beginning student eannot e:;i'seét such a high degree of accuracy
in estimation, but progress will be rapid.
. The averages method p}Q’ces the trend line st a somewhat lower
~ level than the other metheds. This is indicated by the size of the first
terms of the equatiox;ms,\.vhich are the averages of all the points on the
lines. By the leastsquares, this is also the average of the actual values.
There is marked\similarity in both the glope and level of the lines
determincd‘byfﬁ}ie least-squares and ruler approximations.
‘§~ #
R\ NON-LINEAR TRENDS
MII:}J;fméar trends, rates of change are constant. Generally, however, the
frends are not Linear; that is, the rates are not congtant becausc the fac-
tors responsible for the changes are themselves continually changing.
Therefore, most secular trends are not lincar. Nor do most trends follow
any other definite pattern for a very long period of time. Many students
have attempted to fit various types of mathematical curves to trends.
They have becn confronted with the difficulty of finding curves which
fit the data and, more important, the particular curves which agree
with t.htf principle of the trend movement, Usually, they have failed to
find rigid curves which satisfy these requirements. They have also

8 The significance of this trend line is easily and acenrately tested,
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encountercd the practical difficulty of the great amount of work which
the calculation of these curves usually involves. :

An ExpoNENTIAL oR CoMPOUND-INTEREST CURYE

Some phenomena increase at a uniform, proportionate rate throughout
the series. It happens that there is a particular type of curve that
expresses this same prineiple. Thig
fype of exponential curve, the
compound-interest curve, is given
by the equation ¥ = ar® and is 4
not too difficult to ealeulate.® From
1919 to 1938, the production of 3
grapefruit increased at the uniform, 5
proportionate rate of 9.95 per cent :
per year {figure 4). 2

Moving AVERAGES 15

There is a wide demand for a 10"
method of measuring trend in which ) ’5

~

" | S PR S N |
the caleulations are rolativelyw\ 1918 1922 1926 - 1530 1984 1938
sinple and the lines or curves.Are YIGURE 4.—FLEAST-SQUAREgr
sufficiently flexible to fit a*wide METHOD OF CALCULATIN

I 1

AN EXPONENTIAL
CURVILINEAR TREND

oA TES
PropUCTION OF (JRAPRFHUTT IN 4 STATS

variety of data. Moving ayerages
are the most widely m@d”tools to
deseribe non-linear tPends. Moving 10101938
averages are squégbf arithmetic e tuction of srapeirit 3%
means of a yapable for a given Ur;ﬁh:dt;‘:"f oonoound zato of .95 per cont P
number okihi"ts of time. As time  years '
Dasses; théwalues for earlier periods .
are replaced in the means by values for succeeding periods,
serieh bi successive arithmetic means is termed moving averages. id
\Tile Washington production of apples increased at a rather r?f‘)he
Tate until about 1925, and since then has leveled off (figure 5)-
moving-average method is well adapted to this type of tre‘}d- con-
Constructing the moving average is not difficulé but involves o
siderable caloulation. The sum of the production figures for the 7ye
urxd—ill'ff‘*rf"st
ons:

The whol®

*By the lenst-squares method, the constants o and r for the compo

‘Wve ¥ = ar¥ gre determined by solving the following simultaneous equati

Nloga+logriX — Z(log Y) =0
log =X + log r2X? — (X lg¥)=0
Y= 58808 (1.0995)=, .
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1905 to 1911 is the first 7-year moving total. This total, 24.5, is placed
opposite the seventh year, 1911, merely because it is the simplest and
least confusing mechanical procedure (table 2). The first 7-year moving
average is this moving total, 24.5, divided by 7, or 3.5. minee it is een-
tered on the fourth year of the scven, the moving average, 3.5, 15 placed
opposite the year 1908.1 The seeend moving totals and averages are
' 20.7 and 4.2, respectively. The
same procedure 13 followed
throughout the scries. Qhese
moving totals may beabtained
by adding cach ?j’éﬁi'.\p{:riod
26.0 independently. They wiay also be
' obtained by subttadting from the
previous 7—3{&@3" total the first
item of theseven and then adding
the next Hem after the seventh.
For ¢istance, the first 7-year
@Qtﬁlx ased on 1905 to 1911 was
. 345, The next moving total is
jf:"based on 1806 to 1912 and may
Y 2 N T T SR T, *  be derived by subtracting 2.5
1910 1920 1930 % 1gq0 from and adding 7.7 to the 1905~
iI‘%l}T{lRii—v%xHEﬁ-YbA MOVING. 1911 total, 24.5. The result is 20.7
RAGE METHOD QF APPROXI- (245 — 2.5+ 7.7 = 20.7).
MATING A l\OI\—LH\]SAR TREND One of the above pl'OCGdUI‘GS

- Propucriox OF]A?’;’%ZS” Wasniveron, s followed until the work is com-
P plete. The first procedure has the

- 'The mowvivi ave\ﬁ.a»e’ia 4 relatively emooth
L iz eurve 5]
hich desortbea e Changine bromd ot oo advantage that each moving total

tion, '\\“ izan independent caleulation, and
R\ errors are not cumulative. The

’ se:cgnffmethod requites less time, but errorsin any one 7-year period carty
\“Soz;’er into all the fn]low:ing periods. When it is used, the computations
hould be checked at intervals by summing the items in the moving
total. When only three or four units of time arc included in the moving

average, the ﬁrst_ brocedure is preferable; when seven or more, the
second procedure is preferable.

402,000 bushels|
300

220

1 . .
The gencral tendency is fo place moving averages oppusite the middle year.

A G-year moving average is cent
! cred on the midd] ird vear: ; —yeal
average, on the ith or sixth year. Thee s e or third year; and o 10-yea
technique
- following.

i nany variations in moving-average
which place ve
the average on any onc of the years included, or on the year
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TABLE 2.— CALCULATION OF TREND BY A 7-YEAR MOVING AVERAGE

PropCeTTON OF APPLES IN WasHINGTON, 1905-1938, v Mirnjons of BusHELS

‘ Seven-year Moving . | Beven-year moving
Trovlue- - wr Produe-
Year | . ‘__.._____. —| Year . 1 - —
- tion i tion '
| | Tatal ‘ Average Total | Average
R —
1905 ‘ 2.5 — — 1922 | 258 | 155.7 | 26.6
96 | 3.0 ‘ — _— 1923 | 33.0 | L0 | 299
1007 3.8 — ‘ — e | 220 | 173.2 | 284 O\
1908 ‘ 3.2 — 35 | 1925 | 20.6 | 186.3 | 280
1909 2.7 — | a2 | 1926 | 340 § 105.0 | 28,5
10 | 5.8 — a8 | ow2r | 253 | 1988 (903
1911 . 3.5 24.5 54 | 1928 | 33.5 | 203.2\.73L.6
w2 | 7.7 597 | 6o | 1920 | 295 | 20697} 31.8
1913 | 6.9 33.6 ‘ g2 | 1930 | 37.9 s | 311,
1914 ‘ .3 38.1 10.2 1031 81.4-N221.2 32.2
1915 ; 7.3 42.2 12 | 1es2 | 31.00\)'222.6 | 31.8
1916 ‘ 17.7 oo | 145 | 1933 | 203/ 217.8 ) 31.6
1917 | 19.8 71.2 16.6 1034 | {280 | 2265 | 30.5
1918 ‘ 16.5 84.2 06 | 193snpod0.7 | 2227 | 308
1919 25.3 018 b og22 | 1936t zs0 | 2212 07
1920 ‘ 2.5 164 | 244 |og87 | 805 | 138 —
1921 | 24,1 ‘ 137.2 24.7 & ':’:.1938 31.1 213.5- —
| 2 e — _—

_ U -

The 7-year moving averages of apple production in Washingtun
given in table 2 are shoy fméiré,phically in figure 5. Production was sub‘]_ ect
to violent ye=1r-to—year\ﬂuct-ua’r.ions due to yield, and fo long-time
fluctuations duc tg ¢hanges in acreage and age of trees. The 7-5{‘3&1‘
TOVINE Averag ié'\a rather smooth line which describefj tl.le long-time
changes, andsthe’offect of yearly fuectuations is almost ehmlpated.

One of t‘h%ﬁl’ost important problems in the uge of the moving average
is ite length. It is desirable that the trend fine be an approximately
Smﬂ@ﬂﬂine. Ymoothness depends on the length of tiTIElB co*ffemd by the
mmvi}lg average, the violence of short-fime Auctuations in the da_ta,
and the length of these fuctnations. In general, the shortest moving
average which will result in a reasonably gmooth line is be:?t. In' deeldltlig
on the length, the short-time Auetuations must be examined in detail.
In series describing the production of farm products, fluctuations are

relatively violent, but are usually only onc 0T tg\f; years 1;‘1 lengthé
The moving av Juction included 7 years. Tor €rops.
ving average of apple pro g e might be desirable.

with greater violence in production, & longer average " or
It is also conceivable that for erops with less flyctuation 2 38 ort.crfaﬂ er-
age would be satisfactory. Some geries, for example the number of hogs
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on farms, are subject to fluctnations several years in lengih. With a
given degree of fluctuation, the length of the moving average necessary
to iron out short-time changes inereases with the length of these changes.

Price [~ Price [ -
. /]
$7.50 Three-year\’ ~w g’ $7.50(-
P
. 2
. §$5.501 $5.50+ A
. ¢\
NS *
L N
$3.50 | ! i $3.50 L L. 1
1897 1801 1905 1909 1513 1897 1901 . 1805 1509 1913

FIGURE 6—TQHRIE-, FIVi:, AND
SEVENAFAR MOVING
NAVERAGES

TaE PEI&@:OF Hravy Hocs at Cmeaso,
DAY 1897-1313

’The'”?-)'cur meving average is the best deserip
.~t.ic§n' of the trend in the prices of hogs. The 3- and
. 1 ®-venr moving averages nre not long caough to
$3.50 1 ] ! & ™ climinate the effects of the short-time fuctuations.

1897 1501 1305 1909 \31913

A 3-year moving a\{qrake of the price of hogs at Chicago was too
short to give a satiéf@&’r}é)ry trend line (figure 6). It did not iron out
the shori-time cl;;a,riges. In fact, the 3-year moving average resembled
the prices thema?elvas. The high and low points of the series arc so far
apart that the8<year moving averages included alternately 3 bigh years
.and 3 10‘(?'5&5- As a result, they form an irregular trend line. When a
5-Yeffr,:iﬁ0ving average is used, the trend line is somewhat improved,
buz.t&sjiﬂl containg in a lesser degree the irregularities of the 3-year
‘average (figure 6). The 7-year moving average is almost a straight line

W

_ d shows the trend and nothing else. Seven years is a long enough
period to include counterbalancing high and low years.
Generajlly, moving averages deviate somewhat from g smooth curve.
In faet, it ?s rarely possible to construet a smooth curve by moving
averages. Since extending the length of the moving average tends t0
merease smoothness, the correct length of average to use depends on
.thfa degree of smoothness desired. With this degree of smoothness in
mind, the student usually determines the length by trial and crrox.
.In general, this desired length inecreases with (@) the length of short-
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time fluctuations, (b) the irregularity of this length, (¢} the violence of
the fluctuations, and (d) the irregularity of this violence. '

1t is not pessible to caleulate a moving average for every item in the
serics. In a 7-year moving average, centered on the fourth year, there

would be no moving averages for the first 3 or

This loss of data at the ends of
advantage of the moving-average
method. Some students have
attempted to remedy this diffi-
culty by arbitrarily extending
the meoving average through to
the ends of the series. A common
procedure s to project the trend
line in the direction indicated by
moving averages Dear the ends.
These efforts are usually based
on guesswork and are often in
error. Nevertheless, these ex-
tensions are frequently as reliable
as the values at the ends of a

mathematically determined line.,
A commonly cited fault 05

moving averages 18 their fend-
ency Lo “cut eorners.”’ Meoving
averages do not follow<ton-linear
data to the higheftyand lowest

points. The very‘quality of the

moving avgr\a;@e" which makes it

useful in ameothing 2 curve 18

turns in the trend.
niing the twenties,

increased very rapidly (figure 7).

disadvantageous

~ the consumption
Sloply. With the end of prohibition in the ea

the last 3 years (table 2).

the series is sometimes & gerious dis-

020,000 paonds [ ]
4
0
N
AN
201-
R
10}  Moving sveras?
cutting.cotner
g% Q( \ I'f
W *.rf
R N ; " =
1} ______________L———————
1920 1930 1940

.j{‘ffGURE 7 _-MOVING AVERAGES
N « T CORNERS” _
BrEwERY (JONSUMPTION OF Hors,
10221036

Turing 10321533, there was & ~very sharp Teverssl
of the downward trend in hop consumption. The
upturn in the S-year moving AVerage precedea the -
actual changs by one to two years. therghy ''out-
fing the eorner."

when there are sharp

of hops was low and declined
rly thirties, consumption

BREWEERY Five-YEAR

Cror CONSUMFPTION, MovInG
YEAR MLy PouUNDS AVERAGE
1929 2.6 2.5
1930 2.2 3.4
1931 1.8 8.1
1932 7.8 14.0

26.2 20.4

1033
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The first sharp increase in consumption came in the crop year 1932;
and the greatest increase, in the following year, 1933 The 5-year moving
average started up as early as 1930, and a sharp increase took place in
1931. Thus, this moving average does not present the true picture of
the upward trend which actually began later and was steeper than
indicated.

Methods'? have been devised to adjust moving averages to compen-
sate for their tendeney te “cut corners.,” Cutting corners is not confined
to moving averages. Regardless of the type of trend line used,the
problem of cutting corners arises whenever there are abrupt ghanges
in trend. RAY.

There has been considerable controversy over the reliabilit &l moving
averages for indicating trend. The shape of the movinggiverages trend
ig always determined entirely by the data thems(zl\;«\.;i."l‘}m length of
the moving average affects the flexibility of theMUrve. The effect of
shorj-time variations is never completely remoyedh” In generul, moving
averages are more flexible than mathematicalfurvoes.

A mathematically fitted trend depends ';}frtly on the data, but is
limited to a rigidly smooth eurve. Morégyer, any mathematicul curve
follows some definite pattern. This al‘lfiws the student fo excreise some
rigidity in determining a line COHfQ'Unihg with the principles hehind the

. trend movement. However, withfa, few execptions, these principles are
unknown, and the above addutage is of little practical value,
# &N 3
& USES

Qne of the uses of'\trends is the comparison of the rates of change in
various types of {prices, production, and other economic phenomena
during the sgme.0r different periods of time. From 1839 to 1914, the
total basic production of the United States increased 4.03 per cent per
year (@b% 3). The equation for this growth was: ¥ — 4.14(1.0403)".
The rate of increase, 4.03, which is a constant proportion, is read from
.t ha\tﬁ art of th? equation in the parentheses, The first term is the normal
Yalhe of the index for the first year, 1839, when 1926-1930 = 100.
'(b:(l)itlze ba;l(: ‘prnduntion ipcr('-zat.aed more rapidly than population, 4.03

P&m with 2.28, each individusal produced and presumably consumed
more product _With passing time. The ratio of these two rates, 1.7,
P e e o of g of - A o

2 = 1.017). Urban activity, as measured by the produe-

12 Brapy, 2 ; .

pubIishedd::l\:;li.cr%;t,Cg(fll-felllnur;ii:::irgr.md Friccs, Appondix A, p. 14, 1989, U

C Ens’.crij.m » AT, 0“ Periodicities in Climatic and Eeonomic Phenomena and Their
ovariation, Ingenlorsvetenskapsaka.demien, Handlingar, Nr. 31, Stoekholm, 1924.
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tion of fuel and power, and other minerals and secondary metals,
increased more rapidly than agricultural production (table 3.

TARLE 3—RATES OF CHANGE* IN, POPULATION AND PRODUCTION
IN THE UNITED STATES,{ 1839-1914 AND 1915-1929

Rate for period
Index of
1839-1914 1915-19029
J— '\
Population. . ... . 2.8 L()1.48
Cropproduction. . ... . oot irn e innnnns 3.03 AN “0.85
Fuelund power. ... .. ......oci i 596 ¢ Y 4 84
Mincrals and secondary metals. ., ................ 7020 3.62
Total basic produetion......................... 4.\0{‘3' 2.11

*Tused on ¥ = @rX, :

t Warren, G. T, and Pearson, ¥. A, The PhysieabVolume of Production in the
United States, Cornell University Agriculiural ‘IQL‘}periment Station Memoir 144,
p. 7, November 1932. R\

The above comparisons are basad ‘on one period of time. A second
type of comparison may be madetbetween the trends in different periods.
For instance, from 1915 tg%1929, the rate of change in population,
1.46, was much less thamthat for 1839-1914, 2.28. Dhring the latter
period, most types of-groduction expericncad diminishing rates of in-
crease, The most nefable was in agriculture. The annual rate of change
in agricultural production declined from 3.03 to 0.85 per cent per ycar.

Another typeof comparison is the change in two rates during two
periods of 4imeé. In the first period, crep production rosc more rapidiy
than opﬁ[ation. After 1914, it did not keep pace with population, .
with the\result that exports of agricultural products decreascd rapidly.
If agricultural production continues to increase less rapidly than popula-

.ion, exports will decline and be replaced by imports.

. One of the most important uses of trends comes in further analysis
of time series. In the study of cycles, supply-price rclationships, and the
like, the long-time trend must be eliminated before the effect of other
factors can be studied. The problem of eliminating trend is diseussed

in chapters 6 and 7.



CHAPTER 6
SEASONAL VARIATION

Nearly all products vary in demand with the seasons of the year.
Many products are of necessity produced during only a part of the yéar.
- The seagonal variation for production may be the same as for ’d‘organd,
or quite different. For example, coal is in greatest demand in j.}{e\winter,
and production is greatest at that time. Eggs are most degited in cold
weather, but hens lay nearly half the yearly productionfinfour spring
and summer months, R&Y .
Because of seasonal variation in demand and i production, there is
also seasonal variation in prices and market moyements.
Since manufacturing can be adjusted to éu}ands more easily than
agriculture, seasonal variation is a less imgériant problem in mosl types
of industry than in agriculture. WV

The error is frequently made of cqﬁji)aring prices for a given menth

- with a yearly average price or withBtices for some other month in order

to determine whether the price§ are high or low. SBuch comparisons

frequently lead to erroneous<conclusions. For this reason, it is desirable

that one know the nounﬁl\seasonal variation of prices, production,
distribution, and the many other activitics of our daily life.

»SIMPLE AVERAGES METHOD

The easiesQ;}ﬁd onc of the more common methods of measuring
seasonal yatiation is to average the data for each month for a series of

.years. Fonexample, the average January price of heavy hogs at Chicago
from-1897 to 1913 was $5.65 (table 1

X ). The corresponding average for
_}Q:r;l"wa,s $6.31. The average for the period was $6.03. The average
‘Jafuary price of hogs was 93.7 per cont of the average for the entire
period (5.65 + 6.03 = 0.937). The corresponding index for April was
104.6.

Ii there is no pronouniced secular trond in the series, this is the simplest
and a reasonably satisfactory method of caleulating an index of seasonal
variation. It is widely used because of its simplicity. Errors resulfing
from its use are ordinarily small, but sometimes are large enough to lead
to erronecus conclusions. '

90
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TABLE 1.--SIMPLE AVERAGES METHOD OF CALCULATING
SEASONAL VARIATION
WHOLESALE Prices oF Heavy Hoss at Cricaao, 1897-1913
Dollars per 100 fh.

Year | Jan. | Teb. | Mar. | Apr. | May | Juse | July | Aug.| Sest. | Oect. [Nov. | Dee. [*Ve™

1807 | 845 3.35| 3.85| 4.05| 3.75| 340| 3.50] 3.80) 400 375} 340)] 3353 —
1898 | 363 | 400 340| 300| 435 410 395 390 385 I70)3.45| 48] —
1899 | 8.75| R.80| 380! 3.85| 3.00| 380 4.25| 455 440 480 30014048 —
1000 | 4.55| 490, 300 B5.55| 530 520| 525 520| 5.25| 480 4804 4,75 | -~
1901 | 5251 540 560| AR3| 580[ 6.00| 590| 595| 6.65| 6.10f 54820 —
1oz | 620 630 ss50| 70| 00| 7.50| 7.80| T.25| T.A5| V.0008.35 635 —
1903 | 660 | 700 T453| T.30| 6.60] 6.05| 545 530 bT5| 540 NGO | 450 —
1904 | 405| 5.25| 5.30| 515| 4.75| 580| 585| bB2s| 570|535 480 450 —
1905 | 470 | 400| s20| 545| 5.40| 530| 380| 500 5404 EI0| 480 400 —
1806 | 5.40| 6.00| 6.30| 650 6.45{ 653 06.60| 6.15| 6254 7G40} 6,20 | 6.25 | —.
1907 | 660 | 7.03| G.85| 660| 6.35| 603 390 bOONBWH| 6.05 480 4.65| —
1908 | 4.45 | 4.50| 505| 585| 550| 5.80| 635 GOON'&S0| 6.03]590| 595 —
1900 | 6.20| 645| 680| 7.30| T.40| 7.80| TH0| TAGN 810} 785 8101 845 —
1910 | 8.70 | 9.20 | 10.65| 10.00 [ .30 9353[ B3.60 "S}!ﬂﬁ BT0] 845755 785 —
1911 | 7.83| 7.25| 6.70| 6.15; A85] 6.13 6,65{ 715! 673 650] 635|625 —
1912 | #.30| 6.25| 7.10| 7.85) 7.70| 750 6O 805| 830 8451775745} —
1913 | 740| 805| s75| 8.80| 8.40| s50[ 806 810| 8.10( 8.1a)780¢; 790 —

Total 96,10 '99.65 |105.10 [107.25 [104.00 |104854105.80 (105.00 (107.35 1103.80 86.35 96.15| —
Average| 565 | 5.86| 6.18| 6.51] 612 [wgTe| 622 618 631 6.08| 567, 5.66) 8.03
Index a4 o7 102 105 1(]~]_': 02 108 12 105 101 _94 04 106

TREND-ADJUSTED METHOD

If there is any. séenilar trend in the data, the simple average method
gives incorrect résilts. During the period 1807-1913, the prices of hogs
at Chicago were generally rising. For this reason, the December prices,
which are ¥ months later than the previous January'pl_'ices, would
tend t-g\lée"'éomewhat higher. Similarly, November prices would average
higher fhan those for February. This would tend to make the index
of 'wSéléonaI variation low in the first half of the year and high in f,he
¢ 3¢tond half. This difficulty has resulted in many methods of correcting
seasonal indexcs for trend. One of the simplest methods is illustrated
below. ' '

During the period 1897-1913, the equation of the secular trend of -
the price of hogs was: ¥ = $6.034 + $0.248z. The price of hogs increased
$0.248 per year, $0.02067 per month, or $0.01033 per half-month.
Correction may be made by taking the middle of the year as a base
and adding or subtracting each way {table 2). For example, add half a
month’s eorrection to June and deduct the same amount from July;
subtract one and a half months’ from August, $0.03, and add the same
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amount to May. This procedure is continued until 11 half-month
intervals are dedueted from December and added to January.

The corrected January price was $5.76, based on the average January
price, $5.65, plus the 11-eent correction. The average of the 12 monthly
corrected prices, $6.03, is, of course, equal to the average of the original
prices. The index number of seasonal variation is obtained by dividing
the monthly corrected prices by the average, $06.03. The index of the
January price was 95 (table 2).

TABLE 2.—TREND-ADJUSTED METHQD OF CALCULATING SFASONATR
VARIATION N

: AN
Wraorgsal®E Pricvs oF Heavy Hogs ar CHIcAGO, 1897-10140 -~

N —

Month Avqrag*e rrI;Ioﬂi-h Cf?rrec- Cm:r::}f;tvd' Sz;usmml
plnce interval tiont : ..‘l?{‘ﬂ’ﬂ index
January.............. $ 5.65 11 3-{—0*'.1\1\: % 5.76 95
February............. 5.86 9 D, 09 5.95 99
March. ... ........... 6.18 7 |AN¥0.07 6.25 104
April...... ... 6.31 5 4.7 +0.05 6.36 103
May. ovovenn . 6.12 3o 40.08 6.15 102
June.........ol 6.14 X\ +0.01 6.15 102
July. . ...l 6.22 | 2981 —0.01 6.21 103
August............... 6.18 A 3 -0.03 6.15 102
September. ..., ... 6 5 —0.05 6.26 104
October. ............. ¢ ({XO‘Q’ 7 -0.07 68.02 100
November. . .. .. e 587 9 —0.09 5.58 92
December............ O 566 11 ~0.11 5.55 92

A% 5

Total............L>.] 72.30 — - 72.39 1,200
Averago \\,, .. 6.03 . — — 6.03 100

* Table .}so\\ ’ . o

{ The. Jenrly equation of secular trend, 1897-1913, was; ¥ = $6.034 + $0.248z.
~ Theé ﬁ’mnthly increase was $0.02067; and for one half-month, the change was
SﬂsQlD33. The corrections were as follows:

1 half-month  $0.010 5 half-months  $0.052 9 hali-months  $0.093
3 half-months ~ 0.031 7 half-months  0.072 11 half-months  0.114

If the sccular trend is downward, the method of procedure is the
same, except that the corrections are added to the last half of the year
and deducted from the first.

When the seculer trend is linear, the trend-adjusted method is very
satisfactory. When there is a pronounced non-linear trend, other methods

' whic]ls are considerably more involved may give more satisfactory
reslia.
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MOVING-AVERAGE METHCD
By this method, the secular trend is removed by expressing the price
for cach month as a percentage of a moving average. The median of .
the ratios for each month is determined, and these 12 medians are
adjusted so that they average 100. :

TABLE 3.—MOVING-AVERAGE METHOD OF CALCULATING SEABONAL S

VARIATION
WroLEsSALE PricEs 0F HEAVY Hogos a1 CHICAGD, 1897-1913 1\
_ 2
Mov- Mov—\t\
Month Price* | ing av-| Ratio Month Price™ 1 ing ‘| “Ratic
eraget ) 'l.a,ragef .
- o — Y
1897 . o
Jamuary £3.35 — — . 4
February 3.35 — — . \\:
March 385 — — |1e12. \ Ve
April 4.05| — — Jolyy g7.60 | $7.54 | 101
May 3.75| — — Aogust .05 | 7.63] 106
June g.an| — — v, Beptember .30} 7.78| 107
July 0 50 | 83.64 | 96" Ostober 8.65 | 7.92) 109
August 3 00| 3.66| 4@r* | November 75| 8.00 | 97
Septombor | 4,00 | 3.72 Y08 | December 7.45 | 8.06| 92
Oclober 3.75| 3. 101 | 1913
November 3.40 .87 92 January 7.40 ] 8.14 o1
December 3.35 f8.76 | 89 Fehraary 8.05| 8.25| 98
1893 O\ March 875+ 8.26 | 108
January 3 a5 | 3.82 96 " April g.80 | 8.2¢4| 107
February .| Moo | 8.85| 104 May 3.40 | 8.20 102
March (] 3.90| 3.8 101 June g.50 | 8.20 | 104
April NN/ | 3.90 3.84 | 102 Tuly g.05| 8.235| 108
May (> w35 | 38| 113 | August s10| — | —
Jung ® 410 3.84} 107 | September 510| — | —
\ \ i October 816 | — —_
\ ) November 7.80 — —
. . Deeember 7.70 — —
_ v S DR SRR R
*Table 1,

centered on severth month,

+ Twelve-month moving average
1912 were omitted to save space. All

1 The calculations from June 1898 to July
the ratios are given in table 4.

Tor hog prices, & {2-month moving average was ealculated from 18_97
to 1913 (tabic 3). For July 1897, the moving average was $3.64, w]:lule
the actual price was $3.50. "The ratio of the actual price to t}..le moving
average, 96, indicated the magnitude of the July price relative to the
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‘average price for the year in which July is centered (table 3). Similarly,
‘the ratio of August 1897 wag 107, This procedurc is followed throughout
the period. In using a 12-month moving average, a half-year is lost at
each end of the data.

TABLE 4—MOVING-AVERAGE METHOD OF CALCULATING
SEASONAL VARIATION, CONTINUED

Ratrios oF TnE WroLesALE Prices or Heavy Hoes ar Cincaco to
TrHEmR Moving AVERAGE, 1897-1913

1 .
Jan. | Feh, | Mar, | Apr, ! May | June | July | Aug. | Sept. | Oct. i Nov. D;!r:‘.\
i £ N\

£\
106 111 124 ! 114 113 109 114 112 114 1) (]?'.. ]
103 04 114 5 114 108 .10? 113 112 112 161 (ﬁti&. 08
100 104 108 112 107 107 109+ | 111 110 105 74 46 ]
99 | 104 |108 |110 |06 |107 |107 1o | 108 | 108 {Pus o7
90 | 103 | 107 | 110 | 105 | 104 | 1068 | 107 | 108 NI a1 43
0% 103 106 107 105 104 108 106 107 1 a4 2
98 |10z | 1058 | 105 |104 |104 | 105 |1024 | 103N\Ploo | o3 40
06 100 : 104 105 1 104 104 102 ZTes™ | 100 b2 a0
96 | 100 ‘w1 |105 |102 |103 |04 |102€[%03 | oo toz | @0
# 1100 101 |06 | 102 | 108 | 105 |l N[ 102 0 m By
o4 43 it 105 102 102 101 Tar® 102 08 Oy 3t
93 | o6 | e |15 lim 101 |wos [Mo |10 07 | oo 8%
92 | 95 | oo |2 | o8 | os | 100 e |11 | wr | se | &7
91 95 | 97 1100 ] 99 U8 PR 1 ouT | 101 95 | 88 87
oL | 80 | 93 | 90 | o2 | 05\MSe7 | 02 |100 | 93 |86 i &
8 | 83 82 | 88 | 85 | eN| 96* | 90 | us | uz |86 &6

) e 81 .

Medianf 7 ‘\ R

96.0| 100.0 | 102.5 1050 SO0 | 1035 | 1040 | 1020| 1040| 995 | 920 | 900
Index$

06 ilOG 02 |abs | 108 | 103 | 104 | 102 | 104 | oo 92 ]

- . N% : .
# Noted in toxt. N T The 12 medizna totaled 1,201.5 and averaged 100L1.

\'\ " 1 The 12 scasonul indexes averaged 100,

All the 3;«&"35 for July were then arranged in order of size, and their
median determived. In like manner, the medians were determined for
othex(ionths. The ratios for July 1897 and July 1913 were 96 and 109
ahd yvere arranged with the other July ratios according to size (marked
with asterisks in table 4). The median or middle item was 104.0. The
remaining months were treated in the same manner. The sum of the
12 rqedlans was 1,201.5; and the average, 100.1. The adjusted medians,
obtfun.ed by dividing each month by 100.1, were the indexes of seasonal
vanation.

There are many variations of this method. Some use a longer moving
average, and others caleulate the arithmetic average of the ratios
instead of determining the median. Still others ave

rage the three, four
or five middle ratios. & ! ?
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This method requircs more compﬁtation than the simple average or
trend-adjusted methods. 1t has the advantage that it is more flexible”
because it eliminates non-linear as well as linear trends.

LINK-RELATIVE METHOD

By this method, the value for each month is expressed as a percentage
of that for the preceding month, The February 1897 price of hogs,
$3.35, was cxpressed as a percentage of the January 1897 price, $3.35
(table 1, page 91). Therefore, the link relative was 100. The link relative
for February 1898 was 110 (4.00 + 3.65 = 1.10). The link relative\for
February in terms of the corresponding January was determinedNor all
years, O

The link relative for Mareh 1897 was 115 (3.85 +@85 = 1.15).
The same procedure is followed to obtain the link relativeg for the other
months in all the years. _ 4D

The next step is the arrangement of the Yinkrelatives according to
magnitude to determine the medians for eaghomonth (table 5). The
median link relative for January was 105, ity is not a scasonal index.
It is merely the median of the 16 ratjeshof each January divided by
the previous December. However, a séagonal index may be constructed
from these medians of link relatives, /As a starting point, January was
given a “converted value” of 100 Since the median link relative for
February was 104, the conterted value for- February was also 104
{104 X 1.00 = 104). Sincerthe median for March was 105, March had
a converted value of~109.2 (104 X 1.05 = 109.2). The median for
April, 101, was muilfiplied by the converted value for March, 109.2,
and the product,¢N0.3, was the converted value for April. This is con-
tinued for the,femaining months. . ,

Since themtedians of the link relatives are the average of each m?th 8
prices exjifassed as a percentage of the preceding month, the multiplica-
tion pfoadess to establish the converted values merely restiares the ‘
approXimate seasonal variation which was lost by the division in deter-

’“ﬁﬁ‘lﬁg the link relatives. The result is an index comparable to the
ofiginal values. These converted values, or chain rela_t.ives as they ?’re
somotimes called, were still not completely adjusted for trend. fo
establish the amount of adjustment pecessary to correct for this trend
and for peculiarities in the process, the converted val.uc for Januar?f
based on Tecember was calculated. The January median, 105, multi-
plied by the converted December value, 944, Was 99.1. This was not
quite the same as the arbitrary value given to January, 100. The con-
verted values for each month were adjusted s that the calculated
converted value for January was also 100, The .dijT(-,pence between the
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TABLE 5 —LINK-RELATIVE METHOD OF CALCULATING
SEASONAL VARIATION

WooLEsaLE PricEs oF Heavy Hoas ar Cricaco, 1897 -1913

Jan. | Teb, | Mar. | Apr. | May | June

July | Aug, | Sept. | Oet, | Nov, | 1hee, Jsm.k}\v,

. Link relatives : !

. 112|111 |us |1 |112 f112 (118 (11t |12 |14 |3 | 109 — j =
111 (110* [ 116% |111 (101 |107 (112 |108 (109 |104 | 100 | 104 — | =
110|109 (114 111 101 183 | 108 (107 |108 |104 08 | 104 — |
10 [108 112 l1s0 8% (105 |108 |10 |107 |101 a8 |102 — o] &N
110 107 (108 |17 | 99 |105 j1w5 |05 [105 | 08 a7 |10 o INYE
09 |106 {109 (105 | 99 |03 (14 |101 |105 97 96 |11 |,
108 (108 108 |105 98 {102 103 |101 |104 97 94 100 8
106 | 106 |106 |[103 98 (101 (101 | 100 |103 %8 a3 o9
104 jl04 105 |101 86 98 | 101 9 | 103 a5 o3 0
104 1104 (105 (101 | 95 | 08 |101 | 89 |101 oe | o1 f 0By
103 | 103|105 |1l00 95 98 | 101 S8 | 100 94 a1t /b oo
108 (101 103 e | gh 87 |1 97 |[to0 | 02 .00 us e
102 101 |12 | 99 a5 97 | 98 | o6 | 99 04 1] 98 — -
101 j100 100 | 98 o o 98 | 9¢ | o8 03 i} o7
99 | v9 -1 91 | 03 ud 06 93 67 2> | 89 95 —
96-) 98 | 9¢ | 94 | 62 | oz | 92 | w3 | g4,f ;Nl B: | 95 - -

g2 | 92 | 82 | o 91 a0 91 |, 82 88 81 o4 — -

Moedian v
105 | 104 105 1M 96 a8 101 ad 103 96 93 09 — b
Convorted valuest >

100 [104 |100.211103 | 1055 | 103.8 | 1048 P03.5 ] 106.0 | 1026 | 956 04| 001 | —
Adjuatment factor] . N\ N

0 1H0E | 0.2 | +0.2 1 102 | 404 [B0O.5 | 4056 | 406 | 407 | 408 408 | 105 —
Adjusted )

100 | 1041 | 106.4 | 1105 | 106.2.)
Index B

9 100 1105|106 | 162\ 100 101 |100 {103 | o0 |es | g2 | — | —

J042 11053 (1043 | 107.5 | 1038 ] 062 | 96.2| — [108.9

* Link relatives eomputoddhthe text. T Botmetimes called chain relatives.

t (Ja.numy'u.rbitmry.m}un)' = (lanuary converted value) = 100 — 94.1 = 0.9: Monthly differen-
tial = 0 + 12 = 0078, )

0><0.U75={i"\;’ 3X00T5=02 - §X0.075=05 eH0075=0.7
1 X0,07-5=,% N 4 X00T5=03 TROO75=0.5 I0XN075 =08
2X0.075=0. 5X0.076=0.4 BX0.075=0.6 11%x0.075=0.8

arbitgr}a‘rjr and converted values for J anuary, 0.9, was equal to a monthly
diffgrential of 0.075, This differential, multiplied by 1 for February, 3
for April, and 1I for December, gave the adjustment factors 0.1, 0.2,
and 0.8, respectively. The adjustment factors for each month were added
to the corresponding converted values to obtain the adjusted values.!
For example, to the converted value for April, 110.3, was added the
adjustment factor, 0.2, and the sum, 110.5, is the adjusted value.

I the caleulated value for Janusry was greater than 100, the arbitrary value

for January, the adjustment factors would be subtracted from, rather than added
to, the monthly corrected valiyes,

Some students use a geometric rather than arithmetic principle of adjustment.
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These values were still not the final indexes of seasonal variation
because they did not average 100. The adjusted value for each month
was corrccted by dividing by the average, 103.9, to obtain the final
index. The index for April, 106, was obtained by dividing 110.5 by
103.9, and rounding to the nearest per cent (table 5). '

The link-relative method is more difficult to understand than the
other methods presented. The procedure involves two major parts, the -
ealeulation of the link relatives and the elimination of trend. The first
part is rather laborious but minimizes the effeets which eycles or non-
linear trends might have on the scasonal index. The second part,sthe
elimination of trend and final adjustments, is rather difficult to dom-
prehend but simple to calculate. The method hag the merit thgx\t’néthing

is left 1o judgment. _ .\

S
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COMPARISON O

The four methods here discussed are quite widely:used and all have
heen both attacked and defended. Space does netapermit & summary of
this controversy. In general, the link-relative sufoving-average methods
involve the most caleulation but are thegnost fexible.

Many other methods of measuring $easonal variation have been
developed but are not discussed hgsz. Indexcs of snasonal variation of
the price of heavy hogs at Chicago were culeulated by the Bauman
moving-average-difference, the&armichael first-difference, and the Falk-
ner per-cont-of-trend methétls and compared with the four metl}ods
discussed (table §). Allgindexes indicate that hogs were high-priced
during spring and suﬁ\inér and low in the winter. They all _show that
hog pricos had seafanal peaks in April and September. Five of the
-~ seven indexes show/that the Decembor price was the lowest. In general, -
the simple ayerage indexes for the first three months tended to be
lower, sand for"the last three months higher, than the indexes ol?tamed
by the afhér six methods. Differences among the six indexes with the
trend ~f§h‘1{lved were generally small.

~The period 1897-1913 was one in which prices generall_y rose at &
* Tagher uniform rate, and the different methods of caleulating seaso.nal

variation gave substantially the same resulis (fable 6). The question
* may be raised concerning the relative accuracy of the various methods
during a period of unusnal price changes, The 11-year period 1928-1958
was one of violent fluctuations in all prices. The period. was marked by
deflation from 1929 to 1932, revaluation of the dollar in 1933, a rapz{d
rise in 1936-1937, and a sharp decline in 1937-1938. F01'11' methods
were used to determine the seasonal variation of 1-:he price of hogg
during this period. All methods indicate that peaks in-prices OCOUrT®
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TABLE 6.—COMPARISON OF SEASONAL INDEXES CALCULATED BY
SEVEN MLTHODS

WaoLEsALE PricEs oF Heavy Hogs ar CHicaco, 1897-1013

Simple | Trend | Moving| Link Mji‘fmpf o First Per

Month aver- ad- AVEr- rela- 3.(; :f;z:g( differ- | cent of

age* | justedt | aged | tives§ encel] ence ! trend **

January. . ... .. 94 95 26 96 97 094 94N
February. ... .. 97 99 100 100 101 99 ‘] 05
March......... 102 104 102 105 106 | 104 48 02
April. . ...l 105 105 105 108 107 Y106 NN 107
May.......... 101 102 103 102 102 108 by 166
June.......... 102 102 103 100 100|402 102
July...........| 108 103 104 101 102 ¢ g"103 100
August........ 102 102 102 100 101N 102 ¢ 101
September. . ... 105 104 104 103 Y 104 104
October. . ..... 101 100 099 99 L \\ 99 99 a9
November. . . .. 94 92 02 93 \ ) 92 92 92
December...... ! 92 90 ) 91 a1 91

* Table 1, page 91. T Table 2,»1}@g€ 02,

{Table 4, page 94. Macaulay method,\tdex of Production in Sclected Basle
Industries, Federsl Rescrve Bulletin, Yol8, No. 12, pp, 1416-17, December 1922,

§ Table 5, page 96. Persons, W. MIndices of Business Conditions, The Review
of Economic Statistics, Preliminarg Wolume, No, 1 , p. 37, January 1919,

]| Bauman, A, Q., Thirteen-{'vf[@nths-Ra,tiO—FjrstrDiﬁerence Method of Measaring
Seasonal Variation, Jown éi'the American Statistical Association, Vol 23, New
Beries, No. 163, pp. 282-290,\September 1928,

§ Carmichasl, F. L., \Methods of Computing Seasonal Indexes: Constant and
Progressive, J ournaioNEG American Statistical Association, Vol. XXTI, New Series,
No. 159, pp. 339854/ September 1927,

** Falkner, A5D,, The Mcasurement of Seasonal Variation, Journal of the
American S%ti*st-ical Association, Vol, XIX, New Series, No. 146, pp. 167-179,
June 19245°

AN

it the early spring and in the late summer (table 7). These results’
were approximatcly the same as for the previous period (table 6). The
results by the various methods were consistent for cach period.

Since there are so many factors affecting seasonal variation which

- * However, there were some slight changes in the seasonal variation from the
17-y.car period 1897-1913 to the 11-year period 1928-1038. During the earlier peried,
April was the highest spring peak; and during the later period, the peak came in
both March and April. During both periods, September was the high month, but
the level iu the first period, 103 to 105, was somewhat lower than for the second, 107.
‘These lifferences were duc to changes in the industry, and not to methods.
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make it impossible to measure the variation with s high degree of
aceuracy, there is little justification for applying methods. that are
complex or that require lengthy computations,

TABLE 7.—COMPARISON OF SHASONAL INDEXES CALCULATED BY
FOUR METHODS '

WhoLEsaLs Prices oF HEavy Hocs ar Catcaco, 1928-1938

[
Vionth Simple Moving | Trend - Link
average [VCLALE. adjusted relatives

January..... ... 95 92 95 ¢ \?&
February. . .. .ocvvvennnn 99 99 | 100 2N\ 97
March.............oo.ne 103 103 W03 102
April. ..o 103 103 108 < A 102
May.................... 101 103 101 '\" 101
JUne. oo 100 101 290 100
July. oo 102 102 102 102
August............o.oees 104 105 o h> 104 . 106
Heptember............... 107 107 ’\ o 1wy 107
October. .. .............s 100 W) 100 103
November...........c.c.- 95 i 05 94 97
December............... 91 IN 3 +90 91 90

Usually the choice of a ,mMGd for caleulating seasonal variation
may rest with the ease of @lcu]ation. In the presence of sceular t'rend,
the simplest methodwhigh minimizcs the effect can be used with a
reasonable degree of aceuracy.

. \ \ 3 USES i
One of t ejﬁﬁportant uses of seasonal indexes is the eomparison (.)f
violenee Q\and differences in seasonal movements. A studenF c[f‘agrl-
culturaleconomics should be familiar with the s.eas'ona,l peculiarities of
. Wi‘ie'. vango of commodities. Tarming itself 1s a seasonal ventu.re. )
ANe'products are produced, stored, and sold scasonally; and the rgsult_mg
hices also vary seasonally. ' .
In the United States, wheat is
and Oklahoma to August-*'september : . i h
Southern Hemisphere wheat i3 harvested during our w1{1ter mqnt s.t
The wheat inspeetion at Chicago gives some indication of thj m e:
of marketing. Ten times a8 much wheatl reached Chicago moélgﬁﬁr
85 in April. The bulk of wheat was marketed from July t0£ t}; oloe
(table 8). Large quantities of wheat move to mgrket because O eﬁ;
_moisture content which permits immediate shlpment for eonsump

harvested from May-June in .Texas
n the Dakotas, whereas il the

3
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and storage at terminal markets and because of the weevil menace on
farms.

The visible supply of wheat, that is the grain in public elevators,
warchouses, in transit, ete., was generally lowest s few months after
the months of low receipts, and high following the months of high re-
ceipts (table 8). However, the lowest visible supply oceurred one month
prior to the month with the highest current inspections. There was less
violence in the seasonal ehanges in visible supply than in inspection,

* The index for visible supply ranged from 60 in July to 136 in January,
- whereas the inspection ranged from 28 in April to 278 in August (tabla®).

TABLE 8—SEASONAL VARIATION IN SUPPLITS, FUTURE TRADING,

AND PRICES OF WHEAT « \
S
¥riges
United | i | v ot |— (=
I 2 " i
Month laflfcﬁ :it;tlﬁ:. visible | future :Fluur :
supply supply | trad- | Chi- 'Mgck— \\'h(:lr;l i Flour, | Bread,
pe ing cug:): ’ {N‘lburg aulo retail | retail
&’
78S —
meuary .............. 48 138 118 T4 4N\ 99 101 Wy, 97 100
February. ............ 31 133 | 115 65 M G 101 1wz o102 9y
Mareh. ..., e, 36 | 128 | 15 | %™t e | 11 | 1ot ooz 49
AprilooooL 120 | 10 LNT0 | 100 99 | 10z | 10 o9
May............ .. 104 e ST 104 98 106 103 98
Jue. .., .... .. 84 ATS| 120 102 100 G0 ‘ 100 a8
July..... B0 Lo TR | 148 9% | 100 00 | 9y | 100
AURUST.. ... ...l : 6174 N74 124 26 0y 102 | 102 10l
September _ TN 9 | 100 09 95 | 100 | 100
_ _C"ctober ({8 a7 105 101 99 9% | 67 101
November........ ... 108 fws | w1 | 102 | 101 | 101 o7 | o7 |
December...........,,. TEN| 120 | 119 B0 | 103 § 102 | 102 - dug | 101
—_ | e\ ! —

The seasonal cliange i the world visible supply was much less than
that for thezlgmtcd States. The United States visible was dotermined
by the ha\,%esting ard marketing of our erop, whereas the world visible

. was detafl:nnned by marketings influenced by a wide range of harvesting
perigdg® ' :

"The volume of trading in wheat fuur
period of harvest m'arketing.

-In spite of the violent seasonal va

_and storage, the prices were re

es was highest just before the

riation in production, marketing,
Chi . - latively non-variable. The index of the
1cago price was lowest in July and August, 96, and highest in May,

104. Thes? variations were small compared with those for inspection
and were in the opposite direction.,

Prices of wheat in Mecklenburg,
hibited very little seasonal variatio
fiour and retail prices of hread hagd i

Germany, 125 years ago, also ex-
n. Wholesale and retail prices of
ittle seasonal variation.
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ELIMINATION OF SEASONAL VARIATION

Another important function of such indexes is in the elimination of
seasonal varialion from various types of data. A eommon method is to
divide the data in their original form, or an index of it, by an index of
seasonal variation. For example, the monthly prices of hogs for 1912
advanced from $6.30 in January to $8.65 in October, and then fell to
$7.45 in Deecember (table 9). Some of these monthly variations could
not be ascribed to the peculiar characteristics of the year 1912. The
pormal seasonal variation for the year was eliminated by dividing {he
January price, $6.30, by the January seasonal index, 95; the Fchruary
price, $6.25, by 99; and so on. The quotients, $6.63 for J a,nqa{‘)*,"ﬂ'ﬁ.?;l
for February, and so on, represent the prices adjusted, for’ normal
seasonal variation (table 9). The October to December “decline was
really not so drastic as the unadjusted prices indicaﬁ(‘\d&‘

TABLE 9—ELIMINATION OF SEASCNAL VARTARION BY DIVISION

WaoLEsaLE Prices oF HEavy Hloas ;}Tiéhlca(:o, 1912

_— ” \\ e .
' AN Seasonal - Adjusted
Month . P“c’f"* \J variation price
TADUELY . . $0.30 9 8.5
N Res - o 6.31
7.10, 104 6.83
78 106 7.48
7.70 102 7.55
7.50 102 7.3
7.60 103 7.8
305 : 102 .|-7.89 .
7, . 8.30 104 7.9
October, . Nod ovovinn| 865 100 8.65
NovembordNY . ... ... 7.75 2 . 8.42
Decembary ... .............. 7.45 - 92 8.10
o\ 3 _._—_'_—._‘—'_‘
\.\; ~ * Tablo 1, page 91. + Table 2, pagg 92, trend adjusted.

A still different method of eliminating seasonal variation is frcqu.ently
used in the construction of index numbers. Many students 0? index -
nunabers of farm prices eliminate seasonal variation by expressing Eh‘e
Priecs for & given month in terms of a hase price for.that_ montli, rat 1L;
tban in terms of the average for the entire base period. The 1910—1%]
United States farm price of butter averaged 25.6 cents per pound_. ] e
June und November 1939 prices were 23.8 and 27.3 cents, respectively.
The index numbers for these two months in terms of the 5-year average,
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25.6 cents, were 93 and 107, respectively. Tlis would indicate that
bufter was very low in June compared with November. However,
there was considerable difference in the June and November average
prices during the base period. These averages were 23.5 and 26.7 cents,
respectively. When the 1938 priees were compared with the eorrespond-
ing monthly base prices, the index numbers for June and November
were approximately the same,® 101 and 102. These adjusted indexes
‘were.a much better basis of comparison of June and November prices
than the unadjusted indexes, 93 and 107. This is a rather simple and
.usually a very effective way of eliminating seasonal variation from
index numbers, ‘O
“The normal seasonal variation in some products, such a< nilk and
eggs, has changed decidedly with passing time. In spitc:of, the use of
the above method, the indexes would be incorrect if thef@svere a change
in the seasonal variation between the base period™gnd the present.
The 1910-1914 New York farm price of milk averdged $1.91 per 100 1.
for Junuary; and $1.05 for June. The coyres}){mding averages for
1933-1937 were $1.74 and 81.50, respectivelgn Obviously, there was a
decided change in the relative prices for thé*two months. The climina-
tion of scasonal variation in any onelyear would result in differcnt
relative prices for January and Juney'dépending on which of the periods
was used 28 & base for seasonal yﬁﬁation. This type of change may be

sudden, but is usually gradual and unnoticed for a considerable lime
after it has begun. \\

Bometimes, the charge i

other times there is a #hift'in the position of the highest or lowest months.
thn either of this8e“changes oceurs, the methods here described are
not app]jcable.. @tndents huve devised variations of these methods to
fit the problem®at hand 4
_ AUOth}?;l'h‘ffctor affecting the usefulness of seasonal indexcs is the
' degreg’p‘f, Irregularity in the index. The seasonal index is an average
of.a\f number of years in which seasonal variation may be markedly
difigrent because of size of crops, strikes, weather, and other acts of
man and Providence. When the index is so influenced, the scasonal

#The June 1939 briee, 23.8 cents, divi ; 3
. 5 ided by the J 1910--1914 ., 23.5
eents, equals 1.01. The November 108 ¥ the June 1910--1914 prie

; 9 and November buse prices werce both higher
;}éa; fl;ngzg)rmcs, but their ratio was approximately the same as for June (27.3 +

. ! Spe__r‘l(?er: L:’ and Pearson, T, A, A New Index of Milk Prices in New York,
Farm Economies No. 86, pp. 2089--93, June 1934
Spencer, L., A Revised Scries of Mitk P ites :
s s Tie rices for 'k, Farm Ec o8
No. 111, pp- 2707-10, Tebruary 1039, e for ew Xork, Tarm Heonorn

8 mostly in the violence of variations; at .
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movements of one period may net be present in other periods or even
in every year of the same period.® The reliability of the index for any .
purpose depends on homogeneity within months, All too often this
~ problem is overlooked.

8 Waite, W, C., Cox, R. W., Seasonal Variations of Prices and Marketings of
Minnesota Agricultural Products, 1921-1935, University of. Minnesota Apricui-
tural Experiment Station, Technical Bulletin 127, March 1938,

Thomsen, F. L., Agricultural Prices, pp. 250-260, 1936,
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CHAPTER 7

CYCLES

Much statistical work concerns the removal of secular trend and,
-seagonal variation from time series in order to study cycles, the inflyenee
of supply on price, and other problems. Most treatments of this qub}(‘ct
emphagize the elimination of trend angd seasonal variation i nmqnonthly
data. Most of the problems of the agricultural economifty however,
center about annual, rather than monthly series. Tor thi’s reason, this
. chapter will cmphasize the removal of trend from _ga¥nual series.

TABLE 1 —TFIRST-DIFFERENCE, PERCENTAGECQ}'-'PRECEDII\'G—YEAR
AND LEAST-SQUARES METHODS OF ELI}II’NATIXG TREND

WaoresaLe PricEs oF Heavy Hoes Ai'@mcmo, 1897-1913

N ’ Least-squares method
Year. Price of dllfﬁ‘;s-eti;ce\ 3*_31"091?'3353" e i

hogs* preceding Trend, Price In

methad year method | y _ §.034 per cenf

\'\‘ -+ 0.248x of {rend
1896 $3.39 — — — -
1897 3.44 $-4+0.25 107 $4.05 o
E % +0.21 106 4.30 o0
1809 <303 +0.18 105 4.55 80
1900 NN 5.05 +1.02 125 4.79 105
1901 o3| 5.89 +0.84 117 5.04 117
o192\ 6.93 +1.04 18 .29 131
\Qgg 8.00 —0.93 &7 5.54 108
5.15 ~0.85 26 5.79 89
1905 5.22 +0.07 101 6.03 87
1906 6.25 +1.03 120 6.28 100
1907 6.04 —~0.921 97 6.53 92
1908 5.74 —0.30 05 6.78 85
1009 7.50 +1.76 131 7.03 167
1910 8.88 +1.38 118 7.97 122
1911 6.63 —2.25 75 7.52 88
1912 7.54 +0.91 114 7.77 a7
1913 823 - 1+0.69 109 8.02 103

* Calcu]ated from table 1, page 91.
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ANNUAL SERIES
FirsT DIFFERENCES
First differenees are the simplest method of Il'emoving secular trend
from annual series, Their caleulation 15 easy, and the method is effective.
If eyeles or other fluctuations in whieh the student i¢ infercsted are
present, they are likely to be detected. '

N\

pMMmI

7.50— Actual prices

+0.75

First
difference

{751~ .
A .

Per cent ‘Mz\ .

1154

xtwg_‘
' M

N ss-

Far cent

|
1909 1913

!
1897 1801 1905

4 FIRST-DIFFERENCE AND
CYCLES SHOWN BY e o

“\MIGURE L :
PERCENTAGE-OF-PRECEDING-YEAR M
ELIMINATING TREND!

WroLEsALE PRicEs oF HBAVY Hous aT C

ines indi : f similar cyclieal
Both methods eliminate most of the trend. The lines indieate the presence of S .
Huctnationg, -

roaco, 1897-1913

| - i ' ; d $3.64, reépectively.
The prieos of hogs in 1896 and 1897 were.$3.32952111(3.64 4, respeciiet.

The first difference for the year 1897 was + $0.
. - : . R . : d on
The first difference for 1898 was + 0.21; for 1_899’ + 0.18, anc. 50

1 From table 1, page 104
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(table 1). These differsnces indicate that prices were increasing and
- relatively high during the periods centering around 1001, 1906, and 1916,
They were deereasing and low about 1903-1904, 19071608, and 1911,
When these first differences were plotted, it was elear that most of the

trend was eliminated (figure 1).

Dollars 1

"\
7.50
.Y
)
550 ™
350 ] ' N
Per cent A O
' / \‘ O
N ! N
120 PN | » J"]',
/ i X o\ ! |
1ok~ / \\ . g 3 .\"‘ }
l N N ! \
i 4\ ! 1
| ! S\ 1 /)
100 / " A ! \
i & \ !! \\ f \ ;{
N\ ¥ v
s0L__A ] [ |
13532..; w1001 1905 1309 1913
FIGURE 2—0}.’({[:}&3 SHOWN BY LEAST-SQUARES METHOD OF
O MEASURING TREND?

'\EKQ"{‘ESM‘E Prices o Heavy Hocs at Cricaco, 1897-1913
The dgty Iving in & straight line represent the linear trend of the prive of hogs, the solid line. ’
The biglen line oW represents the percentage the price of hogs was of the tremd, The Auetuutlons
wereieyelical.

) .
N\ PERCENTAGE OF PRECEDING YEAR
Another simple method of eliminating trend is to express each year
&% a percentage of the preceding year. The 1897 price of hogs, $3.64,
was 107 per cent of that for the preceding year (3.64 + 3.39 = 1.07)-
The porcentages for 1898 and 1899 werc 106 and 105 (table 1). When
_ the percentages were more than 100, the hogs were rising in price; an

when less, they were falling. This method eliminated substantially all
the trend (figure 1).

*Table 1, page 104,
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The principle of percentage of preecding year is very similar to that
of first differences. Fivst differcnces are absolute differences and are ex-
pressed as doflars, cents, tons, or other units, positive or negative. Per-
centages of preceding year show the relative differcnces, and declines
and advances are indicated by the relation of the percentage to 100.
The results of the two procedurcs are quite similar when plotted-on -
their respective scales (figure 1). Both methods show change rather
than absolute values.

TABLE 2.—MOVING-AVERAGE METHOD OF ELIMINATING TREND

WaoLesaLe Prices oF Heavy Hoos ar Cercaco, 18971913 ¢ M

£\

Price Moving averages Per cent of mowing"average
Year of - =N

hogs* 3-year | &-year T-year | 3-year “,;\Slyca:r Y-year
1807 | 83 64 | $3.631 | $3.851 | $4.197 | 100 05 87
1898 | 3.8 3.84 3.9t | 4.317 J “00 .| 9 89
1899 | 4.03 1.31 4.49 16880 o4 %0 86
1900 | 505 4.99 5.15 5.06> { 101 98 100
1901 | 5.89 5.96 5.58 | . 527 99 108 112
1902 | 6.93 6.27 5.80 _$\ 5.47 11 119 127
1903 | 6.00 | 6.03 5.8\ 578 | 100 103 104
1904 | 5.15 5.48 591 | 5.93 94 g7 | 87
905 | 5.22 5.5¢ | {5.73 5.90 94 91 88
1906 6.25 5.84 ,4)%.68 5.99 w7 | 110 104
1907 | 6.04 | 6.0KN 6.15 6.40 100 98 94
1908 5.74 6743 6.88 6.61 89 - &3 28
1909 | 7.50 | (587 6.96 6.94 .| 102 (108 108
wio | 8.8 V767 .26 | 7.22 116 122 123
11 | 6630 7.68 § 7.76 | 7.587 ) 86 8 8
1912 | w364 7oaretP 7o0r | 7ot} 101 95 98
1913 ({823 | 7.99t| 7.52t | 8.0t 108 109 105
,i?‘aéb]é 1, page 91. ¥ Based on prices prior to 1897, or following 1913.

QrrATGHT-LANE TREND

\ }
' PrRCENTAGE OF .
expresses each rtem

A commonly used method of eliminating trend expre o
n the series as a percentage of the straight-line trend. The St'ra'lg.ht-hl:m
trend may be estimated or fitted by & variety of methods as outlined in
chapter 5. From the straight line, the trend values fot: each year may
e determined. From the loast-squares S the cstimated price of

hogs for 1897 was $4.05 (table 1). The ratio of the actual price, $3.64,

to the trend price was 90 per cent (3.6% + 4.05 = 0.90). The price TO.SE
to $3.85 in 1898, but the trend was also upward, and the ratio was agal
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- 90, By 1913, the price had risen to $8.23, and the trend to $8.02, and
the ratio was 103 (table 1). These poreentages indicate Lhat, after the
climination of trend, the price of hogs was highest in 1%31-1902, 1908,
and 1910; and lowest in 1899, 1904-1905, 1008, and 1911 {figure 2).
These percentages are in terms of values, not 1ates of change as were
: the first differences, The method

Per cent | is well adapted o elimination of

1oy lincar trend and reveals the pres-

100 ence of definite eycles in Jwg
rices (figure 2).

o p (fig } O

Pereuxracr ov MoviNe
110 AVERACHSE

109 As was statéd”in chapter 5,
moving avetages may be used to
elimingte tend. liach price may
be expfessed as a percentage of
the .’m%ving average. The 1902
px‘ijcc'of hogs, $6.93, was 111 per

~Jdeent of the 3-yearmoving average

% centered on 1002 (6.93 + 6.27

= 1.11). The percentages of the

5- and 7-year cenlercd moving

averages were 119 and 127 (table

90

110

90

20 1 | [ N

1807 1901 1405 1305 ., 1913

FIGURF, 3.—CYCLES SHOWN BY
MOVING-AVERAGT @ETHOD

¢

OF ELTMINATING\I'REND 2). The fluctuations of perceint-
WroLssare Prices einHEsvy Hoos ages of 8-year averagos Wem" o
CHICAGQ;.}igg'?—IQIg viclent than those based on o-or

Tha eyrles are maﬁo Slcsrly shown by the nse of 7-'_YB&I' AVErages (ﬁg”re 3) rl_jhe
.;tif;ie::nlﬁ?g‘fvemm. The 3-year moving 3-.Y631” averages were more ]lke
aidemﬁlc ATt Vof 1-'ttz‘:llai:: o:gle?m;:eb;—;:alioa:e::;; th@ pl‘iCGS fOI' the yearﬁ on w_hlch
removes Wliho trend and o swall part of the eyle.  bhey Were centered than were -

~$ and 7-ycar averages. This 13
: (}ke:ae?ly shown when the three moving averages are plotted with the

original prices (figure 6, chapter 5, page 86).

All the moving averages eliminated secular trend (figure 3); the 3-year

- MovIng average, in addition, removed some of the cyelical variation.
~ The brocess -of dividing & series containing & cycle by another serics
 also containing most of the samo eycle will result in a serics which wil
contain very little of it. For the period covered in this example, cven &
da-year average was a little too short to approximate a smooth curve,
and its use also eliminated a little of the cyclical variation. The 7-yeaf
moving average ‘was long enough so that it was not influenced by
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eyclical variations. The division of the hog prices, which contained
eycles, by the 7-year average, in which the cycles have been ironed out,
gave percentages which contained all the original -cyclical variations.
A comparison of the percentages of the different moving averages
“yoveals that the 7-year-average method shows all the elements of the
eyele and resembles the pereentages of a straight line (figures 2 and 3).
When the trends are net linear, it is more satisfactory to express prices.
as a percentage of a moving average than of straight lincs. However,
the student must use eare in the selection of the moving average.

Purcnasing-Powrr Merrop PN

A very common mcthod of eliminating trend from the priseg of a
commodity is to divide the series by the prices of one qr“fg;l?:ire other
commodities, If the prices are divided by an index ofs0mé group of
commodities, the tesult is called “purchasing power {i})’y‘some students
and “deflated series” by others.® Y :

Prices of individual commodities are subjth,‘to monetary forces
common to all. In an index of many commodities, most fluctuations
poculiar to individual commodities tend to be ironed out. Such an index -
shows only the result of common foregs, .”

In periods of rapid change, some Prices change more rapidly and to
8 greater extent than others. Thﬁére’fore, the divisor index should be .
about as flexible as the price of the product to be adjusted. Consec?uent]y,
the choice of the divisor dﬁﬁends upon the particular price series. For
example, index numbefgloffarm prices of all farm products or Wh{’l“?ale '
prices of 30 basic cdmmodities are better divisors for highly ﬂ_emble
farm and wholesale’prices of live hogs than are indexes of retail prices of
foods or of wholbsle prices of all commodities. _

All the trénd”is eliminated from a purchasing-power series when the
brice to bg'a \alyzed and the divisor price have approximately the same
trend, 3%

y ’Tﬁs\bt‘ice of hogs for the year 1897, $3.64, was d
States Bureau of Labor index of wholesale prices

The term *deflated series,” strictly construed, Means that tge %eveil;ﬁ)ef tz;;gd;;
* vidual series has been reduced. This expression was mtcrc-duced_ uring qpsu <h as
l'iSiDg or high prices, 1914-1929. In & period of genera]ly u.iechm.ng pr-lce(i’ Sm—ict]y
18651896, the level of the individual series would ;‘;:y’ hk.elﬁ i)edr:;:is- The ex-
8 i - P 1d be an 1nLaLe 8.

Peaking, this would not be a deflated series. It wou e “doflated series,” it

Pression “purchasing power” is a better ferm because, : -
docz not imply that the prices will be lowered, An additional advantage of the term

I . OTe
- 'Purchasing power™ is that it denotes the exact o? rela_tnfe amount of ong or It
Icﬁmmodities that a given commodity or commolities will buy- .

ivided by the United
of farm products, 60
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(table 3). The quotient, $6.07, represents the purchasing power in dollars.
The purchasing power in dollars for 1898 was 26,11 (385 + 63 =
0.0611). The 1902 purchasing power, $8.45, was gnite similar to those
for 1910 and 1913, $8.54 and $8.23.

TABLE 3.—PURCHASING-POWLER METHOD OF LLIMINATING TREND

Waoresats Prices oF Heavy Hoas ar Cinicaco, 1807-1913

Purchasing power in terms | Purchasing power [ erms
of many commodities of one t:mnm({rlity
A
o\ 5
Index of L >
Year | Price of hogs*] wholesale R N
I;; cf(fr::f Purchasing I"l;j&hf eorn Iz;az&ﬁ::;
products, power e bushel corn ratio
1910-1914 = AN
100 '\’:.\
\&
1897 $3.64 60 \ $6.07 $0.26 14.0
1898 3.85 63 40V 611 0.32 12.0
1899 4.03 64 O 6.30 0.33 12.2
1900 5.05 LS 7.1 0.38 13.3
1901 5.89 ) e 7 96 0. 50 11.8
1902 6.93 e 8.45 0.60 11.6
1803 . 6.00 A T8 7.60 .46 13.0
- 1904 515 4N 82 6.28 0.51 10.1
1905 5.22 2\ 79 6.61 0.50 10.4
1906 1 g.2p" 80 7.81 0.46 13.6
1907 694 &7 6.94 0.53 11.4
1o08 757 87 6.60 0.69 8.3
1909 4K 7.50 98 7.65 0.67 11.2
HAI0Y 8.88 1104 8.54 0.58 15.3
AN 6.63 94 7.05 0.59 11.2
G 7.54 102 7.39 0.69 10.9
O Rt 8.23 100 8.22 0.63 13.1

* Table 1, page 104.

- The purchasing power of hogs reveals about the same eyclical fluctua-
t2ons shown by other methods of eliminating trend (compare figure 4
with 2 and 3). Not quite all the trend was eliminated by the purchasing-
bower I_nethod because prices of farm products advanced somewhat
less1 rapidly than the price of hogs.

The price of a commodity may also be divided by and cxpressed as &
ratio to another individual commodity. The hog-corn ratio is a €85¢
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in point. Tn 1897, the Chicago price of hogs was $3.64 per 100 pounds,
and the Chicago price of corn $0.26 per bushel (table 3). Therefore, 100
pounds of hogs were worth 14.0 bushels of corn (3.64 + 0.26 = 14.0).
The hog-corn ratio, 14.0, was the number of bushels of corn equal to
100 pounds of hogs in 1897. The method efiminated most of the trend
(figure 4). From 1904 to 1913,
the eyeles were about the same
as those obtained by other
methods (compare figure 4 with
1, 2, and 3). Prior to 1901, the
cyeles were disturbed by the
abnormally low prices for eorn.
This illustrates an Important
principle involving the use of
an individual commodity as a
divisor. Although it may elim-
inate most of the trend, it may
also injeet its peculiar fluctua-
tiong into the series studied. 1n o\
extreme cases, the flucluations
of the divisor may ecntirely
obscure the characteristics of
the original scries. i'",\
For some types of btbsz, the
hog-corn ratio is very yaluable,

_Dnllars t

- Purchasing

6.50

140

110

MY -
Hog-court ratio

] [ 1

& ? .IﬁSBT 1401 1805 1909 1213
“\FICURF 4—-CYCLES SHOWN BY THE
PURCHASING POWER OF HOG PRICES
IN TERMS OF AN INDEX OF ALL
FARM PRODUCTS, AND IN TERMS
OF THE PRICE OF CORN, 18971913

The purcLasing power of hogs in terma of all farm

‘but it is not vepy'Gatisfactory
for a cyclical gnalysis of hog
“\s.

Prices. S
\“

2 &

.\'
4

dnthe analysis of many price problems,
alﬁ

producis (above) did not eliminate all the trend. The .
purchasing power in terms of corn, or the hog-corn
ratio (helow), eliminated all the trend but obaoursd
the cychical fluctuations ventering about 1902.

Uses

any one or several of the

/o methods may be employed. The relation of the number of cattie

to their price is best examined when three different methods of analysis
are used. _

The prices of cattle from 1880 to 1937 were expressed as a purchasing
Power. The fluctuations due to movements in the general price _13_"31
were removed by dividing by an index of prices of all can]:nodltles.
T_he results indicated that most of the trend had heen eliminated and
violent fiuctuations in original prices had been reduced to a very regular
@ele of high and low prices (figure 5). The actual prices indicated that
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~ sycles might be present but gave an incorrect impression of their magni-

“tude and length. The peaks in prices were not of the same height or
the same distance apart as the peaks in purchasing power (figure 5).

~ For the first part of the period, expressing prices as perceniages of

- trend or first differences would have removed the trend satisfactorily,
However, in the last part when the price level Huctuated violently after
1914, these methods would not have been satisfaciory. The purchasing-
power method proved satisfactory for the entire period.

N\
i i N
Index ’.rh\ :I \\l 7 N
L i ,’ NS ¢
[ i N
160 FE YT
r | Wa W
- ¢ | J(Pnce\ Iy !|
L + ) ,i' i
1
L Furchasing POWer /\ /\ { 1
. ) 1
L 120 - ks A li |
H L]
’x 1] |' N
i
N 1
. Z o) :
80 M 1
3 [/
\
L3
15 1 | ! ] ! i
1880 1890 1900 8 1910 1920 1930 1940

FIGURE 5.—CYCLES SH” PN BY INDEX NUMBLERS OF ACTUAL PRICES
) 3 ,\&N PURCHASING POWER
Unarep’ Srareg %‘Nm Price or Besr Carrie, Janosry 1, 1880-1937
O 1910-1914 = 100

The Pllfuh'asing Pugler'shows a very elear, rogular cyele. which is somewhat ohseured in the actwsd

prices, This is ga@cuim-ly true duriug the viclent gyrutions from 1914 to 1937,
S M

Th}ﬁ%hout this period, there was a general inercase in the number
o’f' cabtle on farms. The trend was climinated by cxpressing the nuniber
.»\gf"\.eattle 88 a percentage of the least-squares trend line. The resulting
\S‘er%es showed very regular cycles in cattle numbors (figure 6). This

series appears to be related to the purchasing power of cattle prices

(figure 6). In general, the purchasing power was high when pumber®
- were low. However, the peaks in purchasing power occurred some time

after the low points in total numbers had been reached. Conversely,
' th(: ‘IOW Ppoints in purchasing power came when numbers were declining.
The application of the first-difference method to the numbers of
cattle ‘brings out this relationship more vividly {figure 7). The annual
first differences represent the change that oceurred in the number of
cattle. The greatest positive ﬁr§t difference oceurred in the year whep
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FIGURE 6—CYCLES IN THE NUMBER OF CATTLE:BXPRESSED IN
PERCENTAGTE OF TRLND ANTD THE PURCHASING“}OWER OF THE
PRICFS, JANUARY 1, 18390-1940 '
Both methods diselosc fairly regular cyles, When the number :ﬁ'&-\a\lﬂrgc. prices tended to be low.

Tlowever, the une curve was not the exact reverse of the other, & ™
\ 7

"
First difference — Purchesing
.E‘m 2 AN | power
NN . o L]
a0k Fe Purchasing "‘\3.! l,‘ 125
\ power 1
2ok Firgt\d{fg rgnce " —115
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FIGURE 7.—CYCLES SHOWN BY THE FIRST DIFFERENCES OF THE,
NUMBER OF CATTLE AND THE PURCHASING POWER OF THE PRICES,

SANUARY 1, 1890-1939

.. i i the
Theso methods reveal very regular cycles in the purchasing power and in the ﬂm:l :;\Ser:;n;et—;d o
stnual cliange in the number of cattle on farms. The change in the number is more rloRely :

Priee than the aetual numbers

& (ompare with figure 6.
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numbers inereased the most; and the greatest negative difference, when
numbers decreased the most. When the change in numbers, ag measured
by first differences, and the price, expressed as a purchusing power,
are plotted on the same graph, their close velationship is very evident
(figure 7). This fact offers a elue to the nature of the relationship between
numbers and prices of cattle. Prices appear to be affected more by
breeding demands, as reflected by increase in numbers, than by the
actual number on hand. The peak in purchasxing power ocenrred when
the number was incréasing most rapidly, rather than when the number
was at its lowest point. This relationship between change in ndhabers
and purchasing power eould be ascertained from figure 6, whish shows
the actual numbers and purchasing power, provided t,h:’?,j;\’intcnsive
study of the graph were made. The use of first differogndes ‘brings out
this relationship in bold relief.

In an analysis like the above, the student shodti™e fully equipped
with all possible methods of attack and shouldatet hesitate to usc any
or all of them. .The particular method which®&hits the problem cannot
~always be detected prior to the attackamd some experimenting is
required. o\ o

A very usual type of problem in eliminating trend arises in the analysis
of the relationship hetween prodliijtién and price of farm crops. The
analysis is especially difficult for“the periods of widely gyrating prices
- and shifting production expetienced sinec 1914. lixpressing prices as

purchasing power is abeut\the only satisfactory method of eliminating
wild fluctuations due I‘:(%e price level. Tor some products, even this
procedure does not eliminate all the trend becausc there is trend in the
purchasing power :ifsclf. When this is true, the purchasing power may
be EXpresscd'ag’;’é percentage of a moving average or some other type
of trend. N\

_The Qli(,?b}em of eliminating trend from production data is almost 88
dlfﬁc?%’sﬁ&ight Jines rarely describe production during this period
_ satlé_ﬁactorlly. To make the production series comparable to the pur-

(_}hasmg-p_ower serics, production is frequently expressed as a percentage
of & moving average. It is also possible to eliminate trends in the com-
pamison Of. production and prices by caleulating their first differences
Or expressing each as a percentage of the preceding year. However,
year-to-year relationships are less obvicus when series are adjusted by
fhls met.hc;(.i than when the trend is eliminated hy moving averages.
The variability in first differences is relatively
in absolute valyes. :

1"I‘Oblems of this nature emphasize further the necessity of baving
a wide knowledge of a number of different methods,

greater than variability
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COMPARISON

In general, first differcnces are the easiest to caleulate of all trend-
adjusted scries. Moreover, first differences usually show the presence
of eycles or shorter time variations. Sometimes first differences are
even superior to other methods. ' _

Percentages of preceding years are very similar in principle to first
differences but somewhat more difficult to calculate. Hxpressing series
as a percentage of trend is often a satisfactory method of obtaining a {
series comparable to the original but with trend eliminated. Whether
a straight line, curves, or moving averages are empleyed depends gﬁbﬁ‘
the nature of the trend. Moving averages are the most flexible and are
widely used. L RG

In short periods of gencral price stability, the trend ‘i@ prices of
individual series may be eliminated by one of the ‘Wbove methods.
However, since 1914, prices have fluctuated so viole%:aly over such short
periods that these methods de not satisfactorily eliminate variations
due to the price level. It is necessary to adjust t}:lée data by dividing by
a gencral index of prices, When there is a trend in purc_hasing power,
further adjustment is sometimes desirabl&™

7 %G

MONTHL¥\SERIES

To the agricultural statisticiafiythe analysis of monthly series is not
s0 important a problem as t1ig analysis of annual series. Neverthel'CSS,
he occasionally examines monthly data for cycles, supply-price relation-
ships, and the influcnce bf other factors. In such analyscs, the problem
of eliminating trendsds much the same with monthly as with &nn}lal
data, In addition,\'tﬁere i often the further problem of climinating
seasonal variation. The methods of analyzing monthly data are merely
combinations% previous methods studied for the elimination of trend
and SeaﬁQﬁé}I variation. Some methods eliminate trend first; some,
scasonalwariation first; and others, both-simult.a;ncously.

PrECENTAGK OF CORRESPONDING MONTH OF PREVIOUS YraR
A method of eliminating trend and scascnal val-iatﬁon in one Dperz‘;aon
i the division of monthly data by the corresponding monthly values

for the preceding year. : o th

The price of hogs in January 1911 was $7.85, or 90 per-cent Of’t_ g
January 1910 price, $8.70 (table 4). Similarly, the ?t"ebruary _1911 price,
$7.25, was 79 per cent of the February 1910 price, $9.20. Although
these percentages arc measures of change rather than the 1@,61_ of hlolg
Drices, they indicate the presence of cycles (figure 8). Dividing the
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TABLE 4—PERCENTAGE-OF-CORRESPONDING-MONTII-OF-
PRECEDING-YEAR METHOD OF ELIMINATING TREND AND
SEASON IN ONE OPERATION

WaouesaLE Prices oF Heavy Hoas ar CHicato, 1911-1912

May!].]unn July | Aug. [Sept.] Ot if\'nv.! Dee.
| .

Jan. Feb.‘Mar. Apr.

Price, dollars ‘

1910....| 8.70| 9.20,10.6510.00, B.50: 9.35/ §.60, 8 25 8. 70 8,45 7.55i 85
1911....} 7.85) 7.25| 6.70! 6.15| 5.85 6.15 6.63| 7.15; 6.75 6.50 6,35 .25
1912....| 6.30| 6.25| 7.10| 7.85| 7,70 7.50| 7.60 8.05| 8.30 & .65 78 7.45
Per cent O
1911... 90| 79| 63| 62] 62| 66| 77| 87| 7% | q{ 84| 82
1912....0 80| 86| 106 | 128 | 132 | 122 { 114 | 113 | 123433 | 122 | 119

o | _a

prices by those of the previous year removes mostoi*the trend. Dividing
the price for each month by that for the cqvi:t,\}pon(.ling month would
have eliminated all seasonal variations if\there had been no variation
from year to year in the amount or tinde)ol the scasonal movements.
However, the influence of seasonal wariation was not constant from
year to year, and the resulting percentages show some monthly fluctua- -
fions. N

3

TABLE 5.—-—MOVING-AVER’AE§E AND NORMAL-SEASONAT, METHOD OF.
ELIMINATING TR@N’ D AND SEASON IN TWO OPERATIONS

WHOLESA'I.E"PRICES of Heavy Hogs AT Crrcaco, 1910

A -
AY; Price . Percentage -
Mont]r‘r\il'\ of Moving of movi:g Normal Cyde
O v hoga* averagef average scason

Jamugry., . .......... $ 8.70 7.09 123 95 129
Rebiuiry, .. ......... 9.20 7.12 129 99 130
Mafeh. ... 10.65 714 149 104 143
April...... ... 10.00 7.17 139 105 132
May..coovvvnn. ... 9.50 719 | 132 102 129
June............. .. 9.35 7.21 130 102 127
Jaly. ... 8.60 7.22 119 103 116
August............ .. 8.25 7.2 114 102 112
September. ... ..., .. 8.70 7.26 120 104 115
October. .. .......... 8.45 7.29 116 100 116
November. .......... 7.55 7.31 103 92 112
December. . .,....... 7.65 7.33 104 02 113

* Tg,hle 1, page 91. { 84-month moving average centered on 43rd monﬂ:TI Puge 92
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MoviNg-AVvERAGE METHOD

~ Annual data were adjusted for trend by expressing them as a per-
centage of the moving average. The same method may be applied to
monthly duta with a device for eliminating seasonal variation. The
7-year or 3 t-month moving average was calculated for the price of hogs.
The January 1910 price of hogs, $8.70, was 123 per cent of the centered
moving average, 87.09. Likewise, the February price was 129 per cent
of its moving average (table 5). Although the trend had been removed, {
from these percentages, any scasonal variation in the original seyies
was still present. This was removed by dividing cach percentagé, by
an index of seasonal variation. The January 1910 per cent, ‘1'23, was
divided by the January index of seasonal variation, 95. Thé duotient,
129, represents the price with both trend and seasonal varidtion removed
{table 5). The same procedure was followed throughoup’ each year of
the series. This method results in clear cycles in_hog prices {(figure 8):
They are shown as the level of hog prices rathet han the ehange in
price. Some seasonal variation gtill remains bes{iuse the normal seasonal
variation does not prevail throughout every seaton. However, the normal
seasonal variation is more likely to fit-a particular year than the scasonal
variation of the preceding year. Foi~this reason, the moving-average
method removes seasonal variation more accurately than the percentage-
of-the—corresponding-month—qf{grevious—year method. '
Several variations of thi gs,néral method have been emplo:'yed. Straight
lines and other rigid cutyesthave been used in place of moving averages.
Tnstead of dividingthe percentages of trend by the index of normal
scasonal variation,( bhic scasonal index is often subtracted from the
pereentages. o4 - '

O PURCHASING-POWER METHOD

AS.EBé&ioiisly explained, price serjes contain fluctuations f.iue to Fhe
gen&almovement of all prices, whichare difficult to remove mtl} moving
- averages, straight-line trends, first differences, and the like. The influence
of the price lovel and of scasonal variation on monthly data may be
removed by calculating an index of the prices in terms of c?rrespl:t'm:lmg
glonths of the base period and defiating this ;easonally aceil]lusted index.

rices of hogs in 1910-1911 were expressed as & pere e O
average Prinegs for the corresponding months of the 5 years 1910—191{;1‘.
The Jamary 1910 price, $8.70, was 113 per cent of the January 1910~
1914 price, $7.72. Likewise, the adjusted indm.t for February 1910 "1‘:]2:8
117 (table 6). The other months were treated in the same manner. e
resulting index numbers were adjusted for season, but not for changes

tage of the '
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in the price level. Adjustment for changes in the price level was made by
dividing the seasonally adjusted index for each month by an index of
wholesale prices of 30 basic commodities. The index for January 1910
divided by the index of 36 basic commoditics, 106, gave the purchasing
power of hogs, 107. For February 1910, the index of prices of 30 basie

Fer cent T
150 Per cent of corresponding month of previnus year

130 -

oy
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Q”(}HRE 8—CYCLES SHOWN IN THE MONTHLY PRICES OF HOGS BY
THREE METIHODS OF ELIMINATING TREND AND SEASONAL
VARIATION

WHOLESALE Puices oF Heavy Hoes ar Caicaco, 1897-1913

The three mothods show abant the same cyclical fluetnations in the monthly prices of hogs. The
purchasing power method did not eliminate so much of the trend as the other methods.

commadities was 104; and the purchasing power of hogs, 112. The plotted
index of purchasing power disclosed a distinet eyele in hog prices. The
trend was not entirely removed by the divisor (figure 8). Except for the
small amount of trend remaining, the cyele is quite similar to that
obtained with the moving-average method.

There are variations in the purchasing-power method. Seasonal
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TABLE 6.—-PURCHASING-POWLR METHOD OF ELIMINATING TREND
AND SEASONAL VARIATION

WrornsaLs Puices or Hreavy Hoas ar Omicaco v Torus oF 30 Basic Com-
MopITigs, 1910-1911

1910 1911
| 19102 Divi- Divi-
I 11914 s0r, ) : 20T,

Months FAi3l .| Index, | index | Pur- i, . Index, | index | Pur-

: price mew 1910 | of 30 | chas- P“ge 1910+ | of 30 | chas-
OF || 1914 | hasio | ing howge| 1914 | asic inig )

hogs* * HOE8T1 _ 100 | com- |power ol 100 | com- ypywer

modi- modiy i
ties | ' s
S S 3%

January ... .. $7.72 s 870 113 | 106 | 107 I¥7.85 102 99 103
February ... 7.86 9.20| 117 104 113 | 7.26 \ g2 | - 08 94

March......| 8.36 { 10651 127 106 | 120 6.7@’:\ “80 97 82
April....... 326 | 1000] 121 | 104 | 16 4@l 74 | 96 | T
May....... 705 | 950 119 102 | 17PNNss| T4 | 95 78
June...... | 7.93 | 985 118 100 | 118.]6.15 78 04 83
Jaly........ 208 {1 860 106 102 oML | 665 32 94 87
August. . ... 806 | 8.25| 102 3y® go | 715 89 04 95
Beptember. ., 8.09 8.70| 108 161' 107 | B.76 83 95 87
October. ... .| 7.86 | 845 108 J4\100 | 108 | 650 83 03 | 87
govember,. 7.30 | 7.55; 102} 99 | 103 633 86 g; gé
3mbcr. - 7.23 7.65 \}QB 99 107 _ﬁﬁ 8 — -

79, *Ebgl,_pa.ge 1.

X _ : o
variation may be.eﬁniinatcd after the purchasing power for cach mo'_lth
has been calcul4ted, The scasonal adjustment may consist of expressing
the purchasifip"power as a percentage of the corresponding IDOi[ltl{l of
the samg\ba’ge period, or dividing it by an sndex of seasonal variation.

\ ) Uses

The purposes of analyzing monthly ¢
data. Monthly data are used to gtudy the influence of certain fE!,thJl‘S
over shorter periods than one year and to gauge more closely the timing
of certain changes. Since agricultural production ig mostly on an am.mal
basis and prices are strongly govemed by annual factors, the ana&ysl§ of
monthly data, is somewhat restricted. A relatively merc important ficld
of monthly analysis is in business ‘activity and the like. Index_ numbers
~ of business activity are published with and without sgas‘onal adjustment,
and with and without the elimination of trend.

data are the same as for annual -




CHAPTER 8
TABULAR ANALYSIS OF RELATIONSHIPS

In the study of individual variables, attention was dirccted fo contral
tendency and dispersion. The problem of analyzing relationshipg s
nothing more than comparing the variations in one scries wit.h tdiose
" in another series. For example, it is known that farms vary inki%, and
it is known that incomes vary. The question arises whether the varia-
tions in the size of farms are related to the variations,fp tucome. Are
incomes any more or any less on large farms than on&mall farms? This
is a simple statement of the problem of relationskips’

The problem of relationships is very real and'very commonplace.
Every individual from daylight to dawn obser¢s rclationships, aceepts
relationships, and makes decisions on thesbasis of relationships. Because
relationships affect every human endeaxyép,’they are the most important

problem of statistics. In fact, they areithe main reason for the study of
statistics. Ny

™
e

TABULAR METHOD

Tabulation is one of .t-}:lg most elementary methods of analyzing
relationships. It is so \&mentary that most textbooks either ignore
il',he subject or bury &in a mass of detail concerning the constrietion
of tables. This la¢k’ of emphasis on tabulation is due to its seeming
simplicity rathgr™than to its lack of importance. In fact, the tabular
method is\the most important and widely used method of analyzing
relationships.

In .%:Si’mple form, the tabular method involves classification of the

a‘b\a,; ifto groups according to one factor and the caleulation of averages
of & second factor for these groups. The procedure involves a few
relatively simple steps. These steps can be easily followed in one-way

tabular analysis.
ONE-WAY TABULAR ANALYSIS
1. The observations are divided into several groups on the basis of

the size of one of the factors. In the study of frequency distributions,'

1 Page 2.
120



ONE-WAY TABULAR ANALYSIS - I='1.21
these groups arc called “lasses.” Bach class or groilp ihdludéé all the .
observations where Lhe factor in question falls within v certain rangc K

~ for cxample “8 to 10" years of age, *“20 to 297 cows per farm? o

TABLE 1—ONE-WAY TABULATION 77 . . 0

ReLarion ofF Cror YIELDS TO INCOME, 907 Npw

R
"

Class | Totals for :
intervals, Frequency, | ooond | Average
) . number of L

index of £ factor, income

| - Arms . .

: yields ingoines A
J’: \ \“.\
: NS v

Loss than 60 78 $ 11,308 | § 145 L
60- 79 153 26,222 171
20- 99 268 66,081 251 '\; )
00--119 259 103,779 401y
120--13% 109 87,901 806
140 or more 45 45,197 | 51,004
s I i &

YQRK Famus, 1927

'Fo illustrate one-way tabular analysis,
F{) incomes on 907 farms was studied. Theib
into 6 classes (table 1), The first clags! included

N\

the’ relation of crop yvields
dexes of yields were grouped
o]l farms with an index

of yields less tha " ighest,® S
ss than 60. The highesti® g\ prp 5 ONE-WAY TABLE

and lowest classes were open atithe
ends. The range within eacl{_ of the

Repaton of C
coxe, 907 New

wop YIELDS 10 IN-
Yorg FARMS, 1927

5 4 intermediate classes was\20. [
.2. The total numbel;,,ﬂf obzerva- Yields, index Income
tions in cach classisobtained. The | . —————"""""
; number of farm§in 3 -
= was 78 1l m'i;’ n the first class Less than 60 § 145
¢ ; mt,%“t 1ore were 78 farms 60— 79 17
. with a crpﬁ ihdex of less than 60 80— 99 251
3 (tabl,%xi])":' - 100-119 401 -
¢ total . 120139 808
of all the values 1,004

- tules ¢oncerning the number of cl

for a¥second factor is obtained for
each clags. The total of the 78

'In making c¢lags intervals for

like, In tsbular analysis, most of these P

i ususlly smaller, and there is much greater

raj
nate, or *open-end,” classes.

[ I

1ncon1_es for the first class was $11,308.
4. For cach class, the total of the &
number of obscrvations in the class. The
frequency distri®

asges, class limits,
rineiples apply,

.cond factor
utions,

uge of uned

is divided by the

results are & geries of simple

there were rather rigid
indetenni’nate'cl.a.saes, and the
but the number of classes
unl classes and indeter-
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averages of the second factor. The total income for the first class,
$11,308, was divided by the number of farms, 78. The average income
for these farms with poor crop yields was $145.

5. The classes, which are based on the first factor, and the averages,
which are based on the second factor, are then arranged in a simple
table. The classes of crop yields were arranged from poorest to best,
and the corresponding averagés for income were sct down in an adj oining
column (table 2).

6. The relationship is examined by eomparing the averages? for(the
second factor for different values of the first factor. A simple onesway
table clearly answers two questions in which the research, Worker s
intercsted: (1) whether any relationship exists, and if =04 (9 whether
the relationship is positive or negative—that is, whetherythe second
factor ineroases or decreases as the first incroases. A relationship exists

~when the averages show either a consistent incrdase or a consistent
decrease. Whether the relation is positive or negatiye can be defermined
by reading down the column and noting wht{ﬁér’the averages increase
or decrease.

Comparison of average incomes for fakois with different yields indi-
cated the existence of a relationship Between crop yiclds and income.
The relationship was positive; thats 15, incomes rose as crop yields
became better. Qe

X

INDEPENDEI\!’I.‘}E.ND DEPENDENT VARIABLES

Ordinarily, research \()rk'ers discuss relationships between yiclds and
income, age and death rate, and the like. The statistician tends to gen-
t_eralize and speak Gy terms of independent and dependent variables,
often using termssuch as X, and X, to designate them. In the relation-
ship shown dm“sble 2, income may be called X3, or the dependent
variable. Flie term “dependont” merely connotes that the statistician
a)ssumgg '.’t-hat- income is dependent on variations in yield. Similarly,
t-he\%tia}t-istician calls crop yields the independent variable, or Xo.

N/ the tabular method, the usual Procedure is to group or classify
the observations according to the independent variable and to add and
average the numerical values for the dependent variable. This is not 8
rigid rule. Some workers classify the dependent and average the inde-
pendent variable. Relations can be observed by either procedure.

_ Frequcnt.ly,_ data are grouped by an independent variable, and several
dependent variables arc averaged.

* Though the most usual description of the second factor is the arithmetie mean,
_ot,ht:-.r measures, such ns sums, frequencies, percentages, ratios, medians, standard
deviations, and coefficients of variability, are sometimes used.
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TWO-WAY TABULAR ANALYSIS e

A two-way table shows the relationship of two independent variables
to one dependent variable. The variation in the dependent variable ig
said to depend on the two independent variables. _

In making a two-way table, the data are first classified according to '
one of the independent variables. Then, each group is subdivided
according to the second independent variable. The values of the de-.
pendent variable are then averaged for all the combinations of the
two independent variables. _ N

TABLE 3—TWO-WAY TABLE PR N

Revarion of Cro? YisLps AND Smi oF Farm To IN- ¢ Ny
coun, 907 New Yorx Farwms, 1927 s\

N

AT A

“Size of furm, units .
Yields, index ) \\ J

Less than 215 fo '\ (" 345 or

215 34 more

Ineome < fl’ fcome Tncome
Less than 90 $-110 o * $+288 | $+ 600
90-109 + 3i% +158 + 711
110 ¢or more 4202 500 43,261
s\ -

e

The 907 farms wereﬁ}s} classified by crop yields into three approxi-
mately equal groupsi-Each of these groups was then subdivided into
throe subgroups O the basis of the cacond independent variable, size
of farm. The ,dé%"limits for size of farm are given across the top of the
table. At thigvpoint there were nine groups, the largest of which con-
tained 13}? farms, and the smallest, 84. The incomes for cach group
were adﬂea and averaged. An orderly arrangement of these averages is
shéwh in table 3. _ ' _

Siich a table enables one to analyzc the relationships of crop yields

and the size of farm to income. There are several ways to look at such

a table: the columns ean be read vertically, the Tows hoﬁz?nt.ally, or .
able is read down, 1t appears cn

~ the whole table diagonally. When the 1 :
that Incomes generally inerease with crop yields, regardle_ss of the size
of the farm. When read across, it appears that incomes increase with
size of farm, regardless of yields. If the table is read diagonally across
from the uppor left to the lower right, it appears that_- large farms with

1 The numbers of farms in groups were 352, 284, and 271.
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good crop yields made $1,261, compared with a loss of $110 for small
farms with poor yiclds.

Tn the first column of table 3, enly farms of less than 215 units are
considered; in the second column, only farms of 215 to 344 units; and
in_the third column, only farms of 345 unitx or more. Thus, in each
column, the size of farms is held constant in order to study the relation
of yield to income when size remains the same. The fiest column of
~ table 3 shows that for small farms incomes rose from — 5114 Lo +8202
as crop yields improved. A

7

When the table is read across, size of farm fluctuated, while iri(zlds
were held constant at three different levels. When erop yitlds were
constant at 110 or more, incomes increased from $202 te “n 13261,

A two-way table is the simplest and frequently.fhty most effective
way of studying the “multiple” relationship of Pt }ndvpenduxd vari-
ables to one dependent variable.? \\

THREE-WAY TABULAR, A:NXLYSIS

A three-way table shows the relatigpéh’ii:) of three independent vari-
‘ables to the dependent variable. Th€Yarms were first divided into tw0
approximately equal groups on the basis of “poor’” and “good” yields,
the first independent variable, These groups were then subdivided on
the basis of size of farm abd again subdivided on the basis of labor
' efﬁciency.“ There wer a%’glft groups containing from 45 to 181 farms
each,” for which thexjotals and sverages for income were obtained.

The eight averages/were arranged in an orderly manner in table 4.
A three-way tabga\is much more difficult to interpret than a two-way
table because: there are more possible comparisons. For instance, one
might be inberested in studying the effect: (1) of size on income, with
vields and ‘efficiency held constant; (2) of efficiency on income, with
_ yieldsiand size held constant; and (3) of yields on income, with size and
- éffitithey held constant.

* A multiple relationship is one involving two or more independent variabies.

¥ The order of grouping and subgrouping does not affect the numbers in the sub-

groups or the sverages, '
7 Although each independent variable was divided into two approximately equal
grO}lpE!, there wa3 considerable variation in the number of farms within subgroups-
"I“hls”waa d.ue to the presence of an interrelationship, There were 45 farms with

low” efficiency, “large” size (and “poor” yields), *“T.ow™ efficicney on “large”
farms was not common. ’

There were 181 farms with “low” efficiency, “small” size (and “poor’’ yields)-
Jow efficiency on small farms seemed to be the rule. In other words, there 88 .
- an interrelationship between two independent variables, size and efficiency. ‘When
such interrelationships exist, the size of subgroups will not be uniform.



. ponding averagesin the zecond;

_comparison for the other three

¥

FOUR-WAY AND HIGHER-ORDER TABULAR ANALYSIS 125 A

If a student were interested in the first relationship, size and income, -
he would compare the average incomes in the third column with the
corresponding averages in the fourth. Except when crops were poor
and efficiency was low, incomes increased with size of farm. Size of farm
is an important factor affecting income, but the nature of the effect of
size depends on whether other factors arc favorable. Since poor yields
and low efficiency make for losses, large farms with such conditions
would lose more than small farms.

If the student were interested in the second relationship, the effegt
of efficiency on income, he would compare the average incomes int the

N

first row with the corres- _ o
TABLE 4—THREE-WAY T\A‘BLE

and those jn the third, with Rmuarion o Crop.YISLDS, S’ or Fan,
those in the fourth. With aNP Lapor EFFICIENCY, /70 IxcomE, 907

, . ’ Earye, 1927
yield and size held constant New YORK JARY

at poor and small, respectively, O Size of farm
income rose from —$119 0 | Crop- Eﬁicl\n -
8384 as efliciency increased | yields' () eney !

. .. Small Large
from low to high. A similar ‘

 Income | Income

pairs of incomes shows the .;Pg’)or. low §-119 | $ 271
same general relationship. JNPoor high +384 | -~ +b02
~ Ifthestudentwere mtgrqgteﬂ Good Jow 1101 41232
in the third relationshipf the | qged high | +861 | +1,139

effect of yields on incdme, he | -~ ————""""
would compare thé Yaverage i

incomcs in the Grsf/row with the gorresponding averages in the thu:d-;
and those in thés"écond, with those in the fourth. With efficiency and size

\&

held constant/at high and large, income rose from $502 to §1,139 with
better g,-rb;} yields. '

N0 ' FOTUR-WAY AND HIGHER-ORDER TABULAR ANALYSIS

There is no limit to the number of yariables in higher-order. ta'.bula.r
analysis oxeept the number of observations and the nur_r_lber of variables
which arc related. With each additional subclassification, the number
of groups is increased, and the number of observations m’each' group
is thereby decreased. Unless the . total number of observafions 18 _VBI'Y
large, the numbers in each group are fikely to become too fe\v_for lrehable _
averages. In the threc-way table, the smallest subgroup cont-amed. 45
fmms. In a four-way table, which would involve further subgrouping,
the smallest number would probably be 15 to 20 farms. In a ﬁve-way
table, the smallest number might be reduced to 5 or 6,
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The difficulty of interpreting tables inereases “geomotrically” with
the number of variables involved. Fourth- and higher-order tables
become so complicated that it is almost impossible for the human mind
to grasp the significance of all the many relationships shown. Further-
more, four-way and higher-order analyses are not so useful as one-,
two-, and three-way analyses, bocause in most problems the preater
part of the variability is due to the effects of only one, two, or three
independent variables.

LINEAR RELATIONSHIPS \

. In tabular analysis, one can quickly observe by inspcct.i(m\;ﬁ*}mthnr
any relationship exists and, if so, the dircction of the Tdlitionship.
With a few simple calculations or with a simple graph ,(iff‘js possible to
determine whether the relationship is lincar or curvilinGiw' A relationship
is linear when each unit increase in the indnpc11d(r.1ﬂ>V:1ri:Lbl@ is aceom-
panied by a constant increase in the dependait™variable throughoeut
the range of the data. For example, an incregs&f 10 in X might always
be accompanied by an increase of 6 in ¥y \rogardless of how large or
how small X; became. This would be cazllééi a linear relationship.

TABLE 5—TABULAR ANALYSIS OF A SIMPLE
LINEAR RELATIONSHIP

REtaTioNn oF Size omBusixess 1o OpERATING CosTs
oF 173 CooPERamiys CrEAMERIES,* MINNEsOrs, 1934
4\

s\ J
Butté\m:iﬂc, pounds Cost per pound, cents
Lessithan 125,000 ... .. ..., 3.55
125\;000 t0 249,090, ., ..., 3.21
/250,000 t0 374,999 . ... ... 2.91
§ 75,000 t0 499,999 ... ... ... 2.62
A 500,000 to 624,999, .. ... ..., .. 234
AN 625,0008nd over. L 2.13
\ } All groups 2 65

*Koller, E, T., and Jesness, Q. B., Minnesota (oop-
e.{'a.tive Creameries, University of Minnesota, Agricuttural
Experiment Station, Bulletin 333, p. 61, September 1937,
Ordinarily, tables gi\rg the number of items in cach group.
The numbers of creameries from small to large groups

were 9, 53, 50, 32, 15, and 14,
' The effect (?f size of business on the cost of making a pound of butter
illustrates a simple linear relationship (table 5). The cost per pound of
butter, the dependent variable, is related to the size of business, the
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independent variable. Since the cost declines with increasing volume,
the relationship is & negative one. . -
The relationship is also Lnear. Each increase of 125,000 pounds in
wze of business decreased the cost about 0.30 cent per pound. The difier-
ence between the first two groups was 0.34 cent; the second and third,
0.30; third and fourth, 0.20; and : -
fourth and fifth, 0.28. Cost, cents
The linearity of the relationship
becomes more apparent in graphic
form (figure 1). The approximately -
constant rate of decrease in cost is
shown by an approximately gtraight
Line. Since the ratc of decrease in
cost was practically constant for
the whole relationship, it may be
approximated by a single value.
The difference between the first
and fifth groups was 1.21 cents.
Since the difference in size of busi-

ness was 500,000 pounds of butter, PRY. A t {
200 400 600

the rate of decrease in cost was 0.30 &8 000 pounds
cent per pound per each increase off'  JIGURE L—LINEAR'
125,000 pounds in production (21 RELATIONSHIP

+ {500,000 = 120’000) - QZE{B'B]’ O  papaTioN oF Bizk OF BUSINESS TO THE
a decrease of 0.0000 2{.1381113 per  Cosr or MagiNe s PouxD oF BurTeR
DOllTld Wlth gvery increase of 1  As gize of business incrensed, costs declined

: . 5 NG R st o faidly coustant Tate. Sueh a relationship is
p()und 1 pr OdHCt}()\n'(l'zl " 300’000 -tormed linenr hecguse it follows the pattern of

= 0000002{12) .\: 7 & straight line.

'\
N CURVILINEAR RELATIONSHIPS

"The télation between the age an vields of peach trees illustrates the
t&bl\ﬂ';ir'analysis of a simple curvilinear relationship (table 6). The tech-
Iﬁqlfc is no diffcrent from that for the lincar relationship in table 3. The
difference is in the relationship itself.

As peach trees grew from 3 to 13-14 years of age, yields inereased
from 0.64 to 1.76 bushels per tree. From 13-14 to 23-24 years, yiclds
decreased from 1.76 to 0.86 bushel per tree (table 6). In other worids,
s trees grew older, yields increa.sed until the trees reached the age of

about 13-14 years and decreased thereafter. Because the change in

yiclds with each increase in age was not constant or even in the same

direction, the relationship wag. curvilinear rather than linear.
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A curvilinear relationship may be mort vividly shown in graphie form,
The average yields for different ages of trees were plotted and eonneeted
with g solid line {figure 2). In general, as age Inereased, yield inereased at
the younger ages and decreased at the older ones. The relationship may
" be generalized by the smooth, broken curve which first increases at a
' decreasing rate, then reaches a maximum, and finally decreases at an
" inecreasing rate.

. TABLYE 6. —TABULAR ANAL-
Bushels | YSIS OFF A SIMPLE CURVE S
LINEAR Ji.i'lLXl‘lUXSI:IIP

2
Revation or Aok op \UEacH

170~ Trezs 1o YIiELD pERNVREE*
. Y
B Age, years 4\ &keld, bushels
180 3- 4 0.64
5= 1.07
B 408 1.10
{NO-10 1.56
sof— >'11-12 1.27
) 1314 1.76
= O 15-16 1.58
. 17-18 1.59
50 ] ! ! ! 1SN 19-20 | 1.67
5.5 13.5 215 21-22 1.08
A N\ 23-24 0.86
FIGURE 2~—CURVILINEAR
RELATIONSHIP *DeGraff, H. F., The Influenceof
AcE AND YIELP;b;?‘“i:'EACH TREE Soil on Peach Yields and Peach

As age i e Tree Mortality, Farm Eeonomies,
@e Increased \yiclds incrensed until trees . = ) 57,
were about 13 ;;;yeara of sge, and then de. No. 104, p. 2533, December, 19

'clined.'SucI[:a?r“e touship is termed curnitinear Based on records for the Il-year

beeause it/follows the patiern of a curve, period 1926-1936, Newfane-Olcott
RN Area, Niagara County, New York.
NS

ABSENCE OF RELATIONSHIPS

\ 9,
A‘comr'non tendency is to ignore those analyses which show no
relationship. Frequently, it is just as important, however, to know that

- no relationship exists among certain variagbles as it is to know that it
" ‘exasts among others,

ADDITIVE RELATIONSHIPS

The effects of two independent variables on a dependent variable
.ha,ve already heen st‘udled by two-way tabular analysis (table 3). For
.the purpose of studying factors affecting labor income, 520 farms were
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divided into three groups on the basis of an independent variable,
crop vields (table 7). Hach of these three groups was subdivided into
three subgroups on the basis of the second independent variable, labor
efficiency. The average of the dopendent variable, income, was caleu-
tated for each of the nine combinations. The lowest income, —$87, was
obtained for farms on which both crop yields and labor efficiency were
low. Converscly, the highest income, $1,375, was made when both
yields and efficicncy were high. '

TABLE 7.-TWO-WAY TABULAR ANALYSIS OF A~ )
AN ADDITIVE RELATIONSHIF, WITH TWO
INDEPENDENT VARIABLES K4 N\

REeLaTION OF Laror EFFICIENCT PER Maw avp Cror N
Yieos to Ixcoms, 520 Farms, NEwW York, 1908, 3

- -5 o §
| Labor efficiency,® units &

Yields,* index ) W
- | Lessthan | 500 040 /1 N
200 ¢'¢) more.

AN
_ ,..____."_‘.-3—-

| Tneome | ¥ nltme Income
Less thar 86 $—87 _{\\% 210 $ 565
85 to 114 2R3N i 621 046
115 or more 675, - 1,038 1,875

* The averagesndexes of crop yields for the three
groups werel 78, 100, and 129, The average indexes of
lubor efidiency for the tirce groups were 146, 218, and
309. 79

PN
The relatiofship of yields to income Was sh
between oﬁgfirfﬂep(zndtznt- snd the dependent variable is called additive
when thas, felationship is the same regardless of the sizes of the other
indepéndent variables. The effect of yicld on income was the same

régardless of whother efficicncy was high, medium, or lFrw. .

hen efficiency was as low as 200 work units per a1, inereased yields
resulted in higher incomes (table 7). The difference in Incomes for farms
with high and low yields was §762 675 — (—-87.) = 762). When
efficiency was average, the difference in incomes with hig}_:n and lu'w y}elds
wag §828 (1,038 — 210 = 828). When efﬁciency.was hlg?l, this dl'ffer-
ence was $810. Regardless of labor efficiency, an increase 1i crop yields
resulted in about the same number of dollars increase in incomes.

These increases, which averaged $800, Ieprcscnt-ec.i the nef increase 1n

income with a change in yields from poor to good, with the effects of low

igdditive.”” A relationship
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and high efficiency held constant. This is not the same as the total
effect of yields which one would obtain by grouping by yiclds alone
and not considering efficiency.

The average increase® due to yields was $800 [(762 4 828 + 810)
+ 3 = 800]. This increase accompanied a change of 56 points in the
index of crop yiclds (120 — 73 = 86). The averuge effect of cach unit
change in yiclds was $14.29 (800 + 56 = 14.20).

The natwre of an additive rela-
hnsorme | tionship may be more clearly ob-
$1300 — served from its graphie fornd "Fhe
relationships between yitlds and
income for high, medipm, #hd low
officiency were ])ltgj’:,f,(;d as Lhree
separate lines (ligdee 8). The three
lines all incm{{@d at about the
same rate el is, the lines were
approxi:u\ht‘cly parallel. This indi-
cated flint, as yields beeame hotter,
ingemes rose by about the same
.amount regardless of whether effi-
L\ Selency was high, medium, or low.
N o When crop yiclds were low, lesd
3 100 ~ 12  than 85, the diffcrence between
Yields \ incomes on farms with low and high
FIGURE 3.—AN ADm':ﬁ‘VE . e =65 _ (—87)
RELATIONSEP efﬁ?l-ency was $652  [365 — o
“RELstion oF Yierpd Bo INCOME FOR - 652]. For I:ﬂ()d(:)_‘il-tc and 11’5
Parys wire “Hisk' “MEDIUM,” AND yields, these differences were $663
“Low” Jasok Erricrency and $700 (table 7). Regardless of

The effect o $ells on incomes was about the  CLOP yields, an increase in laber
Sameregﬂr%ﬂ efficiency. All three linessloped~ @fficiency resulted in about the
upsard, afd, the rates of change wors about the  gamo inereases in incomes. The
same. Bieh & relationship is terined additire,

O average jnerease duc to efficiency
was $672  [(652+ 663 + 700) + 3 = 672]. This increase acecompanied
& change of 163 work units per man (309 — 146 = 163}. The averagé
effect of each unit increase in efficiency was $4.12 (672 =+ 163 = 4.12).
The effect of efficiency on income for three different yields could be
shown in a chart similar to figure 3. The three lines would be approxi-
mately parallel,

High efficiency
1160

900
700
00
300

+100

Low efficiency

—100

* This average incrcase is an unweighted difference. Methods of weighting differ-
ences by the number of ohservations are given by Harper, F. A., Analying Tata

for Relationships, Cornell University Agricultural Experiment Station, Memoir 231,
p- 10, June 1940,
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In figure 3, the effect of efficiency is shown by the differences between
the three lines. The middle line is above the lowest line because of a
difierence in efficiency. The fact that the middle line is about the same
distance above the lowest line throughout their lengths indicates that
the effect of efficicncy was always the same regardless of yields. Thus,
in figurc 3, the effect of yield is shown by the slopes of the lines; and the’
effect of cfficiency, by the levels of the lines. _ '

The fact that the lines all have the same slope indicates that the
effect of yields was constant for all levels of efficiency. Also, the fagts
that all the lines were paratlel indicates that the effect of efficienty
was constant for all levels of yicld. The mathematically adept dill'note
that whenever all three lines have the same slope they must peparallel,
and vice versa. This means that, when the effects of yield$are constant
for all levels of efficiency, the effects of cfficiency must be constant
for all levels of yiclds. In other words, if the offect of gields is independent
of efficiency, so also is the cffect of efficiency 1 dependent of yiclds.
~ Figure 3 gives a clue as to why such relatignships are called additive.

The average income for poor yields andNow efficiency was —$87, the

lowest point on the lowest line of figlwe 3. Since the effects of hoth
yields and efficiency are constant fox 21 values of each other, the ineome
for any combination of yields angl:'éfﬁciency may be obtained by adding
_to —$87 the average effect of'yield and the average effeet of efficiency.?

All the points to the rightvon the lowest line of figure 3 measure the
additive cffects of yiclds. Thesc effects are termed additive because
they arc the same a8 the average effects of yields measured on all three
lives. In fact, theg<should have been termed average effects instead of
additive offcct@y

As onc moyves from the lowest point of the lowest line, —$87, to the
lowest pq\':x}t of the middle line, $210, and of the upper line, $565, the
differehecs between these low poinfs measire the additive effects of
effitienicy (figure 3 and table 7). These offects are termed additive
bedause they are the same as the average effects of efficiency measurcd
by the differences between lines af three different points.

Ii one moves from the lowest point of the Jowest line, —$87, to the
centor of the middle line, $621, and to the highest point of the upper
line, $1,375, the differences between these points measure the add;’tive
effects of both yields and efficiency. Again, these effects are called
additive beeause the effects of yields and of efficiency between any two

" The average increase due to high over low efficiency was $672; and that due to

Zood over poor yields, $800.
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points are always about the same as the average effeets of yields and
efficiency for the whole problem, $14.20 and $4.12 per unit, respectively.
Relationships are said to be additive when the dependent variable
for any combination of two independent variables can be accurately
determined by adding their average effeets.
" From the two-way tabular method, the following fnets were learned:
The relationships of both independent variables to the dependent
variable were positive, linear, and additive; the net rate of inercase
in income with each unit increase in yields was $14.29, and inlabor
efficiency, $4.12. The presence of a multiple relationship was unguestion-
able. R\ \) :

N

JOINT RELATIONSHIPS

When the effect of an independent variable 1= not mna{'mt for all
values of another independent wvariable, the rel "tﬁonshlps arc not
additive, They are joint.

s,'

TABLE 8 —TWO-WAY TABULAI 'A’;.'T\“A'LYS[S OF
A JOINT RELATIONSHIP, WNTH TWO INDE-
PENDENT VARIABLI',S

REMTION oF YIELDS AND SIZE or Business 1o IN-
comE, 620 Topacco, F,mr.m, Vircivia,* 1933

Py

3

) “Bize of buginess, units
S
Yields, index, }* |
Less than | 350-500 600 or
N _350 | TOre
N

.\’ Tncome Income ‘ Income

"L@as than 85 $—254 $-329 $— it

N85 1o 100 -126 -135 ~118

WA\ 110 or more - 83 114 474
'"\} " * Underwood, F. L., Flue-cured Tobacco Farm Man-
\ agement, Virginia Agrieultural Experiment Station,

Te(:h.nical Bulletin 64, p. 222, January 1939. Total pro-
duetive man-work units were used as a measure of size.

The two-way tabular method may be applied to joint as well as t0
additive relationships. Both independent variables, erop yieids and sizé
of business for Virginia tobaceo farms, were related to the dependent
variable, income (table 8). The effect of size of business on income,
with yields held constant, can be observed by reading the rows of table 3
from left to vight. This relationship was sometimes positive and some-
times negative. When yields were low, the relationship was negativei
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and large farms received $310 less than small farms [—564 — (— 254)
= —310]. When yields were avcrage, large and smoall farms lost about
the same amounts. When yields were high, large farms returned $557
more income than small farms (table 8). Apparently, the effect of size.
on income depended on yields. Size and yields thus were jointly related

to ineome.

When the effect of one independent

changes with different values of

the other independent variable, the .

relationships are said to be joint.

The nature of joint relationships
can be shown graphically (figure 4).
The three lines represent the
relationships between size and in-
come for three different yields.
The three lines sloped in three
different directions. This indicated
that, as size increased, income
might decline rapidly, stay the
same, -or rise rapidly, depending

on whether yiclds were POOL -

medium, or good. N

The average effect of largg Qver
small size was $85 [(—311(1\4—8—!—
557) + 3 — 85]. Howeviefythe aver-
age effect does not gell the whole
story here begalise the actual
effect of size Aor/any given yicld
was never 885 .

The relaé on of yield to income,
with sifslof business held constant,
“'ﬁﬁfaIWa-ys positive, regardless of
whether farms were large or small

(table 8). However, increascs in crop

large farms than on small ones. Om small :
For average-sized and large farms,

was $171 [—83 — (—254) = 171].
the corresponding increases Were
increases were all greatly differe

average. the relationship of yields to income Was :
on . ot va e is jointly related with a second.

on the dependent, S0 is the sec.ond
the first, independent variable. Since

~ When one independent variabl
fndependent variable in its effect
independent jointly related with

on the dependent variable

Incomel .

$450) Good yie]ﬂs
300
150
0 |—
~NY;
- 15.0 *t ) ‘\ ®
-,30b =4 . Poor yields
\ :—45{] =
—eool] i !
251 a58 936
Size
. FIGURE 4—AJ OINT
RELATIONSHIP
RuLATION OF Y (ELD3 AND SizE oF Busk+

NEgs TO INCOMES WITH “(Goop,” " Me-
DI, AND “Poor” YIELDS

The effect of size o income is diffarent with
varying crop yicids, The slopes of the lines and
the rates of change were ull different. Such & 7Te-
lationship is termed Fetal

yields raised incomes more on
farms, the increase in incomes -

$443 and $1,038. DBecause these

.t and therefore not. the same as their

also said to be joint.
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size wag jointly related with yields in its effect on income, so yield was
jointly related with size in its effect on incomce.

The joint relation changed the effects of size and of yields somewhat
differently. As yields became larger, the eficcet of size changed from a
large decrcase to a large increase. On the other hand, the effeet of yields
changed from a small increasc to a very large increase,

The joint effects of size and yiclds as observed in table 8 are not
unusiial. Suceess or failure in farming depends partly on yiclds. Costs
are about the same regardless of yiclds, and, consequently, high-yielding
farms usually return a surplus; and low —ywl(hng [arms, often a defl(:lt

The amount of surplus or deficit, of course, depends partly on how

good or how poor the yields are, but also on the size of the faym. If a
farmer loses money because of poor yields, he can lose mm)l more on
a large farm than on a small one. Conversely, if he p;of1t~ from good
yields, he ean make more on a large farm, \
_ With the two-way tabular methed, the following f.,u’tk woere learned
concerning the effects of size of bumncss and.*yq\eldb on income from
tobaceo farms: The relationships of thebe ihdependent variables to
income were both positive and negatlw Sapproximately lincar, and
joint. The inereases in income with gize were —$310, +38, and $557;
and with erop yields, +$171, +3448) and $1,038. The presence of &
joint relationship was unquestionable.

H a relationship is additive £lis fact is apparent in the final averages.
Likewise, if the relatmn&hlp%s joint, this fact will appear. In cither
evenf, the method of g?@}lpmg the observations and obtaining totals
and averages is exac(i{f bhe same. A knowledge of the nature of relation-
ships comes after Bh€Avork has heen completed.

O
H'QN-NUMERICAL INDEPENDENT VARIABLES

Thus far\a}l variables have been measured in numerical terms. It
is ofterkdeqrable to analyze the relation between a dependent ve rariable
nugierically described, such as price or income, and one or more inde-
pendént variables qualitatively described, such as type of soil, 8%
race, color, breed, or grade. Tabular analysis is as adaptable to non-
nurerical as to numerical independent variables.

The effect of grades on the price of steers illustrates the tabular analysis
where the independent variable is non-numerical (table 9). The inde-
pendent variable, quality, is desceribed not by numbers, but by adjectives.
The relation befween the quality and price of cattle was positive. The
diffcmnces in price between successive grades from common to choice
became less and less with each increase in grade. This might lead 0ne
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to the conclusion that the relationship was eurvilinear. In reality, there

" is nothing in table 9 to indicate the pattern of the relationship. There is.

one grade difference belween common
and medinm and also belween medium.
and good. This does not mean that the
two differences are the same in torms of

some numerical measure of quality. For -

this reason, a unit rate of change cannot
be caleulated for a relationship in which
the indepcndent variable 8 non-numer-
ical, and whether the relationship is
linear or cwrvilinear cannof be de-
termine:l.

Multiple relationships with two non-
numerical independent variables can also

be analyzed by tabulation (table 10). The '

value of farm land varied with the type of

road and class of land. The highest.

valuations were found [or good lund on
concrete roads. When land was poor,
value was not associated with the type
of road, whereas, for good land, fa;‘m’é on

TADLE 9. —ONE-WAY TABU-
ULLABR ANALYSIS OF A
RELATTIONSTIIP WITH A
KON-NUMERICATL INDE-
PENDENT VARIABLE

RELATION oF -GRADE TO THE
Pricz or Carrie® eer 100

Pouwps, Cricaco, 193¢ O\

|

i N
- Grade Price)
) A
Common | N\ 7.51
Medium 1. 8.77
Good \ g\ 9.81
" ChdiedY 10.48

*’J{}d&n, .B. M., Livestock,
Mehts, and Wool Market Statis.

{\i¥és, 1039, mimeographed report

“of the United States Department
of Agriculture, p. 54, May 1940.

concrete roads were worth about'ene-third more than those on dirf roads.
"Tabular analysis with thige, Tour, or more non-numerical independent
variables 15 also possikl\e{f&e relation of season, type of store, and size

N

TABLE, 100IWO-WAY TABULAR ANALYSIS WITH
TWO NOSINUMFRICAL INDEPENDENT VARIABLES

(N
Rupagidi or Roaps anp TaND CLass TO

rHEE VALUE OF FARM

,\\~' Laxp, Cimron County,” NEW Yorg, 1934

al

AN Land class
"\ ¥ _._-___-__________,,_____.————-
\ ) ) Type of road
Paor - Fair Gocd

Value land

Dirt ov gravel .. ...... $15
Macadam. .. ..... .. 11
Conerete. . ..oo..v.-nn- 17

* White, 0. JL., An Economie 8t
Clinton County, New York, Corn
Experiment, Station, Dulletin 659, p.

Valie land | Yalue fund

$18 $41
25 46
29 He

udy of Tand Utilization in
ell University Agricultural

45, April 1933,
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TARLE 11—THREE-WAY TABULAR ANALYSIS WITH
THRELE NON-NUMERICAL INDEPENDENT VARIARBLISS

RELatioN oF 8Eason, TYPE oF STORE, AND S1z8 0F CoNTvaiNLl 10
WesKLT SALEs oF EvaroraTep Mink,* Recuester, NEw Yok,

1631
I
Winter I Sumntner
’ Bize
of Tnd Ind |
can ndepen- ) ndepen- | -
dent Chain dent Chain A~
L)\
Cans milk | Cans milk | Cansmilk | Cans mall\ *
sold sold sold | sold™
Small, ...... 60 162 62§ {208
Large....... 75 243 65 l.\‘\' »2066

* Mumford, H, W., The Sale of Milk and Creiwd 'th:r: nigh Retail
Grocery Stores in Rochester, New York, FarmLidononiies, No. 5,
p. 1911, May 1933, o\’;,\
_of containcr to sales of evaporated milk involves three non-numerical
. ndependent variables (table 11), S‘anle’slof evaporated milk were greater
in chain than in independent store§ greater in large cans than in small
ones, and usually greater in sumiter than in winter.

Of the three factors related to the retail price of potatocs, type of
store and income area Wepd non-numerical, but grade was numerical
(table 12). Type of stére and income were not related to price. Grade
may have affected price slightly, but the relationship was doubtful.

\X
TA?LE -12-"-1T\HR_EE-WAY TABULAR ANALYSIS WITH TWO NON-
. NUMERIGAL/AND ONE NUMERICAL INDEPENDENT VARIABLES

ReLamioN 08 GRADE, Tyre oF SToRE, AND INCOME AREA To THE RErAIL PRICE OF
" Poraroms per Prck,* RocHEstER, NEW YoOrRK, 1936-37

r —

N o
\ 3 _ Independent stores Chain stores
Grade,
per cent
U. 8. No.1 High-income | Low-income | High-income | Low-income
’ ares : areq ATeA Aared

Price potatoes | Price potatoes | Price poiatoes | Price potatoes
7580 . ... 35.7¢ 33.44 35.0¢ 34.3¢
90 or more. ... .. 35.7 35.5 36.4 36.6

* Fiﬂdl‘«in; P. I, Relation of Tncome to Grade of Potatoes Sold in Rochester and
Bufiulo, New York, Farm Economics, No. 110, p. 2684, Nuvember-December 1938.
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NON-NUMERICAL DEPENDENT VARIABLES

When the dependent variable is numerical, relationships are usually
studied by averaging it for different classifications of the independent
variables (tables 1to 12). When the dependent variable is non-numerical,
its average cannot be obtained, and some other method of analyzing
the relationship must be used. A common method is to classify the data
first according to the independent and then subelassify according to B
the dependent variable, or vice versa. Then, the numbcers of observations
falling in the different combinations are counted. S

N

. : AN
TABTE 13.—TWO-WAY TABULAR ANALYSIS WITH NON-NUMERICAL
INDEPENDENT AND DEPENDENT VARIABLES hy

. . £ N
BELATION 0T (JONDITION OF THE BARN TO THE (loNDITION OF TuRAlQUsSE, REFOR-
gaTATiON ARBAS,T Nuw YOEK SrarE, 1935 S

Condition af{)arn
Condition R 9.\
of house AN, .
° (Gone Falling | W Egor - Fair Good
Nuomber | N u-m!;,ér: 9 Number | Number Number
Jarms ,{a’,r‘m‘:; farms | Jarms Jarms
Gone......ouoiiiianns 51 | 10 4 2
Falling............... g A 20 8 1 0
Poor.......... ... ’g..t\ 8 29 6 1
Pair.. ..o \\b 2 1 23 o u
Good................ N, D 2 2 i ]
.. 2 ] R
Tatal......... 4% 13 37 51 - 40 20

e V.

* La Monf} Tl\lu, State Reforestation in Two Now York Counties, Cornell Uni-

versity Agriciitural Fxperiment Station, Bulletin 712, p. 13, February 1939.

*

(New York farms purchased by tbe state for reforestation, the

On
cotidition of the house was related to the eondition of the barn (table 13).

On 73 farms where the barn was gone, 51 of the hiouses were also gone;
d (table 13). On the 40

8, falling; 8, poor; 6, fair; and none weye 500
farms where the barn was fair, only 4 houses were gONe, and 29 We;e
fair or good. Apparently, the condition of the house was related to the

condition of the barn. There might be some difference of opinion as to

which should be considered the dependent variable. If the condition of

tho barn were dependent on the house, able 13 might be amalyzed TO%
by row instead of column by column. )
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Table 13 is really a two-way frequency distribution in which the
variables are non-numerical.

Frequently, the number of farms would be changed to pervcentages
of totals. For example, when the barn was gone, 70 per cont of the houses
were also gone (51 + 73 = 0.70). When the barn was fair, the house
was gone for 10 per eent of the farms (4 = 40 = 0.10).

TABLE 14—TW0O-WAY TABULAR ANALYSIS WITH A NUMERICATL IN-
DEPENDENT AND NON-NUMERICAL DEPENDENT VARIABLE

RELATION OF S12E OF FARM 0 THE CROPPING BYsTEM,* TRRIGATED [Fanys, WroMiNG

- . B

2 AN
Kind of crop P N
Size of farm, acres y ‘
Sugar Beans Alfalfa h‘lff?“ QOther
heets ’\gmm

N7

Per cent of | Per cent of | Per cgal 3 Per cont of | Per cent of
Crop acres i crop acres | crop gres | crop acres | crop acres

200rless............ 15 21 o7 25 12
21— 40.............. 10 23 (\Y a8 25 3
HN-60. .. ... 16 27,8 7 381 24 2
BI- 80.............. 14 387 27 19 2
R1-100. . ............ 14 o3t 36 15 1
10l and over.......... 11 o7 31 29 2

* Vass, A ¥, and Pearson, Hj\Economic Studies of Trrigated Farms in Big Torn
County, Wyoming Agricu.h‘u\lc'{l Experiment Station, Bulletin No. 205, p. 72, May 1935,

~ When the indepéndent variable is numerical and the dependent
vatiable is nomapdiherical, the same method of analysis is usually
employed. A gtady of irrigated farms included a numerical independent
variable, %é\‘o’f farm, and a non-numerical dependent variable, kind
o_f cropgd ¥he object of the tabulation was to determine whether the
swe'()&"f farm was related to the kind of crops grown. Apparently, as
fam}s’became large, the importance of beans inecreased and grain

reased until the farms were over 100 acres in size (table 14). On
most farms, only 1 to 3 per cent of the land was not in either sugar
beets, beans, alfalfa, or small grain. However, on very small farms,
12 per cent of the land was in other crops.

Two- and three~wiy frequency distributions are relatively incfficient
methods of analyzing and showing relationships.®® When the dependent

™ A relationship shown by & two-way frequecy distribution can be shown by 8
one-way tabulation when one of the variables is numerical. 1€ each variable had
five clagsifications, there would be 25 numbers in the frequency distribution and
only 5 averages in the tabulation. A relation shown by 5 numbers is usually more
effective than one shown by 25 numbers,
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variable is non-numerical, however, other methods are not adaptable.
When the independent variable js numerical, some students attempt to
simplify the problem by grouping data actording to the dependent:
variable and tabulating the independent. '

HOLDING INTERRELATED VARIABLES CONSTANT

With two-way and higher-order tabular analysis, it is possible to study
the effeel of one independent variable “holding other variables eonstant.”
The effect of the independent variable, size of herd, on the dependents

. variable, income, with labor cfficiency held constant, can be studied by
comparing average incomes from different-sized herds on farms ‘with
the same labor efficiency (table 15). When herds were small and labor
efficiency low, income was $190, compared with $406 whent ‘herds were
small and cfficiency was high. The difference, $216, might’be ascribed
to the differcnce of 11 tons of milk per man. However, labor efficiency
aud size of herd are interrelated. In & strict sensp&s}bor efficiency is not
an independent variable, but itself depends qr{t\ﬁe size of herd. Of the
herds classified as small, the less efficient faxms averaged 9 and the more.
efficient farms 13 cows. The classiﬁqgﬂoﬂ really does not hold the
number of cows completely constantThe difference of $216 is only
partly due to the difference in Giffelency. Some of the difference in
income is probably due to t-hg"di‘ft"erence of 4 cows in size of herds.

TABLL 15.—TW0-W1'& TABULAR ANALYSIS WITH IN-
TERRELA‘{EI} INDEPENDENT VARIABLES

RunatTiox orF Sz oF HERD AND Lapon ErFicreNcY TO IncoME

R
Sizblnf herd, Labor efficiency,
Humber of cows tons of mitk per man Income,
- § - . ———| average
) .\'t »*Group Average Group | Average
a \¥Y/ —
‘ Srmall 9 low 20 $190
Small 13 high 81 406
Targe 19 low T 23;
Large 27 | high 36 | :

large, the difference of $308

Likewise, when the number of cows Was
ficiency was partly due to

in income between [arms high or'low in &
the difference, 8, in the number of cows.
The difference in incomes on Jarge and
 appeared to be §194 (384 — 190 = 194).

small farms with low efficiency
However, part of this differ-
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ence was probably due to the difference between 20 and 27 tons of
milk per man.

The above example is ah illustration of an extremely high degree of
interrelationship. Most interrelationships arc much less marked. Never-
theless, the failure of the tabular method to hold completely constant
ihe effect of interrelated variables is & shortcoming. This failure can
be minimized by increasing the number of classifications for both
independent, variables. Many students who recognize this shortcoming
take pains fo obtain group AVerages for not only the dependentdut
also the independent variables (as in table 15). From the avepaggy of
the independent variables, disturbing interrelationships can he detgeted.

CHARACTERISTICS ~ N

"Tabular analysis is a method of analyzing 1oiatlonbhlp°» Rolatlons‘mpq
are the most important problems of life and, consequently, the statis-
tician’s most important problem. The great magsel scientific workers
in all fields usc tabular analysis almost to t})Q\ exclusion of all other
‘methods, However, most texthooks 1g1101bx the tubular method of
analyzing rclationships or merely give it{ Drief comment.

The tabular method shows whetherjany relalionship cxists. This is
indicated by the consistency withs which the de pendent variable fluc-
tuates with changes in the independent variable. Tt shows whether the
relationehips are positive or megative. Tt indicates whether the relation-
ships arc linear or curvlhm?ar It shows the rates of change for linear
relgtionships and the ure of the curves for curvilinear relationships.
The method indicatés whether the relationships are joint or additive.
If they are joint, ghe nature of the joint relationships is revealed.

When the puwber of observations is small, tabular analysis has an
important, defdet. The number of data represented by group averages is
too smallstovgive reliable vesults. The number of observalions in any one

" group, de,penda not only on the total number but alse on the number of
g:xmfp‘s and the distribution within groups. The rveliability of a group

WMost textbooks discuss in considerable detail wethods of constructing tables
and ignore tabulation as a method of analyzing relationships,

Rowley, A. L., Eilements of Statisties, Fourth Kdition, p. 62, 1920, points oub that
tabulation is a method of showing corrclation, the correspondence in the vecurrence
of two sets of phenomens.

Jones, D. ., A First Cowrse in Stafisties, p. 18, 1921, points out that tabulation
is a very uselul method of studying correlation. He proceeds no farther with {abula-
tion, but devotes several chapters fo correlation.

Ezekiel, M., Methods of Correlation Analysis, 1941, recognizcs the problem and has -
two short chapters on tabulation. Its use is discussed mostly on the basis of the large
number of observations needed, and the fact that it gives no exact index of the close
ness of association.



CHARACTERISTICS B 141

" average depends not only on the number of items but also on the vana-
bility in the data and the dogree of relationship. Nevertheless, the
possibilities of tabular amalysis in showing relationships aceurately,
completely, and in adequate defail are directly limited by the total
number of observations. For scanty data, this fault outweighs all the

 important advantages of tabular analysis.

"The subgrouping device of the tabular method does not always hold
the effeet of independent variables constant. However, this limitation
is serious only when there are marked interrclationships hetweems
independent variables and when the number of classes issmall.

Tabular analysis is somewhat “wasteful”” of data. Becausc of inter-
relationships, the number of observations in the different subglj?)ups of
g table arc not the same. In comparing an average of 20 itemg with an
average of b items, the reliability of the comparison is limited by the
smaller group. '

The usefulness of higher-order tables is somewdiab limited by their.
complexity. One-way tables are easy to ana.lyﬁts}’l"wo-way tables are
somewhat more difficult. Three- and foug=way tables require much
more time than most persons are willing t0”give. In such tables, the
number of figures to be compared, thé number of relationships, and
their joint effects multiply. A threé~way table with 3 different values
for each independent variable cb;itéins 27 ditferent values of the de-
pendent variable and 3 genergl relationships, as follows:

RN
,and X, (27 comparisons)
Xand Xy (27 COMPATISOTS)
oK, and X (27 comparisons)

\ X

It also containg# joint relationships gach of which can be examined
in many diffctent comparisons. The 7 different relationships c?gld be
examincd 100 to 200 individual comparisons. This rnult-i.phmty of
P(?SSiblgf “éompurisons makes three- and four-way tables difficult to
interprét. _ ' .

Marge amount of judgment and common sense 18 rfzqu1ref1 for using
and interpreting the results of any statistical method, including tabular
analysis. - )

The tabular method has several important advantages over other

methods of showing relationships. _ : ‘ i
From the standpoint of simplicity of the method of _analys%s, tabulation
licity of method 18 extremely

has overwhelming advantages. Simp
Important for at least two reasons:

1. Tt saves time. . )’ t i ortant.
2. It makes possible the factual study of science’s MOS mp
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problem—the analysis of relationships—by the great mass of research
workers in many fields. The great majority of scientific workers have
neither the time nor the inclination to familiarize themsclves with more
complicated statistical methods. In fact, if they had, they probably
would not have accomplished much in their own fields. Belentists can
visualize & simple process, and, because they can, they have confidence
in it. They use it becausc they understand it. Most research workers
~accept the simpler techniques, provided that they are satisfactory.

Jrom the standpoint of simplicity of presentation, tabulation has an
overwhelming advantage. Tabulation shows relationships in tefmis
commonly understood by all classes of readers. The rank and file of
laymen understand & table but arc confused by more comphcated
statistical results.

Tabulation is a fiexible type of analysis. The nature, OT t}u relation-
ship is not assumed at the outset. The technigue 1mﬂ1é same whether
the relationships are linear or curvilinear, additive o joint. The discovery
of these characteristics eomes In the interpr etatl\t)n, after the tabulations
have been made. : R

When one or more variables are non—minicrieal, tabulation methods
are just as simple and effective as Wheﬁ“tlle variables are numerleal.

<N
X



CHAPTER 9
CORRELATION

Farmers generally recognize that more lahor ig required to harvest
large crops than small ones. On 16 farms in 1938, it was found thap\
only 7.2 hours were required to harvest small crops; 10.6 hours, te
harvest average crops; and 16.0 hours, to harvest large crops (table’}).
This simple statistical analysis verifies with a considerable degree of
accuracy the obscrvations of farmers. ' - N

This problem of association is one of the most important problems
in life. T4 confronts all people in all walks of life from Bitth until death,
in their individual and collective activities. Some\lrelationehips are very
simple; others involve varying  papLE 1 _RELATION OF YLLD OF
degrecs of complexity. Most of ALFALBATO HOURS OF MAN LABOR
our knowledge concerning these REQUIRED TO HARVEST AN ACRE
relationships is baged on experi- .;.’j:' 16 New York Famus, 1938
ence, beeause it is impossible for A

the layman to make statistical ™y - Yield, tons Hours
analyscs and determine defidite R
relationships. For thosegelation- | 1.46023.2....c0evoe 7.2°

ships which appear to,b¢ orthy 9 B340 8.0 e 10.6

of analysis, the majority of G ltod d e
siontists follow babular analy- —
sis,! as illus’gr@i@d in table 1. The statistician, however, has ‘developed
mothods ofbexpressing such relationships in one number instead of
several, Dhis is the problem of correlation. o :
 Theworrelation coefficient is an attempt +0 summarize in one number
(o Btnount of relationship existing between two things. Many studer_lts
have difficulty in understanding correlation because of the comlple_xﬂay
of the methods used and because of the difficulty in interpreting the
result. The first problem of the student is to und(:r.stand the principles
involved in correlation; and the second, its calculation. C
Association and the principle of correlation may be s:tudled graphi-
eally. Observations may be armnged on a graph according to the “tay
they vary in respect to two characteristics. In 2 study of the relation

1 Tabulation analysis is discussed in detail ip chapters 8 and 15, pages 120 and 264

143
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of yicld to labor required in harvesting an acre of alfalfa, one observation
is one farm in one year. The data for onc [arm, of course, consist of the
average yield and the hours per acre required to harvest the erop. The
problem is to measure the manner and extent that yield varios with
labor from farm to farm. In figure 1, the vertical seale represents labor;
and the horizontal seale, the yield. Each dot is an obscrvation whose
loeation is determined by the two characteristics yield and labor per
acrc.? Lven the most casual observer will note that, as the dots are
placed farther to the right, that
Hours per acrel is, in the direction of the highier
20k /1 yiclds, they tend also, €N Tall
} o higher on the grapl)yin  the
Y direction of more lplﬁ‘pr' per aere.
15}~ S Hence, a relatiéhghip Dbotween
/ yicld and labowis indieated; as
Ve yield inerdusds, more labor is
10i- o /e . \ ]
7. 1'&3(11111‘9;1\10 harvest the crop.
g ‘This, rélationship may be gen-
s cdlized and described by a
L _a8traight line drawn through the
W4 dotsin such a way that it may
% L T 4'_0j:'. " be said to fit better than any
: Tons per acre e other straight line that could
FIGURE 1.—SCATTER DIAGRAM OF be drawn.® Just as auy single
YIELD OF ALFALFA PHR'ACRE AND  variable may be described by its
THE HOULRS OF MAN DABOR TO
HARVEST aASWACRE

N

arithmetic mean, so may the re-
\ & lationship between two variables

16 Nuw YoRuplanus, 1938 be described by the “line of
As yield iDcTCﬂ:ﬁtﬁ.:mom labor was required bo relationﬁhip.”

harvest the ero Phe straight line described this . .
tendeney. .s'\ Of course, not all theindividual

RN items equal the arithmetic mearn.
Neithier do they all fall on the line of relationship. The amount that
the items deviate from the arithmetic mean may be shown by short
solid lines perpendicular to the horizontal line representing the arith-
metic mean (figure 2). The squares formed by the short solid and daghed
lines represent the deviations squarcd. The sum of these squared devia-
tions, which may be written Z[z], is a measure of the degree to which
the arithmetic mean does nof accurately describe the data.

ad

2 8ych a chart is commonly called a scatfer diagram.
: Several bases for judging goodness of fit could be used. In practice, the line which

applics herc is that determined by the method of least squares, ¥ = —3.0203 +
5.3924X.
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' ODeviarions ]
th ' Deviation
‘;. -
+5[ }
T |
0 I3 h !
T T 11 HE| R
} l- : : : ta t I___JJ H j
I T_ J} - Arithmetic mean
- ....._.L_.l s st “
______ H A
-] - . X 2N
I [ 1 [ - 1 LSy |
1.5 2.0 2.5 3.0 3.5 40y ™ 4.5
Tong per acrs !
FIGURE 2.—DEVIATIONS AND SQUARES OF DEVIATIONS FROM
ARITHMETIC MEAN )

YigLn OF ALFALFA aND Homrs 70 HARVEST AN ACRE ON (6 NEw York Fanrms, 1938

i S The amounts that hours of labor deviate from the arithmetin, @i are shown by the short, solid,
verlical linns, Those solid lines arc perpendicalar toa horisontalline representing the mean. The squures
of these deviations are ropresented by the areas enelosad binthgsolid and broken lines,

In the above figure the single Ysgr’i’a'.ble, labor, was described by a
horizontal line. Labor may be alsg-déscribed by the Jine of relationship
helween labor and yield. ThisNine of relationship seems to describe
the amount of labor per aére on the farms more accurately than the
arithmetic mean. The c@ﬁﬁze to which the line docs not describe the
relationship is givensby“he sum of the squares of the deviations from |
this line. This measysé may be written 27z). It is obvious that the sum - . '
of squares about “wWhis line is smaller than that caleulated about the line .
I-Qpresenting.\t.lﬁu arithmetic mean (compare figures 2 and 3). This
indicates that’ the line in figure 3 is more descriptive of the relationship
than thé\line in figure 2. ' ) .
_ ;{‘hé’dfﬁercnce hetween the two sums of squares® gives the amount
S \'I}he squared deviations about the arithmetic mean might be averaged and their
' square root extracted. The resalt would be the gtandard deviation. The relationship
| may be shown algebraically as follows:

- a . N
1 1;/_%\@ — ¢, more commonly = 1/2_1:;-‘;— : )

ations about the line of relationship may be averaged and
algebrajcally as follows:

Likewise, the squared devi
their square root extracted and expressed

This measure, known as the gtandard error of estimate, i8 discussed on page 149.
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by which the original variability in labor per acre is reduced by con-
sidering yields. This difference, Z[1] — =[2], may be expressed as a
proportion of the total original variahility in labor per acre, £[1], and
. =T - 22 '
writien — >T] -
in labor explainable by variations in yield, is commonly represented
by 72 and is known as the coefficient of determination. Its square root,
r, is the corrclation coeficient. The percentage determination is 100

This ratio, measuring the proportion of variability

times o \
After the meaning of correlation is understood, the next pljob\lem is

the examination of various methods of its calculation. ™

Hours per acrei ..f .

piis] ol ..wj\.\

15

10

! ! SN [ | |

1.5 20, \° 2.5 3.0 35 4.0
N\ Tous per acre

FIGURE 3.—BRVIATIONS AND SQUARES OF DEVIATIONS FROM
. '\.. 7 LINE OF RELATIONSHIP
YIELD OF F:;}\tff‘a AND Tlouss 7o Harvest aN AcRE ow 16 NEw York Farus, 1938

p

‘The rect,;mhes plotted sbove and below the line are equilateral. Each side of a square is éhe amount
of labur;:’m'a given farm expressed a9 o deviation from the smount expected from the line of relation-
Shi}i' {The“area of each rectangle represents the square of this deviation.

\ LEAST-SQUARES METHOD

Although the least-squares method of obtaining the correlation
coefficient is not the easiest or the most commonly used method, it
logically follows the above description of the principles involved.

The first step is the calculation of the least-squares line showing
the relationship between tho two variables, yield and hours of labor.
To determine the straight line given by the equation ¥ = a + bX, the
values of @ and b are calculated by solving two simultaneous equations.
Their solution requires the prior caleulation of the following quantities:
Y, £X, 2X? and XY, which arc given to the left in table 2. The




LEAST-SQUARES METHOD 147

TARLE 2.—-CALCULATION OF THE LEAST-SQUARES LINE OF
©  RELATIONSHIP

V1aLp OF ALPALFA AND LABOR PER ACER 0N 16 Nuw Yonk Fanrus, 1938

Determination of the necessary valucs for Solution of the normal equations '
Yield, Labor, ) ' Y_oga +BX
Farm | tons per |hours per X2 Xy
number acre acre Ne+b2X —-Z¥ =0
X v aZX + b2X? — ZXY =0
T - 16a + 41.66 — 176 éﬂ
1 2.5 9 6.95 | 22.5 | 4160 + 116.06b — 500.2 £ O
2 2.6 10 6.76 | 26.0 | NN
3 3.2 15 10.24 | 48.0 Divide by the COﬁﬂlCIB'IIbS of b:
'; ?'2 12 g’fé 333 0.3846150 + b 230769 = 0
: o - - 0.358435a + 4309840 = 0
6 1.4 6 | 1.9 8.4 §G3gIR0G W+ 0070071 =0
7 2.7 10 7.29 1 27.0
8 1.9 8 361 152 ,'\\R’-= _3»0203
9 2.2 10 484 | 22.0 “\:.
i0 2.8 12 7.84 | 33.6 | Diyide by the coefficients of a:
1 3.1 15 961 | 46.5 | _
12 3.4 18 11.56 | 61, 20h ‘e -+ 2 800000k — 11.000000 = 0
13 2.9 8 4.84 | 196 2+ 2.78990456 — 12.0}%8_#[_)
14 i.8 6 304|408 —0.189904b + 1.024038 = 0
15 3.2 14 | 10,24 44.8
16 4.1 18 | 681 | 73.8 b = 53924
Total | 41.6 | 1765 116.06 500.2 = —8.0203 + 5.3024X

normal cquationd.énd their solution appear to the right of table 2
The line of, fé¥tionship, or the “‘regression Jine,”? as it is termed, 18
given by the equation

4

o Y = —3.0203 + 5.39024X

and4s shown graphically in figure 1.
The second step involves the determit
of labor per acre for each farm, based on the norma

§ The term *‘rogression” was introduced by Francis Galton in the latter part of the
nineteenth century. Galton correlated the relationship between the helghts of fa-thf:rs
and sons, He found that the mean height of tio sons of parents of a given type was

nearer the mcan height of the genefal population than were their parents’ heights. -

This tendency of the sons to revert back was called regression. The term reg;essian,
which originally described biological relationships like the above, through USage

gradually came to describe any relationship.

ation of the estimated bours
1 relationship shown -
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TARLE 3—CALCULATION OF THE CORRELATION COEFFICIENT BY
THE LEAST-SQUARES METHOD

YiELD OF ALFALFA AND LABOR PER AGRE o 16 Naw York Fanwms, 1938

Caleulation of o Caleulation of 8%
- t - *
Farm Labor, | Deviation Deviation | 1yg4inated . Deviation
number hours per from from Iabor, line D(!Vlltt..l()ll fram line
o, ‘ mean meand of relation from jlme squared
Y \ y Sq‘z‘,'re Y y TN
| A
1 9 I -2 4 10.5 Z1.5 #NN2725
2 10 -1 i 11.0 —1.0y 1V 1.00
3 15 +4 16 14.2 +008Y 0.64
4 12 +1 1 12.6 L4 6 0.36
5 5 -6 36 5.6 NN0.6 0.36
6 8 -5 25 4.5 "41.5 2.25
7 10 -1 1 1L\ —1.5 2.25
8 8 -3 9 (742 +0.8 0.64
9 10 -1 1 §8 +1.2 1.44
10 12 +1 1 D121 —0.1 0.01
1 15 +4 16 % 18.7 +1.3 1.69
12 18 +7 49, 15.3 +2.7 7.29
13 & -3 N 2 8.8 -0.8 0.64
14 6 -5 _|™ 25 6.7 —0.7 0.49
15 14 +3< 9 14.2 -0.2 0.04
16 18 A7y 49 19.1 -1.1 1.21
\\\\ : _ - —
Total 176 N 0 252 - - ‘ 22,56
A\ X
& = z—fg = 15.75(@‘.' %
$4 Ry e
st = iy \;\’ r= /‘/1 - a—ir r= 1/ l;(}ﬁSQa
YOONON — = +/0.6105
2258 r= 1/1 _ 14100 = 0.954
=5 = 14100 15.7500 = =2

[ the equation. This set of values is determined by substituting in
the equation the yicld per acre for each farm, X, and solving for Y, the
corresponding estimated normal labor requirements. The valucs of ¥
estimated from such an equation are commonly called ¥’, to distinguish
them from the actual values of ¥. For farm 1, the yield was 2.5 tons,
and the estimated labor required was 10.5 hours [¥' = —3.0203 +
(5.3924) (2.5) = 10.5]. For farm 6, the estimated labor required was
4.5 hours [Y’ = —8.0203 + (5.3924) (1.4) = 4.5]. The estimated values®

o These valucs might have been read from the straight line in figures 1 or 3
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for each farm obtained in this way are given to the right of the second
double line in table 3. _ :

The next step involves.the determination of the differences between
the actual hours, Y, and the estimated hours, ¥, for each farm. This
 difference, Y — ¥, or y', for farm 1 was ~1.5 (9-10.5 = —1.5). The
differcnee’ for farm 2 was —1.0, and so on. These deviations are then
squared, as shown in the last column of table 3. The deviations from the
line and their squares are shown in tabular form in the last two columns
of table 3; they are shown graphically in figure 3. One side of each of '
the rectangles tepresents a deviation; the area of the rectangle, the
square of that deviation. The sum of these squared deviations{3yds
992 56; and their average, 1.41, is eomparable to the squared sfandard
deviation, ¢?, except that the. doviations are taken abouts %hp line of
relationship rather than the arithmetic mean. This pigasure is the
squared standard error of estimate,® or the variance‘ﬁ]g}out the line of
relationship, : : \
, Sy 29 56 .\\.
1‘3%1= — = 5 a = 1'41

N 16

The squared standard deviation or varianbeabout the arithmetic mean,
calenlated by the usual method, was l&f’ﬁ'} (table 3, left). The deviations
and their squares are showmr gra;pbicéﬁy in figure 2. The squared stand-
ard deviations about the aritl;nfcﬁf} mean, ¢%, and about the *regres-
sion” line, S2, measure the(degree to which the mean and the ligne,

respectively, fail to chg{ttérize the data. Since 8% = 141 and oy =
- 15.75, it is clear that’the regression line describes the data more accur-
ately than the ari\t‘iinietic mean. The difference T.oet?v‘een these. two
quantities measz{’r}e.s the amount of the original variability or varnance
about the aritimetic mean eliminated by reference to yield per acre.
The propgition of this variability oliminated is given by the ratio of
this {11['\‘[@;‘”&3:1(10 to the original variability,

oL - Sz 1575 — 141 _

\J SauSMEL S 0.91

Fy

X

and ig the cocfficient of determination, % This quantity may also be.

written:

S 14 Lot
1-g=1-153"""
TThe differcnces are sometimes called trpsidunls”? and described algebraically as
Y-¥,y,orz. : '

® Its square root, the standard error of estimate, is the standard deviation about the

line of regression
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The correlation eoefficient is the square root of this quantity:

e

~ 3 141 B
r = 4/1 S Rl TR o /091 = £0.95

a

[

These calenlations show that r is cither plus or minus 0.95. Whether
the sign of the correlation coefficient is plus or minus depends on the
line of relationship. Since the line shows that as onc variable increases
the other also increases, the correlation coefficient reads r = +0.95,
as above. Had one variable increased as the other decreased, the co-
efficient would have read r = —0.95. N

The coefficient of determination, 7 = 0.91, and the corrclatien eoef-
ficient, r = +0.95, are individual, abstract numbers, not in€ terns of
tons of hay or hours of labor. The size of these numbers® indicates
that there was a close relationship between yield and thé abor required
to harvest the crop. The positive sign of the coxrélition cocilicient
indicates that, the greater the yield, the greateri€he’ amount of labor .
required to harvest the erop.'® \
PRODUCT-MOMENT METHOD OF CORR;EI@'L"].‘ION WITH DEVIATIONS

FROM ARITHMETICNMEAN

This method is based on relating'the deviations of two series from
their respective means. This is in distinet contrast to the least-squares
method where the amount of cdrrélat-ion was based on the deviafions’
of the dependent variable afout the regression line related to deviations

? When the rela.tionship,ispogkive, the values of r range from 0 to +1.0; and, when
negative, from 0 to —-1.[).\§Eherefore, the values of r* always range from & to +1.0.
The values of 2 = 0.9 and r = +0.95 are relatively high.

1 The coefficient, 6§ determination, which is the ratio of the difference o% — 8%
to the original va{ig.bility o%, iz also given by the ratio of the sums of squared devi-

afions, &
A\ o Iy
“."\ “’Y"82Y=N" N__Zp -2
SN N o E_ys. Zy
\ J N
TTé Iast expression is the same as Z0 - 23

=T where Z[] is the size of the squared
aress based on deviations from the average, =%, and 2[2] is the size of the squared
areas based on deviations from the trend, Z{z)2. The relative size of the sums of these
squarcd areas is shown numerieally by 252 and 22.56 (table 3), and graphieally, by
the rectangles distributed about the average line and about the regression line in
figures 2 and 3. From these graphs, one immediately gets the impression that the
sizes of the squared areas about the regression line are much smaller than those
ghout the average. This indicates that yield accounts for a considerable amount of
the original variability in labor required. When the effect of yield is eliminated,
little unaccounted-for variability remains.
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about its mean. The coefficients calculated by the two methods are
sdentical! The product-moment method may be written diagram-
matically as follows:

Sum of products of deviations in one vari-
able from its average times the correspond-
. ing deviations in the second vatiable
Correlation Number of observations
coefficient —  Product of the standard deviations of the
two variables

This may be written algebraically i the following forms:

(Ko AX) (Ve AV (Kem AX) (Vi AT+ (nm AX) (F— ATYD
X " _ . v

N

TOy ™

a sy ' ' ‘..,:\‘

LA Noyoy

y N\
For the student who is acquainted with the chltnilation of standard
deviations, thete is nothing new in the aboved afhiula except the so-called

product sum, Zzy. This calculation of progiﬁct qums is relatively simple
after onc has performed the operationd neeessary 0 obtain the two
standard deviations. &Y

-

To determine the standard dewiations, it was neccssaly to get the -
deviations for all farms from heir respective means of yield and hours
of labor. The average yiclddf hay was 9.6 tons; and the average amount
of labor to harvest an a.ck,\ll hourts. On farm 1, the yield was 2.5 tons;
and the hours to hafyest, 9. The deviation for yield was —0.1 (2.5
— 2.6); and for houts, 92 (9 — 11) (table 4). These deviatim}s were
squared (0.01 a.qd\ﬁf) in the process of obtaining the sta:nda,rd d.ew’at-mons.

The produgtis obtained by multiplying these two paired deviationsto-
gether [(*0:1) (—2) =40.2]. For farm 2, the product was 0[(0) (-1)=0f;
and fof'farm 3, +24 [(+0.6) (+4.0) = 2.4} The sum of the prod-
ucts,f v 16 farms was +42.6, averaging + 2.6625, the product .mo‘ment.
The positive signs of the product sum and the product mo.ment mchc.ated
that the relationship was positive, that is, that a change 10 one vamab.le
in a given direction was accompanied, on the, average, by & change in

the second variable in the same direction. For example, when the

1 Tf can be shown algebraically that the corrclation coefficicnts determined by the ,
lesst-squares und product-moment methods aré identical; thf—‘refo.m’ '
. 8% Ty

1 '_;{,:chx"r
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TABLE 4—PRODUCT-MOMENT METHOD OF CORRELATION, WITH
DEVIATIONS FROM ACTUAL MEAN

YIFLD O ALFALFA AND LaBOR PER AcRE ON 16 NEw York Iarms, 1938

Yield, Labor, Deviations Deviations Product
Farm tons per | hours per from means squared  of devia-
number ALTE acre — | tinns
X ¥ T ¥ el . yﬂ Y
N\
1 2.5 9 —0.1| -2 | o001 4 + 0%
2 2.6 10 0 -1 ] 0.00 1 (D0
3 3.2 15 10.6 | +4 | 0.36 16 Aok 204
4 2.9 12 40.3| +1 | 0.09 1 4 0.3
5 1.6 5 1.0 -8 |1.00 3N+ 6.0
6 1.4 6 —1.21 —5 | L.44 25 + 6.0
7 2.7 10 40.1| =1 10.00 SeRN T — 0.1
] 1.9 8 —0.7| -3 |0.49 | + 3.1
9 2.2 10 0.4 —1 0..35: i + 0.4
10 2.8 12 10.2 ] +1 | 840 1 + 0.2
11 3.1 15 +0.5 | +4N g 25 16 + 2.0
12 3.4 18 +0.8 | 7y 0.64 49 + 5.6
13 2.2 8 —0.4 |+48 | 0.16 9 + 1.2
14 1.8 6 ~0.8y*-5 | 0.64 25 + 4.0
15 3.2 14 +0% | +3 ; 0.30 9 + 1.8
16 4.1 I8 | M| 47 | 2.25 49 +10.5
Total |, 41.6 17N 00| o |70 | 252 42.6
Average 2.6 ‘\N" | — | 0.49375 15.75 |  2.6628
WNEm /Ta0 _
ox ,=\4/1 7 = 4/ T3 = A/GA53T500 = 0.702673
» )
(o =y S = % — /1575000 = 3.06863
moy 426
O\ i L I
XD N 6 2.6625
~O 22y
} N 6625 662
\ ;- _ 2.6625 26625 _ o955

axer | D.T02673 X 3.96863  2.7%86

yields were less than average, the labor required Lo harvest the crop
was also less than average; when the yield was above average, the labor
reguired wag also above normal.

If the positive deviations in one series are generally accompanied
by ncgative deviations in the other series, the sign of the product sum,
product moment, and the correlation coefficient are negative and
indicate that, on the average, a change in one variable in a given dirce-
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tion i accompanied by a change in the second variable in the opposite
direction. . '

The “product sum,” ag this term indicates, is the sum of the products
of devislions in ferms of tons of hay and hours of labor. This quantity,
+42.6, is an expression confaining the interrelations between yields
per acre and hours of labor. However, this number is meaningless in
itself because, although it contains the products of paired variations in
which the student is interested, its significance is obscured by the two
different units of measurcment involved, hours and tons. When the
effect of the size of the two units is climinated, the meaningless produts
sum, +42.6, js converted into an abstract expression, r = +0.99; that
has a very definite meaning fo the statistician. The convefsient of
the meaningless product sum to the meaningful abstract .,c'orrelation
cocflicient is sccomplished by expressing ite average, &F2,6625, the
product moment, as a ratio to the product of the tw standard devia-
tions, 0.703 ton and 3.969 hours. The calculation is as follows:

Exy x'\\:

N 426625 LAY g gss
= ooy = 0r02673) @.nded) — TO9%0

The correlation coefficient, r = + O.QS,jEindicates that there was a high
depree of relationship between {'ih,{f two serics. The sign preceding the
correlation coefficient is positive ahd indicales that, when one variable
increased, the other also irlc{’eased.

Note that with the produgt-moment method the sign of the corrclation
coellicicnt is alwa.ys,(bi'rectly indicated by the caleulations. In the
least-squarcs methedy the sign indicated by caleulation is always
bolh plus and_fikius; and the proper sign has to be determined by
ingpection o}~~§he“relationsl1ip. '

O\
PRODUC.T-MOMENT METHOD OF CORRELATION WITHOUT DEVIATIONS

SAN 1: ;not necessary to use deviations from the arithmetic mean to
d®términe the standard deviation.1* The standard deviations caleulated
with and without deviations give the same results, because

a2 ZX? Zif)?

NN \N
Tt is also true that the product sum and product moment can be cal-
culated without first determining the deviations for each series from

12 Page 45.
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TABLE 5—PRODUCT-MOMENT METHOD OF CORRELATION, WITHOUT
DEVIATIONS

YIELD OF ALFALFA AND LABOR PER AcRE oN 16 New York Farwvs, 1938

¥icid, | Labot, Formula 1: Boased on sums
Farn | tons | hours pe- [ BEXY AN (EY
number | per per Xz ¥ XY VEXr—AX - TR/ EVI—AY CEY
acre RETE . 5()0.2__—3.1’-})(_1?6_ .
X ¥ 116,06 —2.6 X116/ 5188 —11 X176
e 0UD2—4576
1 2.5 9 | 6.25 81 | 22.5 +/T16.06 —108.16+/2185 ~ 1436
2 2.6 w | 576 100 |26.0 426 426 N\
3 3.2 15 | 10.2¢ | 225 | 48.0 Tovae 28107 X15875
‘4 2.9 12 | 8.41 144 |38 12 50 ) oA
5 1.6 5 | 2.58 25 8.0 =g H088 AN\
6 1.4 6 | 1.96 36 8.4 « \\
7 2.7 o | 725 |10 |z7o | Fermules: Based onayyages
8 1.9 s | 3.8l oi 152 | o AXY-ASAY
9 2.2 i0 | 4.8 |100 {220 VAT (A ATI-(AY)
10 2.8 12 7.84 144 33.6 31"_’3}35—2.@01
IR R R R I e
13 2.2 8 4.84 64 17.6 |
14 1.8 6 | 3.24 36 |10.8 )
15 3.2 14 | 1022 ;186 |44.8 4N
16 4.1 w lia.sr |22 [vas & 4373 Ki
- s _ 2.6625 _2.068
Total | 41.6 | 176 [116.08 2188 |50§.g~ | D.T0767 X3 9686 2.750
Average | 2. 11§ 7.25375| 126.75/%81.26258! = 40953
SN I _

N N

their respective means. Fhe two methods of determining the product
moment may be wri tQ&.djagra,mmatically and algebraically as follows:

Deyiations of one Correaponding deviations
= variable from its of second watiable from)
Product _

fithmetic mean itg arithmetic mean
moment \ 1

\ Number of items

- Ery
N

- 2L -
N\ MNumber average of secon ;
&N of items variable

\‘ Driginaly, /Corresponding
\‘2‘. items of }{ original items
"\ first of second Avernge of Arst
R\ varahle variable ( varable times ) XY Ax-AY
- d
’”\\ -
. " . . . :
“phe quantities required for the caleulation of the correlation coefficient
are those Tequired to obtain the standard deviations and the product
cum. The necessary values, =X, 2V, ZX?, 2¥?, and ZXY, arc given 111
table 5. The correlation coefficient may be obtained cither from these
sums or from their corresponding averages, because

2XY - AX -3Y AXY - AX - AY__

r= i = — — = T = =

A/ ZXP-AX 2X/TY-AY-2Y »\/AX‘}._(AX)E.\/AYQ__(AY)z
The student will immediately recognize that the two formulas are
;dentiral because the second formula is merely the first with both the
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numerator and denominator divided by N. The correlation coefficient

“by both the first und the second formulas was +0.955 (table 5). The
coefficients are the same as those obtained by the least-squares'® method
and the product-moment method with deviations.!t

PRODUCT-MOMENT METHOD WITH DEVIATIONS FROM ASSUMED
MEANS OF GROUPED DATA

Prior to the time when ecaleulating and tabulating machineg.were
available, mcthods were devised to obtain the standard devigtions
from frequency distributions.!® In these methods, the deviafions were
expressed in class intervals. For the calculation of thé“correlation
cocfficient from a large number of observations, metﬁpds were also
developed to obtain the preduct sum from two int-ei'ﬁelat-ed frequency
distributions. With these methods of determiningts’ﬁémdard deviations
and the product sum, the calculation of r wag'ghortened considerably.

“Double classification” tables, bivarigte}frequency distributions,
“double-entry” tables, or ‘‘correlation} tables were developed to
facilitate the calculation of the produh'¥um (table 6). The two scries
of paired items were grouped info g:ai*taﬁn class intervals. In the problem
under econsideration,'® the yields of alfalfa were grouped in the classes
1.4-1.7 tons, 1.8-2.1 tons, etc.f;' and the hours of labor, 4-5 hours, 6-7
hours, ete. Consequently s farm was grouped with econsideration to
the two factors yield’a.n&\ hours of labor, For the first farm, 9 hours of
labor were required$op. harvest an aere yiclding 2.6 tons. The 9 hours
would fall in the(lass 8-9; and the 2.5 tons, in the class 2.2-2.5. In
the double-enti¥table, this farm falls in a compartment with definite,
preseribed Emits, namely, yield of 2.2-2.5 tons; and labor of 8- hours.
"There Weéko 11 farms falling within these limits. Farm 6, with a yield
of 1.4%dms and 6 hours of labor, fell in the compartment with limits
of. 14:_17 tons and 67 hours. The same procedure was followed for

Cérh of the 192 farms. This resulted in 15 different frequency distribu-
tlons, 8 for hours, fv; and 7 for yield, fx (table 6).

The sums of the jrequencies added horizontally, which appear in
column fy, form the usual type of frequency distribution of the 192
farms that one would construct to calculate the average and standard
deviation in hours of labor. The arbitrary origin was set at the mid- .

¥ Table 3, page 148. 1t Table 4, page 152 1 Page 46.

18 For illustrative purposes, only 16 farms were included in the previous methods,
This method js better illustrated with a larger number of oheervations; and for this
reason, 192 farms were used.
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TABLE 6.—PRODUCT—MOMEL'T METHOD OF CORRELATION, WITH
PLEVIATIONS FROM ASSUMED MEANS OF GROUPED DATA

YIELD OF ALFALFA AND [.ABOR PEE Acgg, 182 NEw Yorx Farvs, 1938

Bold-face numbcrs are froquencies; itolicized numbers wre produets of deviationp and frequencies,

— ]
Tone, X

Houyrs, 3

Y o liearfise 2.2-2.5‘2.3—2,9 3.&3,3‘3.4—3.7!3.3“4.1 Tr | dr |fri 'r"d"_zp”
1810 | | s z |16 2|36 3 ?_Ej—z?__l_;z‘z)oz
16-17 5 1|0 2 |# o |4t 7| 8 t|20] Faltee K0 75|
14-13 Zz 1|0 104623 41 85| +2 |470 | 130 [\38
1313 -3 1|-5 50 27 | 1212 o _3.'_.?_-1-—1_'_4-2_._-_1\-_3 U5
10-11 | o 3| 0170 |0 7| |

89 3 11 6|1l |0 5=t 1 24
o700 5|12 3| 8 ¢l0 1l-z L} 4| A
T4 5|1 2| 6 1) 6 2 T 0 IR

Ix S| 14| 41| 80 35 10 1 N2
T | -3 | -2 1| oo | 41| A2 N
R e N L i Fao e -8

Txdi |72 6 | 411 0 55 | 44 _3_ﬁ_| 300

sPxy 51 28 15 0 90 ».’,g32 | 45 _1291 Summation, B
°x = ?«_fod_x = 1—'93 = —0.03125 ey = Ei;f?: = %3 ~ 0.7083
= e o B0 (oghiehy o - e = 902 (o.rosay

- 15625 — 0.0010 = 1.5635" — 3.1354 - 0.5017 = 2.6337
ox = V15615 = L2496 oy = +/2.6337 = 1.6229
TPxr _ 291 N 1.5156 — (—0.03125 X 0.7083
N T 1.'{?556 S (1.54906—??&%?9? =
2k L _ L5156 + 00221 _ L3877
;e .\ 2.0280 2.0280
ok = +0.76

;%(;:nt\of the 10-11-hour class. The standard deviation by methods
alteady discussed!? was

Sidh (Sfdvy: /602 (186Y o
V- Cv) - Vim- 103) =162

Similarly, the sums of the frequencies added vertically, which appear
in line fx, form the frequency distribution of the 192 farms one would
use to obtain the standard deviation of yields. This standard deviation
was

% — (%25)2 ~ 125

17 Page 48,

oxr =



These two standard deviations, 1.62 and 1.25, are in terms of their
respective class intervals.!®

The calculation of these standard deviations is already familiar to
the student. The difficulty of this method lies in the derivation of the
product sum. Confusion arises because of the difficulty of comprehending
the triple multiplication of two deviations from arbitrary origins and
their corresponding frequency, and also because of the tediousness of
the work. In the first row of lable 6 are three frequencies, 2, 2, and 3,
which deviate 14 class intervals from the arbitrary origin for hours,
dy = +4. Fach of these three frequencics was multiplicd by thig{d4
and also by its deviation from the arbitrary origin for yield, 4,42,

. . - o AR

and +3, respeetively, given in line dx. The three product.Jcte 48,
416, and 4-36. Their sum, 60, was entered as the first item in the last
column to the right, headed product sum, ZPxv. This{ﬁf’the step that
confuses the student. Tt is difficult to determine "}\Q:lich deviation in
onc variable and which deviation in the other perrespond with the
particular frequency. In other words, it is visually difficult to follow this
system of determining products. \\

The inability to follow the steps ig(Theéchanical procedure often
prevents the student from understandiﬁg’ the principles involved. The
caleulation of the first sum of produdts, 60, may be shown more clearly
ag follows: )

ol

Sum of products for first rowme= fldx) (dv) +F(dx) (dy) +1dx) (dv)
LA =204 1) (4 2(4+2) (+4) + 3(+3) (+4)
) 20+4) + 2(48) 4 3(+12)

8 4+ 16 + 36
80

P

&

N\

LU O T

In the first ¢ ’bﬁrtmrant, {he number of farms, f, was 2. The deviation
of this group.fer hours, whichk was +4 class intervals from the arbitrary
origin, ig\}iq‘(’)ﬁ'ﬂ in fhe column of table 6 headed by dy. The deviation
of thisgroup for yield, which was +1 class interval from the arbltrary
Oxfigi;ﬁ; is shown directly below this compartment in the yow dx.
U the second compartment, the number of farms was 2. The deviation
in the dy column was still 4-4, but in the dx row, +2.

In the third compartment, containing 3 farms, the deviation in the
dy column was still +4, but In the dx row, -+3.

The praduct of the deviations for each farm in the first compartment
was +4 [(+1) (+4)]; and the sum of the products for the 2 farms

15 The standard deviations in terms of class intervals could be converted to original

units by multiplying by their respective class intervals. The. standard deviation of
Izbor per scre was 3.24 hours (1.62 x 2 = 3.24); and for yicid, 0.58 ton  (1.25 %

0.4 = 0.50),

,@\;
PRODUCT—MOMENT METHOD FROM GROUPED DATA lt_')'f '
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was -8 [2(+4)]. Similarly, the product for the two farms in the second
column was 16 [2(+2) (+4) = 16]; and for the three farms in the third
compartment, the sum of the products was +36  [3(+3) (+4) = +346].
The sum of products for all 7 farms in these three compartments of the
first row was 60 (84 16+ 36 = 60). Similarly for the 20 farms in
the five compartments in the second row, for which the deviations in
hours, dy, were +3 class intervals, the sum of products was caleulated
as follows:

Sum of prod- = 1{—1) (4+3) + 2(0) (+3) + 9(+1) {(+3) + 7(42) (43) + 1{+3)(+8)

ucts for = -3 + 0 4 27 + 42 + Al

second row = 75 R \J)
N\

This sum, 75, is entered in the column headed EPyy at Jﬁl:?\f right side
of table 8. The sums of the products for the farms imo}u'l‘i line of the
table were calculated in a similar manner. The tpi.fxl" of the sums of
products for cach row was the product sum forNhe 192 farms. 1t was
291 in terms of class intervals. AN

The product sum, EPxy, may be obtaineddtom the suros of products
of the columns instead of the rows. The galeulation for the first column
was as follows: e

fldv) (dx’)«+ Fldy) (dx) + Jldy) (dx)
H=18-3) +5(=2) (=3) + 2(=3) (—3)
A3+ B(+E) 2(+9)

Bum of products
for first column

)

The same procedures followed for the remaining six columns. The
product sum for all {ayms was 201, the same as that obtained from the
rows. Pecause pf}visual difficulty involved in its computation, it is
generally advisable to calculate the product sum from both the rows
and the €a uu\rﬁ’s. I{ the results are not identical, an crror has been made.

Theﬁ&fl}ulation of the product moment uscd in obtaining the cot-
“relation tocfficient consists of dividing this product sum lry the number
;){fgirr’ns and correcting for the use of arbitrary origins. The correction

oa squared standard deviation is the square of the quaniity Sfd:N.
S ¢ ~
~ For the product moment, the correction is (iﬁil) (E'fi) Therefore,
the corrected produci moment was:
_ EPxy Bfdvy r2fdy
mer = =57 = G5
21 (136 =6
192 7 \192 7 192
1.5156 — (0.7083 X —0.03125)
1.5377

Ir
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The correlation cocfficient is merely the ratio of this product moment
to the product of the standard deviations:

, . 15377
~ 1.2406 X 1.6229
= 0.76

The product sum and standard deviations were in terms of class inter-
vals. The conversion of these values to their original units of tons and
hours would not have changed the size of the correlation cocfficient.
The class intervals being the same in both the numerator and dehom-
inator, they cancel out as follows: O

1'5377((3]%&1) (Clmal) ‘.}.‘:‘:\
" Class inferaly | oo (Class iptCrval
()

METHODS COMMONLY xI,Té'E.JZ)

In practice, the size of the series and théavailability of mechanical
equipment affect the choice of the meyti{uci of calculation, When the
puraber of observations is large ga,n‘ej mmechanieal equipment iz not
available, the data are usually «grouped, and the product-moment
method with deviations from @9é‘ljmed mesans is employed. The double-
entry table has another dgcidéd advantage over other methods. The
arrangement of the frcqlilegcies in the table resembles a scatter diagram
and shows immediatelyivhcther the relationship is positive or negative
and whether lineaper hon-lincar. This question of linearity is a very
important pmblp(’ﬂ’.which confronts the student as he progresscs farther
in his study a(relat-ionships. .

Small gerie®’of data are not grouped. The product-moment method
with dey}«%ﬁons from arithmetic means is most frequently used when
mechﬁ.ﬁic.al equipment is not available, but probably l'equil'gs as much
tlme\as the product-moment method without deviations, if not more.
‘T]ﬁé Jatter method has the advantage that the confusion due to various
combinations of plus and minus signg is aliminated. The use of devia-
tions has some advantage when the size of one or both variables is
large, beeause it is somewhat vasier to square the deviation of a large
number than to square the large number itself.

Tf mechanieal equipment is available, the product-moment method
without deviations is superior to other methods, because the sums of
squares and the sums of products ‘of the original numbers ean be 01.)-
 tained accurately and easily from the cquipment. This advantage is
about the same whether the size of variables is large or small. When
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the correlation involyves several hundred or more paired observations,
this mothod with the use of tabulating equipment Liag an overwhelming
advantage over all others.

The least-squares method is little used in practice. Its value is chiefly
to illustrate the principle involved in eorrelation.

COEFFICIENTS OF NON-DETERMINATION AND ALIENATION

The coofficient of determination, r%, is the proportion of the total vari-
ation or variance in hours of labor accounted for by differences in yield.
If the total variability is considered to be 1 and the coefficient of detefi-
nation 0.91, the difference, 0.09, is a measure of the amount of vgu;i‘a\hility
unaccounted for by yield.'® This measure is known as the coefficient of
non-determination or unaccounted-for variability, % The sfquire root of
the coefficient of non-determination is termed the (‘-fj(}fﬁ{!i('?fit of alienation,
k. These relationships may be written algebraically ‘tm}'{éllnw.-s:

Coefficient of correlation® =r= 0955 (t.a.hl(z:t';)

Coefficient of determination == 0913

Coefficient of non-determination = &2 =357 =1~ 0912 = (L08R

Coefficient of alienation =k ="WAE = +/0.088 = 0.297
REGRESSION

In the least-squares method of :’ﬁaiéu]ating the correlation coefficient,
it was necessary first to detepmine the straight line

Y = - 30203 + 5.3924X (table 2)

This equation, commpﬂ} known as the regression equation, describes
the average numbgr\of hours of labor required to harvest a crop with
a given yicld. If the fwo standard deviations and correlation coefficients
are available {35 not necessary to follow the procedure uscd in table 2
to determihesthe regression equation. With these three values, the regres-
gion cqu@}ion may be determined from the following expression:

PR

<yx' Y_AY=(%NX-AE
Y-u=0m%@%£yx*zm

Y — 11 = (539)(X — 2.6)
¥ =530 - 140+ 11.0
¥=-30+ 539X

This equation is the same as that given above and in table 2.

19 This might be due to type of harvesting machinery used, wenther, or other
factors.

» his coeflicient of correlation is sometimes called “simple,” * total,” or " gross
correlation,”
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This equation has two numerical values: the constant, —3.0; and the
regression cocllicient, +58.39. The regression coefficient is the most
important term and has the same sign as the correlation cocflicient.
It measures the amount of change in hours of labor required to harvest
an aecre for each additional fon of yield. When the yield inereascs 1
ton per acre, the labor required in harvesting an aere increases 5.39
hours. The constant —3.0 merely determines the pogition of the line
on the vertical scale.

This regression coefficient can also be obtained from product sums™
and sums of squares of deviations given in table 4, as follows: '

\
Zoy 426 (N

— Y 539 8

brx=3p =70 C

The common symbol for the regression coefficient is b;zéna' the order of
the subseripts ¥ and X indicates that b is the mtq'\o‘f change in Y in
terms of X. The coefficient bxy would be thesteverse of that above;
thal is, bxy i¢ the ratc of change in X in tm:z@ of Y.

27
W

ADVANTAGES AND D}S@VAN TAGES

The correlation method is merely, an averaging process by which
an average rclationship is measuied. It has an advantage that it is
adapted to small amounts of claﬁai "The correlation cocfficient summarizes
the degree of velationshipzin one number. The regression  coeflicient
summarizeg the nature i@i‘\thc relationship in one number. Methods of
testing reliability of $He two coefficients ure relatively easy.

The correlation method has the disadvantage that it always assumes
lincar relationsiip Togardless of whether that assumption is correct.
The cocflicienits are difficult to ecaleulate, The results of correlation
analysis_gre’difficult to understand. They arc often mi&.}interprcted.
T abular%r’ésentation of relationships ig usually more effective than the
use Qf’fucorre.lation and regression coefficients, evenn when the latter are

thrbughly understood.
4 TUSES

cient is to show with one number

The primary usc of a correlation coeffi :
ariables. These cocflicients

the degres of relationship between two v

BT eun be demonstrated {hat regression coefficients determined by the various

methods ahove will always be identical.

Ty Zzy Iy
) pa

oy N- oy _I= ___Eﬂ
brx =?’(a) =\oger/\ox/ = & Z2 T3
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range from +1.0 to 0 to —1.0. When the cocfficient 1= +1 or — 1, there
is perfect positive or negative relationship between the Lwo series.

Reed correlated July rainfall with the yield of corn in Ohio for the
period 1854-1913. The cocfficient of correlation, r = 4153, indicated
that, in years of heavy rainfall, corn yield tended to be high (table 7).
Conversely, in dry years, yields were low. The correlation was nol high
hecause characteristic conditions of other months and other factors
also influenced the yield.

TABLE 7—EXAMPLES OF CORRELATION CORFFICILENTS USKDS IN
VARIOUS STUDIES

N
AN

'\
. \Correlution

Varinbles associated \ o
N coefficient

N
July rainfall and yield of corn in Ohio, 1854-1913%. ... ¢ ’,\ C.. o H0.53
Circumference of trunk of peach trees and weight of topht. .. ..., | +0.02
Weight and length of ears of leaming corni. ... ... N ! 08T
Land values, 1920, and percentage of all farm Lynd it corn§. ..o i r0.87
Land values, 1920, and percentage of all farmdand in pasture§. ... .. | —0.75
TTog prices and hog receipts, Chicagoll. . . .. N | —0.40
Yield of wheat and hours of laborq. ... a8%." ... L4004

ad i

* Reed, W. G., The Coefficient gf\Correlation, American Statistical Assoviation,
Vol. 16, New Series, No, 117, p#£74,"June 1917,

t Tufts, W. P., Pruning )ja@ng Teciduous Fruit Trees, California Agricultural
Experiment Station Rulletin 313, p. 116, October 1919

1 Davenport, E., Prinr\ﬁﬂes of Breeding, p. 461, 1907,

§ Barle, C. F., Cofiparative Study of Farm Land Vulue in Town, unpublished
manuseript, p. 15, Aigust 1924

|| Wallace, H, %A Agricultural Prices, p. 93, 1920.

T Tolley, H.{R., Black, J. D, Ezekiel, M. J. B., Input as Leluted to Output in
Farm Orgbnigation and Cost-of-Production Studies, United States Depuriment of
Agricqltgure, Department Bulletin No, 1277, p. 23, September 18, 1924,

AN

“NPafts found that in California the weight of the top of peach trees
Was correlated with the cireumference of the trunk, == +0.92. The
coclicient was positive and very high, indicating that differences in
size from tree to tree were uniform for the different parts of the trec.
Other cxamples of correlation coefficients appear in table 7.

The corrclation coefficients summarize in onc mumber important
relalionships between two variables. The usefulness of these cocfliclents
depends in part on a wide knowledge of $he meaning of this “yardstick,”
together with its limitations.

The coefficicnt of determination, #2, has all the limitations of the
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correlation coefficient, ¥, but has one distinct advantage. A measure
of the proportion of the variability in one thing explainable by another
is more easily understood than the square roet of this ratio.

TARLE 8.—COMPARISON OF COEFFICIENTS OF
CORRELATION, DETERMINATION, AND
NON-DETERMINATION
Chorrelation Coefficient of Cocflicient of
coeflicient determination non-determination N\
r 7 (1 —r% A
. O\
7NN ©
0.10 - 0.01 0.994 ™
0.20 0.04 096"
0. 50 Q.25 .0{75
0.80 0.64 £N\0.36
0.90 081 “0.19
0.95 0.90 O 00

v

Laymen crroneously interpret correladion coefficients as percentages
of deteymination. For example, a coreelation coefficient of 0.50 is agsumed
to explain one-half the variabilifys though actually only one-fourth of
the variability is accounted,ff@r’ (table 8). Therefore, other factors
account for three-fourths{df the variability in the original serics. A
correlation coefficient 9{'11}50 iz not nearly so significant as most persons
assume it to be. A eorrelation coefficient of 0.90 indicates that 81 per
cent of the variability has been aceounted for, and only 19 per cent
remaing unacéolhted for. A correlation coefficient of 0.20 indicates that
94 per cent o‘f\:t.hé variations are due to factors other than that eonsidered.
Probably {twer errors in conclusions and generalizations would arise if
the pefeentage determination were used more and correlation coef-
ficients less.

Lhe primary use of the regression equation is to describe the nature

f the relationships and to show the rates of change in one factor in
terms of another, Ogburn studied the cost of living in 1916 and f(}}lnd
that the equation for the relationship between income and savings

was as follows: _
Deficit or surplus = —166.45 + 0.144 (annual income)
Y = —166.45 + 0.144X
The nature of this relationship, indicated by the equation, was that,
with incrcasing income, the amount saved increased. The equation also
deseribes the rate of this change, that is, the amount saved for each
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TABLE 9.—RTEGRESSION EQUATIONS

RELATION OF INCOME AND S1ZE OF FaMILY TO Ormen FacTors™

l

Trependent variabie : Inilependent varinlile Fuuation
¥ A You-bX
| e
Dicficit or surplus, dotlars Annual ipmily ineome, dollars | V= —liidn4 (144X
Food eost per adult per day, dollars | Annual family ineame, dollry ¥= (-t 00014 %
Eaxpenditures for:
Foad, per cent of total Annual family ineome, doilurs Y= 08— 04118X
Rent. per cent of Gotal Annual Family ineotne, dollars ; = 21,14 — 003X
Fuel and light, per ceut of total Annual family invore, dollirs Y= 70— {).[lnh}f
Tamily clothing, per cent of total | Annual family ineome, dollars P 5,704 003X
{ o
Deficit ot surplus, dollars Size of family, number of porsons = FTN N 22X
Food eost per adult per day, dellurs | Size of family, number of persons Y= ¢ Wil {(1066X
Exzpenditures for: & ‘~.';.
Food, per cent of total Size of [amily, number of persons s Bl LTLX
Rent. per cent of total Size of iamily, numher ol persons | (Y P04 — 0297X
Fuel and light, per cent of total Size of family, aumber of persair | § Y = H.00 1 DDEY
Family clothing, per cent of totel | Size of furuily, nuinber of peratas Y= it AneX

L - - -
AN
# Oghorn, W. F., Analysis of the Standard of Living in the 1asl '1'E of Colunibia in 1974, Quartkerly
Tublications of the American Statistieal Associalion, New, J%NL:S', o, 26, Vol XV, ppo 374884,
June 1919, N/

additional dollar of income, 14 centg®The scries of regression equations
given in table 9 are not, in thems;;L’»fés; very informative to most readers,
including statisticians. However}it is possible to translate the relatively
unintelligible equation into{ simple form that is inteiligibie to most
persons. For instance, f}‘mﬁ the equation for savings given above, the
amount of surplus or deficit from an income of $1,000 can be determined
by substituting $1,0{]0 in the equation as the value of X. This amount
was —§22.45. W&

Oy Y = —168645 4+ 0.144 x 1,000

N ~166.45 + 144.00
\ - 2246

S
ad
S

”'\f )I‘ABLE 10.—TABULAR PRESENTATION OF RELATIONSBMIPS
\ 4 DESCRIBED BY RREGRESSION BQUATIONS 1IN TABLE §

| | A
Family Deficit or | Daily food - Porcentuge of expenditures fti_—-_-
ineome, surplus, cost, cents i T
doliars dollars | per adult : Fuel nnd | Family
Food Rent ! light clothing
| o
: |
$1,000 $-22.45 ar.0 41.8 19.8 5.9 10.2
1,250 13.55 40.5 39.0 19.5 6.6 11.1
1,500 49.55 44.0 36.1 19.2 5.2 12.0
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Thiz indicates that families with- $1,000 incomes spent $22.45 more
than they received. Presumably, they purchased goods on eredit that
were paid for out of next year's income, or not at all. Familics with
$1,250 incomes saved $13.55; and those with $1,500 incomes, $49.55.

A table of values worked from the regression equation probably
shows the relationship more clearly than the equafion itself. These
values were calculated showing savings, cost of food, and distribution
of expendilures for families with three different incomes (fable 10},

The cost of food per person per day increased from 37 to 44.cénts
as the income inereased from $1,000 to 1,500 (table 10). The proyortwn
of the total expenditures for food decreased from 42 to 36 pcr‘cent as
income inereased. > )

Re gusmon equations between size of the family and :\rfmoub factors
are also given in table 9. These relationships could Jt {kcwme be shown
in a table similar to table 10. \

Regression equations and tables derived from, them are [requently
more valuable but are less widely used than, \15[\1‘6 ¢orrelation cocfiicients.

W ;
A\



CHAPTER 10
MULTIPLE CORRELATION

The correlation and regression coefficients examined in the last
chapter measured the degree and nature of the clfect of one vapiable
on another. While it is useful fo know how some phenomenongs inilu-
enced by apother, it is also important to know how this plwﬁf')menon
is affected by scveral other variables. In nature, relationships tend to
be complex rather than simple. One varable 15 related t{]fa great number
of others, many of which may be intorrelated amoxfg.‘themselves. For
example, the growth of vegetation is related to temﬁtfrahm‘: and rainfall
which, in turn, may be related to each other. Certain kinds of wild game
oceur in greatest numbers in areas of plentiful food supply and heavy
rainfall. The greatost food supply, in gegeral, is in the arcas of heaviest

- rainfall. The oceurrence of game magialzo be related Lo temperature,
amount of cover, and other factors, Which may or may not be inter-
related. Whether phen(lmena,jb’é “biological, physical, chemical, or
economic, they are affectedsby a multiplicity of causal factors. 1t is
part of the statistician’s gask to determine the offeet of one cause, of
two or more causes és(.‘&iiig separately or simultancously, or of one
cause when the cofftet of others is eliminated. Multiple corvelation
analysis studies\$be effoet of two or more factors which may or
may not be interrelated, but the effects of which are separate and
distinet. \\

N MEANING OF MULTIPLE CORRELATION

»Tlflc\'simple correlation coefficient, r, compares the variability about 2
fithed straight line to the varability about the arithmetic average as
measured by the standard deviation.! The multiple correlation coef-
ficient, K, compares the variability about a fitted plane, solid, or byper-
plane to variability about the arithmetic average as measured by the
gtandard deviation.

The two types of coeficients may be deseribed diagrammatically as
follows:

1 Pages 143 to 149,
Lty
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Sum of squares of deviations abont

E(ljﬁ'gilztion _ J;___the best-fitting straight line
coefficient Sum of squares of deviations abont
the arithmetic mean
. "Sum of squares of deviations about the
}%ll-]géllgé?on _ _ best-fitting plane, solid, or hyperplane
c’ oefficicnt Sum of squares of deviations about the
arithmetic mean
The relationships may be expressed algebraically as follows: Q.

T 4/1_' Sx  p 1/1—@‘;
9 = . - oy = —_—— 234 = N, —wE
12 c,r% H 1.22 0_% H 1.23 . \\ 0_2{

The three expressions are identical except for S, S yyand 57y, the
so-called standard crrors of cstimate.? The first, S, reprecenis the
average of the squares of the deviations aboutvthe straight line
X, = @+ bieXs. The second, S? 4, represents the average of the squares

about the plane X: = ¢ + busXe+ bls‘zX:;i'@d the third, S, about
the solid X1 = a + bpaXe+ bunXs+ N, o

For two variables, the relationship ‘%of the indepcndent variable,®
X, to the dependent variable, X7, ismpproximated by the first equation;

E XY

and S, is a measure of the degl:"iref %o which the straight line docs not
deseribe this relationship. Likéwise, the relationship of. the two inde-
pendent variables, X andnxa, to the dependent variable, X, 18 approx-
imated by the second eqilzft-ion; and S, is & measure of the degree to
which the plane* dogzs\not describe this relationship. The relationship

2 The subsecript 12 0 the standard error of extimate, 8.4, indicates that Si.»i8
the amount of yariability in X\ about the line of relationship helween X and X4,
Interpreted a;nq‘;ﬁ; way, 1. measures the vari&bi}ity in X, with the effect of X
eliminated, N\ ( )

Similaly, 1 s is the amount of variability in X about the “plane” of relation-
ship befween X, X, and X More simply, Sies measures the variability in X,
Wi%}%: the effouts of X3 and X eliminated.
\Li‘kewise, 81 23 measures the variability in X,

eliminated. . o ‘

3 The terms independent and dependent yarisbles are arbitrarily applied to the
factors that are to be associated; for instance, if one were studying size of farms
and income, the size of farms is gencrally considered the independent varlabl_e; Izmd
incomme, the dependent variable. That is, variations in ineome depend on variations
in size, o ) ‘

4 With ‘one independent variable, the relationship is described @gebramally as
follows: X1 = & + b1X»; and described geometrica-lly by a s.tralght hne‘.

With two independent varisbles, the relationsghip is described algebraically by the
- and deseribed peometrically by a plane surface.

equation X, = 6 + bz X2 + BryaXs; s ) i
“With three independent variables, the relationship is deseribed algebraically by

with the effects of Xz, X,, and X,
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of the three independent variables, X,, X, and X4, to the dependent
variable, Xy, is approximated by the third equation; and 87, 15 a
measure of the degree to which the solid does not deseribe this relation-
‘ship. In each case, the squared standard errors of eatimate, 87, 87,
and 82 ,.,, measure the unaccounted-for saquared variability.

In both simple and multiple corvelation cocfficients, the nnaceounted-
for squared variability is expressed as a proportion of the Lotal soquared
variability about the average, o;, and subtracted from 1 to obtain the
accounted-for squarcd variability designated as r* and f% L

THE DETERMINATION OF R X 4 :\
The only new problem in caleulating the multiple CO'I‘I“.éT}ltié)n coef-
ficient is to determine the value of 82, or 87 ,,,. It can beldemonstrated
that S, = oF — buaPn — buepne — huaub, and.\:diugrammati(:a.lly
that N

2 2 - chf;‘vssinn [~ p \l 3
\ earffcient Frodact
F":‘;Tlo{llg’-d Standard dependent ¢ ||h:§uz:nt,.
crtimnte = deviation _ variable in '\f‘p[‘nlllf_’ltt
dependent dependent terma of SN nod first
variahle variabla . first € ) indepf:.n(lent
indepondents variuble
\":lriQabl(" L
Regression 7 ™3 Regression
ronfiicient, L Raaduct eoeffieirnt. Praduct
dependent Tamoment, dependent et
_ | wariablein “dependent variable in deperulent
terms of 7 and second - terms of anih third
SCOAT independent third independent
indepesdent varishle ilependent warialile
AT 'L)j?‘. . variable

The formula for the multiple correlation coefficient,

‘\ ‘- 1234 o} — Sf a4
"\.. Rf.?:&g_ = 1 - __'5'.._ or — _2_._

~d o a

'\WV 1 1

may alsu&e written ’
2 N

N B2 = ?12,34]?12 + brs.2sPrs + bregaPu
e N Tuge = = o -

m.
\.
\'}‘he only new expressions are partial regression coefficients,® sy, b a0

the equation X = a + b2 seXa + bz 2aX s + bros:Xy; and geometrically by an un-
bounded solid. This solid, which theoretically would cxist in f our-dimensional space,
pusscsses the linear characteristics of the straight line and the plane, but is beyond
the imagination of most persons.

& The subseript 12.34 to the partial regression coefficient byp 5 indicates that Drz.a
measures the rate of change in X, with a unit change in X., with the effects of Xs
and X, eliminated. The first digit of the subseript always indicates the dependent
variable. The second digit refers to the independent variable whose effcets are
measured by the coefficient. The digits to the right of the deeimal refer to those
independent variables whose effects are eliminated or held constant.
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and Brss. The product moment® pie is the average of the products of
the deviations from thoir means of the dependent variable X 1,-and the
first. independent variable X;. The product moment pre is given by the
expressions’

Zom (20X, (X,

po— 202 [P0 (25 )(2%)] - AX.X, — AXAX,

The product moments pr and pu are obtained in a similar manner.
The regression coefficients b sy, Brs.a, and by are determined, from

the solution of the following three simultancous cquations: N
oA

o%b1s.0 + Pubis 2+ Pubrazy = Pu O
Pasbuost oibu st b = P (‘.}‘ )
Posbie as + Prasbrsz + cﬁbnﬁ = Pu

N

It will be noted that these three equations inch_fﬂ:} various product
moments and standard deviations which ca his caleulated from the
four variables. With these values known, thHe'equations can he solved
for the values of the three regression c.t)pfﬁéier1ts, Bis.say Dis2g, AN bugas.
When these regression coefficients begome known, they may be substi-
tuted in the formula for the multipl:e’piorrelation coeflicient on page 168,
This is a relatively gimple calculation.

The caleulation of the regreqdion coefficients is somewhat laborious.
This task logically divides At3elf into three parts: (a) the determination
of the products and the(Syuares of the variables; (b) the calculation of
product moments and'gquared standard deviations; and (c) the solution
of the simultaneous:equa.tions. )

Tn studying thefactors affecting the price of No. 1 Northern spring
wheat at Minncapolis—the dependent variable, Xr—three independent
var*iablep@-efé used. These were: the price of imported wheat at Liver-
p()()l“}:{‘rléland, Xa; the United States production of wheat, X33 an‘d
worldS wheat production, X The prices and productions and their

@“ét.dii‘ferences are given in table 1.

ProDUCTS AND HQUARES

1t is nocessary to determine the products, X1 Xz, XX, XXy, XX,
X, X, and XX and the squares, X1, X%, Xi, and Xj. These are
arranged in an orderly manner in table 2. The first four columns are the
squares of the first differences of prices and produetion shown table 1;

¢ The product moment is the same 88 that described on page 151.
" Page 154. _
% Trends were eliminated by using first different
independent and dependentd varishles X, X5 Xo and Xa

es. The first differences were the
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and the last six columns are all the possible products of these first
differences.
For instanee, in the crop year 1891-1892, the Minneapolis price of

TABLE 1.—MINNEAPOLIS AND LIVERPOOL PRICES AXD TUNTTED
STATES AND WORLD PRODUCTION OF WITEAT, AND

THEIR FIRST DIFFERENCES, 1882 1913

1 e
Crop year Production,t | First difforenees
prices,* conts 0,000,000 N
per bushel bushels Prices Prodagtion
28N
7'\
SZZ.I: No. 1 N\
North-} Spot, . World, L Minnoe- Liverss{\Uiited World
ern re'd at { United mf:lud— - apolis 1"‘39&'\ P Giatos | a.nd.
Spring | Liver- | States ing X, o) X, Russia
at Min-| pool Russia 4 Xy
neapuolis 7 \\ )
’..t\_hﬁ — -
1891-92 84 114 638 233 |\ :
1892-93 66 85 1 248\~ 18 — 29 -7 +1I5
189394 59 73 51 25,6 vl - 7 — 12 10 8
1894-65 | 61 70 54 259 |+ 2 - 3 + 3 + 3
1895-96 | 87 78 54 {X%248 | - 4 |+ 8 0 | -1
189697 71 89 52" 254 + 14 + 11 - 2 + 6
189708 94 17 Bl 231 + 23 + 28 g — 23
189399 | 69 85 \"..?7 300 | -25 | —32 +16 | +78
1899-00 63 8'(' N 66 287 -1 + 2 - 11 —22
19001 73 .15} 60 272 '+ B -1 - 6 - 15
190102 72 NB8 76 204 -1 + 2 + 16 + 22
160203 760\ 89 69 314 + 4 + 1 - 7 =20
1903-0¢ | @001 00 | 66 | 336 |+14 [+ 1 - 3 |+22
1904-05 ,§1ﬂ a7 a6 320 + 21 + 7 — 10 - 18
1905-06N * 84 98 71 339 | —27 |+ 1 |+4+15 {419
190607 84 | 94 | 74 | 357 0 |- 4 |+ 3 |+18
19g7-b% | 107 | 110 63 327 | +23 |+ | —11 | -30
800 | 116 122 64 325 |4+ 0 +12 + 1 - 2
1909-10 108 117 63 3an — 8 - b + 4 + 46
1910-11 103 107 63 365 — 5 — 10 — 5 - 6
1911-12 108 114 62 365 + 5 + 7 — 1 0
1912-13 85 112 73 294 — 22 — 2 + 11 + 29
1913-14 88 106 75 416 4+ 2 - B + 2 + 22
TFotal — - — — + 4 - & + 7 |+ 183
Average] — — — — |+0.18 {-0.36 |+0.32 |+8.32

* Timoshenko, V. P., Wheat Prices and the World Wheat Markct, Cornell Univer-
sity Agricultural Experiment Station, Memoir 118, pp. 98-99, December 1928,
t Agriculfural Statistics 1939, pp. 9, 15.
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wheat was 84 cents per bushel, and the following year, 66 cents; the
difference was —18 cents (table 1). The square of the first difference
wag 324 (column 1, table 2). The squares were simifarly computed for
X, X3, and X, for each of the 22 years. N

The first differences for the Minncapolis and Liverpool prices, —18
and —29, werc multiplied Lo obtain the produet 522, X, X; (column 5,
table 2). Similar computations were made for all the products and all
the years.

Q!
TARLL 2—PRODUCTS AND SQUARES* REQUIRED FOR
CALCULATING MULTIPLE CORRELATICN 2 AN

PrReT DIFFERENCES IN THE PRICE AND PRODUCIION OF Wn"@brf

R
Y

X
Squares Products? )y
\ L

Crop

year |
x| x| K

¥ | XX | X | BN, | DX | XX,

75 s/

0203 a4 sa1 40 225 523 Jeef— 270 208 — 435 -~ 105
15 o1 10| a4 1o0] 64  s4 (w0 -s6 120 —96 —80
1891-05 4 9 9 g —Bly) -+ B 6 -9 -9 9
150506 16| 64 o 121 —g¥y o 4 O —38 0
\sue_g7| 108 121| 4] 86 v —28 8 322 66 —12
loron soy 7sdl 81| seol~Nbae 207 -s29 262 - G4y 207
150809 6256|1024 26616,084\ 800 — 400/~ 1,950 — 512, 2,490 1,248

189900| 1l 4| 121084 -2 11 og| —22] -—44 242
o001 25 1| @8 22 -5 -3 -7 9O 15| 90
190102 1| 4 .;5?3 wea -9 -6 -2 33 44 362
100203 16l af\Jao ol 4 -28 8O 7 20| - 140

10304 196] AW 9 484 14 —42/ 308 -3 22| 66
j004-05| 44x>ode 100 256l 147| — 210 336 — 70| —112 160
1005-08| <768 1| 223 861 —27] —405 - 513 15 19 285
190&01\\"0' 16 g 324 0o ‘0 o —12 -T2 5d
190708l 520| 256 121| ool 368 - 253 — 690 - 176| — 480 330
1o0%pn| 81l 144 1 4 108 of —18 128 24 -2
Topwio| 64 o5 162,116 40 -3 - 368 —20] —230] 184

@l0-11| 25 1w0| 28 36 50 25 30 50 60 30
1911121 251 49 1 0 35 -5 o -7 0 1]
1912-13| 4s4] 4} 1210 84 a4l 942 -638 —22 —5% 319
1013-14| 4| 36| 4 484 - 12 4 44 - 12| — 132 44
Total |4,364:3,678]1,508/14467)+ 2,928 — 1,233~ 1,847 — 204|— 4,674]4-2,735

Average|198. 157,] 72.]657.] i33.7|| - 56. [ —220. [ — 9. —2]2,] 124.

36361(1818. i4091 EQDQR 0909 i 0455 31824 2727 ‘ 45451 3182

_

* A method bf ealeulsting sums of pr(:.cl
equipment is given on page 425, Appendix B.
f Table L.

1;;t.s aﬁd gumns of squares with tabulating



172 MULTIPLE CORRELATION

The next step was the addition of these squares and produets® and
the ealeulation of their averages. For example, the sum of the squares
of the dependent variable X, was XX = 4,364, which, divided by 22,
gave an average of squarcs AX7 = 198.3636. Similarly, the sum of the
products of X, and X, was ZX, X, = 42,928, and the average was .
AX:X, = +133.0909 (table 2).

TABLE 3.—CALCULATION OF THE 6 PRODUCT MOMENTS AND OF
THE 4 SQUARED STANDARD DEVIATIONS N\

First DIFFERENCE OF PRICE AND PRODUCTION OF WabaT* 8
£\

. '\
Product moments g

Pre= AXL Xz — (A Xy 4 X5} = 1330000 — {01818 X —0.3636) = 1330500 40.050{ = T§3.157)

= AX1 Xz = (A X -4 Xz = —58.04535 — (L1B1E XL 3182 = — 545 -0 0;:8 = — 3R, 103

v = A X1 Xs — (A Xy AXe) = —250.3182 — (01818 XR.3182) = —220 182l 7122 = —20€ 6304

Pr= AXsXy—(AX2-AXD) = —0.2727 —{ —1.3036 X0.4182) = —0 270K 14T = —.1570

pu=AX: Xy — (A X AX) = —212.4515 — ( —0.5636 X8.3182) = — AR I635 43,0215 - 2004300
pa=A XX — (AX- AX) =124 3182 —(0.3182 XB.J182) =124, JQ&‘_ 22 Gied — 1216713

Sguared standard deviations ..\
o= AXT (A X2 =108.3656 —(0.1818)2 = 198.3636 —oBaYZ 108.3305
cl'ﬂlI!AX,,—(AX}z]z 1571818 —{ —0.3636)* =147, 1&18 001322 = 1670406
63=AX.§—(AX3)‘ TZAM91 —(0.3182)2 = T2 A0, 1013 = T2.3078
oi= AX] —(AX)=657.3909 (8. .5182)!=-6az‘ 3908 60,1025 = 5584984

A

A\ ¥ Table 2

2\
)
Propuct Mom&xggam) SQUARED STANDARD [DRVIATIONS

The product mom@nt pr was determined by the following formula:

\<&
N e =AX X, - AX,AX,
"The cdcq@%ﬂs were as follows:
,\.t;"» pr = 133.0008 — (4-0.1818)(~0.3636)
~\J (table 2, (table 1, (table 1,
\ } eolumn 5) column §) column 6}

7z = 133.0909 + 0.0661
Pz = 133.1570

I

The computations of the six product moments are given in table 3.
The squared standard deviation, ¢!, was determined by the following
formula:
= AX? - AXiAX, = AX — (AX))

* A method of caleulating sums of squares and sums of products with tabulating
equipment is given in Appendix B, page 4285
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The ealeulation was ag follows:

o = 198.3636 — (0.1818)?

(table 2, (table 1,

ecolumn 1} . column 5)
= 198.3636 — 0.0331
= 198.3305

The eomputation of the four squared standard deviations is given in
table 3. )
N\
SOLUTION OF THE SIMULTANEQOUs EQUATIONS A
The values of the various combinations of the produci sum?s"'and
aguared standard deviations from table 3 were substitute@ in the three

normal equations A

at ¥ i

(’I)_ o2biz.as + Pubi o+ Padra s = Pﬁ’;\
(I} Db s+ 0201304 + Pasbua s S\Bi
(TII) Poabra.aa + Pagbrzu + 0 s Pu
XS
as follows: A\,
(b 167.0496bs 50 — 9.1570b15.24 209743000 25 = 133.1570
AT —9.1570bg. + 72.3078bu el 121.6713buz = —56.1033
(1) —200.4300bs 54 + 12L.67L3bus s+ 588.3084buass = ~ 2218504

There are many ways of sc{{?ing simultaneous equations. One of these
methods is given in table &) :

The first step was the. recording on lines 1, 2, and 3 the equations I,
I1, and T1I given ablaye. _ .

The second stepsThese three equations were divided by their respective
coefficients of By s Line 4 was equation 1 divided through b?r the
(zoefﬁcient\s)ifjj; s, which was 167.0496 (table 4). Line 5 was equation I1
divided b} the coefficient of biss _9.1570. Line 6 was equation 111
dividetiby the coefficient of it —209.4300. o

'Tim’third step involved the determination of t-he. succpjsswe dlffere.nces
be¥veen the three cquations. Line 7 was line 4 minus line 5; apd‘lme 8
was line 5 minus line 6 (table 4). The work done to this point eliminated
b12.34, one of the three unknowns. .

The fourth step:? The two equations in lines 7 am'l 8 were ’dmded
by their respective cocfficients of by Line 9 was 11_710 7 d}"}dﬂd by
the coefficient of b, +7.841635; and line 10 was line 8 divided by
the coefficient of bis.zs, —7-315487 (table 4). ’

The fifth step!! involved the detemlinatinn of the differences between

16 Similar to the second step. * 1t Sjilar to the third step.
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TABLE 4 —80LUTION OF NORMAL EQUATIONS TO DETERMINE
VALUES OF REGRTESSION COLFFLCITNTS

Prick axp Propuction oF WieaT, Tastr 3

Lina Mochunied procedure
1 Egquation L 167 0405k a0 — 0, 15T 0w ae = 2089 FR0U0 5= 1431570
2 Eguation IT — 13 1570000 90 72307 8s 20 H121L67 L0 n = — 56,1033
3 Equation IIT — B A 300 5 + 121 .67 18 810.2 1588 808 = — 221 B3
4 I-+1687.04496 Dz, —0LOG48 Wida 20 — 1. 2007000 2 = SOTLHEL
5 Ii+—%1s70 B —7 8964300 — b3 E8T 250 = 6,126821
6 LI+ —200.4300 Bya 4 —0.58006-41by1 2¢ —2, 80052 bya 1059210
7 ZLine 4 —line 5 TEA1630bam 1 20335450 m = ~ 6.324710
8 Line 5-line § —7.315487 ez —104TFT 22 S N 5067511
g Line 7 ~+7.841635 Frpeed L AST Limarg = (.BTIEES
10 Line 85 --7.315487 [T IRT IR ] 3221_'1559,.2 0.692724
11 Line & -line 10 U.].U',ZE![T‘:bl 0013056
13 Line 11+0.102305 ...‘ L) 0.127618
13 Line 10 with value of b subatituted a.a il .4332EH1}{{11‘37G] K] = = 002724
14 Simplification g 0182783 = —  0.602724
15 Value of hax 4 Buaag= — (73507
16 Line 6 with values of \
s e and Bue srsubstituted  bizas —{0.5800064)( —0.87 55[}7‘)’\}218051 FAN.12TGIR) = 1.059210
17  Simplificotion Q_&LH).MJSUES — {35854 1059210
18 Valuc of b N DOGHLLE
Cheek: g ™
Equation I 167 0408z 31 —8.1570ba 2 —204. 430001 10 = 138.1570
Substitute vahies of ol

Bz, Busa, buean (167.0488)(0.800118) ,—’(9.15?0)( —0.875507) — (209,300} {0.127618) = 133.1570 |
S\ 1518678 +R.0170 —26.7270=133.1570
133.15?8=13’315'0

Byg e+ bus s B 3pa

3

Rf.ﬂa =

ol p
- (0.909118)(1%2&5?0) +(— 0.875507)( — 56.1033) + (0.127618){ — 2218304}
\ . 19583305
- 121046544 40 1188 — 28,3046 - 141 8646
K ¢ J 198.3305 148.3305
= 1, 7153
Riaw =) 6
:"\".

the twcf&luations (lines 9 and 10). Line 11 was line 9 minus line 10.
Tl'%e\’yvb'rk to this point eliminated both b 5 and bys 2 and left only one
Qnknown, bus, in the equation (line 11). From this eguation, which
réads +0.102305by s = +0.013056, it was possible to determine the
value of byy.e a5 follows:

_ +0.013056 _ :
brag = 10.102305 +0.127618

This was given on line 12 (table 4).
The sizth step involved the substitution of the value of bue.sss
-+0.127618, in the equation given in line 10, as follows:

biaze + 1.43226601 5 =— 0.692724
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the computation of which appeared in lines 13, 14, and 15:

b+ (1.432266)(40.127618)= — 0.692724
Biseq + 0.182783 = — (1692724
Big.co = —0.875607

The seventh step consisted of the substitution of the known values of
Bys 25 and by 24 in the oquation on Jine 6 (table 4). -

Big za — (LEK0964h; 00 — 2.809523b14.25 = 4+1.059210

bizas — (0.580964)(—0.875507) - (2.809523)(0.127618) = 1.059210
Broqe + 0.508638 — 0.358546 = 1.059210 N\
b .as = +0.909118 a\

2\
The values of the three unknowns have been deter_mined by t\he solution
of the normal equations. _ A\ ]

The aceuracy of the computations may be checkedyby substituting
the computed values of b s, Byg 20, and bus o in cquaigio!xI (line 1, table 4).

167.0496b1 24 — 9.1570bgz 24 — 209.4300b1.2s = 133.1570 :

(167.0496) (+0.9091 18} — {—9.1570){-0.875507) -— (20,9{13,@0)&0-127618) = 133.1670
1518678 + R.0170 — 26.7270 = 133.1570 ¢*

150.8848 — 26.7270 = 133.1670 \

133.157% = 133.1570 O
Since the substitution of the yalues of the regression coefficients

approximately satisfied the equgﬁbn’, it was rcasonable to assume that

no arithmetic errors had been. inade. It was possible, but not probable,

that two or more errors W}.l{éh were compensating might have been made.

s8J
£ CALCULATION OF E

After the detefination of the sums, produet mor:’nents, standard
deviations, and he regression coefficients, the student 13 z?ble to de’ter«
mine the miﬂ‘{iﬁle correlation coefficient® from the following equation,
which isv;@}r'iéd forward from page 168:

*\

"“ Thé: walculation of R from any sumber of variables is giv

formiia,

\'\. W R? = buu.pa- P20 + byg.pt-- P13 +z‘ et b""-?ﬂ"‘f"‘—l_"p_“’.',

L33 ¥

The partial regression coefficients, biz-si...m

1) norroal equations of the type

en by the general

where m is the nwmber of variables.
and the like, are chtuined from {m —

obrat.m Posthis zdem + -
Paezstm + oy gdeem 1

v Prethm i m DT Piz
. & pumbimzsem-n =P

o+ EPm e m = = Pim

wbis. gt m T Pambis tieam + - .
- . cbtained from the analysis of

Coefficients of multiple correlation may also be
partial correlation (page 195).
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2 blz_:_s-ﬂ)]‘z -+ bl.’t,‘.!xtpl.‘t + b it

bl g = — O’;f
Rl‘lz,za-l = (.7153 Ry me = 0.840

INTERPRETATION OF R

This multiple corrclation coefficient, 2 s = 0.81G, indicaled that
there was a high degree of assoelation between the Minneapolis prico
of wheat, X, and three factors: the Liverpool price, Xo; Untted States
productlon X;; and world production, X,.

The square of the coefficiens, B2 ,,, = 0.715, indieated the proporéion
of the squared variability in the Minncapolis price of wheat cxplamed
by these three factors. The coefficient of determination \\':1-'\0\{15 or
71.5 per cent., \

The unaceounted-for variability was expressed by tht\ (oef'hfu nt of
non-determination, 0.285 (1 — 0.715 = 0.285). Tha defficicnt of non-
determination was the proportion of the squasedvariability in the
Minneapolis prices not explained by the three Qt{lg‘.r factors.t?

Simple corrclation coefficients range fron{d—l 0 to 0 to —1.0. The
coefficicnts of multiple correlation are always positive in sign, and
range from +1.0 to 0. -

The multiple coefficient measured: the combined effect of the three
independent variables on the Mmﬂeapohq priee, but gave no indieation
of the relative importance of thé' Raverpool price, or of the United States
or world production. This p()blem will be treated under the subject of
partial correlation,* \‘

fREGRESSION EQUATIONS

In the process Of deterrmmng R 25, the values of the regression coef-
ficients b, 54,~Q13_\24, and b are obtained. The regression coefficient,
bz = +0 91, indicated that, as the Liverpool price of wheat changed -
1 cent per ushol the Minneapolis price changed 0.9091 cent, in the
saIney direction.’s The subsecripts to the letter b have an 1mp0rmr1t
mi‘{llhmg The. first two, 12, indicate that the cooflicient deseribes
the ‘amount of change in X; with a unit change in X,. The last two
subscripts, “34,” which arc separated from the first two by a decimal
point, indicate that the offects of X5 and X, are climinated in the deter-

® This unaccounted-for variahility might have been due to errors in the data on
preduction, to errors in judgment as to what the market prices should have been, t0
other factors, or to inadequacy of the methed.

14 Pagc 185,

L5 The gross regression cocfficient, b2 or byx, kuld also indicate the change in X1
with a unit change in X, but the effects of X; and X would not be considered.
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mination of the rclationship between X, and X,. The sign of the regres- -
sion coefficient b is positive, indicating that the Minneapolis price
rose and fell with the Liverpool price. '

The second regression cocflicient, s = —0.9755, indicates that
with a change of 10 million bushels in the size of the United Stat
wheat crop, the Minneapolis price ¢hanged 0.8755 cent in the opposite
direction. In this relationship, the effects of the Liverpool price and
world production are eliminated. '

The third regression coeflicient, by = +0.1276, indicates that,
when the cffects of the United States crop and Liverpool price Are
eliminated, & change of 10 million bushels in the world wheat bz0p is
aecompanicd by a change of 0.1276 cent in the 'M.innea,puﬁs price.
The two chunges are in the same direction; normally one waould expect
that the changes would be in opposite direetions.!t O

From Lhesc three regression .coefBeients, the regycasion equation for
the estimated Minneapolis price in terms of thede variables can be
determined. This is a rather simple operatipt’ involving the three
coefficients and the arithmetic averages of £he four variables:

(X) = AXD) = brega( Xz — AXs) + bizaalXs — AXH +7)1«‘13.(X4 —AXy)

(X1—-0.1818) = (0,809118) (X2+0.3636) (0878507 (X;-0.318%) +(0.127618) (X~ 8.3182)
X1 — 01818 = 0.9091X; + 0.3306 — 0.8755X % 0.2780 + 0.1276X, — 1.0618

Xy = 0,8091X;: — 0.8755Ka + 0.1276X 53 0:2706

This cqualion is the algep;raic description of the average solid that
best. deseribes the mw\l’%iple relationship. Solving for the value of 3?1
in this equation fortifferent values of X, Xy, and X, will give an esti-
mate of the MinAdapolis price based on the other factors. For instance,
during the cgop-year 19071908, the Liverpool price, X3, rose 16 cents;
United Stafod production, Xs; decreased 11 (tens of million bushels);
and wodldhproduction, X, declined 30 (tens of million bt{shels).. When
these galucs are substituted in the equation,

< I°:'I‘hjs, may be due to the climination of fwo very important varia.blfss that in-
filenee the Minnespolis price. Since world production was PTObﬁb‘l}’ avery 111_1901‘3&1113,
if not dominating, factor influencing the Liverpool price, the L1ve}‘p001 price wras a
reflection of world production. When the effect of the Liverpool price on the Minne-
apolis price was eliminated, the effcet of world production was also pal.'tmlly or wholly
removed, It might have been that changes in world wheat ?l‘OdllCth]l affected the
Minneapolis price through their affect on the Liverpool price. ‘
There was some relationship Detween United States and W(.)l‘ld prcnfluct].on,
rig = +0.5%; and hetween Tnited States prodhuction. and the Minneapolis price,
15 = —0.47. By the elimination of the effect of the United ‘Sts.mtes crop‘on tl}e l:vaT;le-
apolis price, part of the effect of the world crop was also eliminated. '1hevehmma.tlon
of X5 had some effect on iz g, bt the elimination of X, was the more important.
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X, = 0.9091X; — 0.8755X; + 0.1276X, — 0.2706

X, = (0.9091)(16) — (0.8755)(—11) + (0.1276)(—30) — 0.2706
X, = 14.5456 + 9.6305 — 3.8280 — 0.2706

X, = 20.0775

On the basis of these average relationships, ithe Minneapolis price
should have rizen 20 cents. It did rise 23 cents. Similar estinated values
Change may. be calcula.{.-f-zd .for t_>t-bher
+zn-—] years., An examination of a
graphic comparison of the epi-
mated and actual changes\in
prices indicates that aN\sather
glosc relgtionship (:)gist.:f?ti {ligure
1). However, upog'micre detailed
examinalion, W/ may he found
that, in 1905¢the estimated price
declined JOM cents, while the
actual.p%ice declined 27 cents.
| Likewise, the estimated price

JI

Estimata:d

1892 1810 diffefcd from the actual by i4

FIGURE 1—ACTUAL AND ESTI- _sgents in 1912; 10 cents in 1895;

MATED CHANGES IN THE VH\‘, , and 8 to 9 cents in scveral other
NEAPOLIS PRICE OF WHLAI N\

years. A comparizon of esti-
mated and actual prices over a

Basep on Mﬁ?ﬁi‘:mcmﬁm”\“m period of time is onc of the
(Tablos 14)\\ simplest and most commo%ﬂy

Most of the changes were in bhe same direction. used gl‘&phiC methods of showing
The arentest diserepancieg t{etueen actual and esti-  the degree of correlation. In

mated changes were in heyamount rather than the K P
. ; umines
direstion of change. THae disrepancics are moater  SENETal, the reader who exam

than appesrs fram e “dsual visual inspestion miven  hHESE graphs obtains the impres-
this type of cha% sion of a higher degree of cor-
relation ¢han is actually present. This is a criticism rather of graphic
method‘s of showing relationships than of the multiple correlation analysis.

18921913 N v

MULTIPLE CORRELATION FROM GRAPHIC ANALYSIS

Mutltiple correlation coefficients and regression lines may be obtained
by a short-cut graphic method. This method involves less work than
the least-squares method but is also less aceurate. The short-cut method
is described on pages 230 to 241,

ADVANTAGES OF MULTIPLE CORRELATION ANALYSIS

The greafest advantage of multiple correlation over other methods
of studying association between variables lies in its adaptability to
problems where the amount of data is relatively small.
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If the records were available since 1700, there would be about 240
years of varying combinations of Minneapolis and Liverpool prices and
United States and world production. These data might he sorted and
cubsorted in various ways to determine the Minneapolis price with
various combinations of the Liverpool price and United States and -
world production. If the years were sorted on the hasis of the Liverpool
price, X,, into two groups, one in which the prices rose, and the other
in which the prices fell, there would be about 120 years in each group.
If each of these two groups was again divided on the basis of whether .
United States production increased or decreased, there Wwould be four
subgroups of about 60 years each.t” If these four subgroups were divided
on the hasis of whether world production increased or decreaseds, there
would be cight sub-subgroups'’ with about 30 years each. Fog‘egc‘h group
of 30 yoars, the average change in the Minneapolis ’pri’ée eould be
caleulated and compared with the average changes,_fqx, other” groups.
This type of analysis would be mueh simpler and l¢ss time-consuming
than multiple correlation analysis of the same dafa., and probably would
be about as satisfactory, except for the compléxity of the results.

In the 22-year period in table 1, there #puld not be more than two
or three years, on the average, in each, of the eight subgroups.™ While
the averages of 30 items might be ré}isonably relisble, averages bafsed
on two or three items would not. Mi’ﬂfiple correlation is also an avera&_’,mg
process., However, it gives reasonably accurafe results with limited
amounts of data, whereastho averaging of groups and subgroups does
not. X\ . )

Another advantagé of multiple corrclation analym? is the eXpression
of the type and de'gr’e;a of relationship in a few concise coefficients. To
statc that R _9‘34¥“ 0,715 means that the three facto?s Ize})resfented, :Xn,
Xy and X»;\S.xﬁlain 71.5 per cent of the squared variability in X ’1‘he
regrossiqn s '&cﬂicients are likewise well defined and have a definite
meaning : S

he relinbility of the correlation and regression coefficients 18 MOre
casily tested than the reliability of other methods of s?udylgg assomat{on.

Compared with other types of multiple correlation, linear multiple

analysis is relatively simple.

17 Provided that there waa no jnterrelationship betweer the various factors. Since

. i i
there was intorrelationship between all pairs of faclténra 1:1 ;hz ?.:;Teljile given, equs
digtributi he subgroups couid no e expected. _

stribution of the years amosk L sue(f among three factors, some of these groupd

18 When some interrelationship exist " 4
would probably cantain no years at all. In faet, in the example used, ’3 n:z?ir:]fem:;ﬁ q
that the Liverpool price declined, the United States crcp ineresse ;1 2 e deslined
erop decressed all in the same year. In six of the years, the Liverpool price | :

and the United States and world crOPS«-incréa‘qed all in th? same year:
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DISADVANTAGES OF MULTIPLE CORRELATION ANALYSIS

Multiple correlation analysis is based on the assumption that the
relationships between the variables are linear. In other words, the rate
of change in one variable in terms of another is assumed to be constant
for all values. In the field of agriculture, most relationships arc not
linear but follow some other pattern, This somewhat limits the use of
multiple corrclation analysis.'® The linear regression coefficients are not
accurately descriptive of curvilinear data. ~

A second important disadvantage or limitation is the assumphion
that the effects of independent variables on the dependent Mapinbles
are separate, distinct, and additive. When the effects of véridbles are
additive, a given change in one has the same effect on:tbf, dependent
variable regardless of the sizes of the other two indepthdent variables.
For example, in the cquation NS

X, = 0.9091X; — 0.8755X; + 0.1276X% — 0.2706

the Minneapolis price of wheat, X,, indséased 0.9091 cent with cvery
I-cent increase in the Iiverpool pri{;e,’Xg, regardless of the sizes of
production in the United States and™n the world. However, the effect
of the Liverpool price on the Mjrjnéé,polis price may be different when
the United States production“is“hi'gh from that when it is low. It often
happens in agricultural dafasthat the effect of the first factor upon
the dependent variable.is'\fex’*erscd with a change in the size of the second
or third factor. When the effects of any variable change with different
values of another yariable, their two effects are not additive, but are
said to be joint. "\ '

In the mpl;iblé regression equation, the various terms, which are
products of\régression coefficients and the independent variables, are
added tl’;‘.t: each other. Often the equation which would give the best
fit,_would contain terms in quite different combinations. Such a com-

blostion with four variables is given in the following equation:
Xi= blﬁ:;f_z—ﬁ-}- bie5:Xs. The value of the first term, 55;:%‘:—(}&:
depends on both X, and X The effect of changes in the value of X,
on X, depends on the value of X;. When Xj is at one level, an increase
in X, may mean an sncrease in Xy; when X; is at another level, an in-
crease in X, could mean a decresse in Xy. Therefore, the relation of

1» When linear correlation methods are applied to curvilinear data, the degreéf of
relationship s really greater than that indicated by the coefficient of correlation.
However, a small departure from lincarity does not scriously affect the resulfs.
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X, and X, to X, is joint. Such joint relationships of independent var-
jables to the dependent may take the form of products, quotients,
powers, To0t3, und other complicated functions. '

Muliiple correlation analysis assumes the simplest of the possible
interrelationships among the independent variables, namely, the addi-

tive relationship. Often this assumption dees not agree with fact.

The method has scveral other disadvantages. Although it is less
laborious than most curvilinear correlation analyses, linear multiple
correlation involves a great deal of work relative to the results frequenthy,
obtained. When the results are obtained, only a few students, well
trained in the method are able to interpret them. The misuse¢oieor-
relation results has probably cast more doubt on the method Jthan is
justitied. However, this lack of understanding and resiilbizig Misuse
are duc to the complexity of the method and are therelz)}f disadvantages
“ehargeable to 1t. SO

USES OF MULTIPLE CORRELATION GOEFFICIENTS

Multiple corrclation is used in many ﬁel‘dsﬁ)i’ experimental endeavor.
Hitcheock found that the labor cost, of yproducing maple syrup and
sugar in Vermont was related to thessize of the orchard, the sugar
content of the sap, and the yield! pei' bucket (table 5). The multiple
correlation, B = 0.50, indicated that these factors accounted for about
95 per cent of the variabilips,

Kincer and Mattice stiiaied variations in the vield of spring wheat
in North Dakota froﬁt\\lﬁm to 1924 The independent variables con-
sidered were the afogunt of sunshine in July and the total rajnfall in
April, May, and\dane. The relationship was rather high, as indicated
by the coeffigient K = (.80 N

Vial sthdied the relation of retail price to the content of fertilizers.
For thejﬁaar 1902, he found that the nitrogen, phosphoric acid, 'and
potashicontents were closely related to the price, B = 0.88. Subs?antlally
.tlrié:: wAme results were obtained for each of the 39 years gtudied. The

cdéfficients ranged from 0.75 fo 0.96. ) &
Cox studied the relation of the Jocal and Corn Belt production to the

Minnesota farm price of corn. The ‘coefficient, & = 0.83, indicate_d t_hat
these production factors explained almost 70 per cent of the varigtions
in the Minnesota price. '

The multiple correlation coefficient has been used quite extensively

to measure the degree of agsociation between variables. This coeflicient

has been used more frequently- than its square, R% which _indlcadts?s
the percentage of determination. However, K2 has more meaning and 18

preferable.
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TABLE 5—MULTIPLE CORRELATTON STUDIES

Independent variables Mul- Independent varinldes Mul-
S 1.1 L [ R o ___| tiple
Dependant | vorre- | Dopencent ; corre-
varioble Tation virihle i lntion
Nurm-| - ) Num- .
ber Dearription t‘:t?[‘ﬁl— ber Theseriplivi m'cfﬁ—
etent : cient
Maplesyrup Fertilizer ¥ H
Mauan labhor Bise of orchard; sugnr Rotndl price] 3 Nitrogen,; phosphoric
petr gallon 3 content; wield per aeid; potasl L. 88
hueket 0.50 N\
N
Spring A
wheatt Cotlan®* AN
Yield, No. July sunahine; April- Aoreage 4 Time; pried\gsie and
Dakots 2 Jurne rainfall .80 two youes preceding;
acredase proceding
N .
U r«\ 0,38
Milkt Landtt \V
Deliveriea 2 Milk-feed price ratio ¥alue 4 Cluss;  productivity;
lagred 1-33 and 12— M| buildings; market | 0.81
ig months 0.65 '\ ®
Potatoes§ Ricefh\V
Iduho price | 4 Froduction in  Far Prices 2 United States sup-
West, in Centrul . L QY ply; Indic produe-
States, in Far East; o tion 0.97
price level oaRy”
R
Egrirs]| o Corndd
Retnil price | 4 Weight; gualifs; Minnesota Productionin Minne-
cleanliness; typoy of price 2 gota: and in six Corn
store \'\’ 4 0.48 Belt states 0.83

* Hiteheock, J. A., Econodits of the Farm Manufacture of Maple Syrup nnd Sugar, Vermond Agri-
cultural Experiment Statién! Bllletin 285, p. 64, July 1928,

t Kiacer, J. B., and Maffice, W. A., Statistical Cotrelations of Weather Influence on Crop Yields,
Monthly Weather R3O0, Vol. 56, p. 56, February 1923,

1 Gans, A. ., Fladticity of Bupply of Milk from Vermont Plants, Vermont Agricultural Experiment
Btation, Bulletih %64, p. 27, April 1927, .

§ HeflubowerSR. B., Factors Relating to the Price of Idaho Potatocs, University of Idubo Agri-
eultural Exﬁgriment Btation, Bulletin 166, p. 15, June 192G, .

t Bonngry C. L., and Gakriel, H. 8., Morketing of Delaware Bggs, University of Telawsre Agri-
cultiival Experiment Station, Dulletin 150, p. 23, July 1927. ]

Vial, E. E., Retail Prices of Feriilizer Materials and Mixed Fertilizers, Cornell University Agti-

enltural Experiment Station, Bulletin 543, p. 120. November 1832, .

*+ @mith, B, B., Forecasting the Volume and Vulue of the Cotton Crop, Journal of the Ameriean
Btatistical Association, Vol. XXII. New Serfes, No. 180, p. 449, December 1927,

Tt Haas, 3. C., Sale Pricos as o Basis for Farm Land Appraiaal, University of Minnesota Agricultural
Experiment Station, Technical Bulletin 9, p. 22, November 1522,

11 Campbell, C. E., Tactors Affocting the Price of Hice, United States Department of Agrieulture,
Technieal Bulletin 207, p. 21, April 1932,

§% Cox, R. W., Factors Influcneing Corn Prices, University of Minnesots Agricultorsl Experiment
Btation, Techoical Bulletin 81, p. 18, Beptember 1931,
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USES OF MULTIPLE REGRESSION EQUATIONS

The regression coefficients oblaincd by multiple correlation analysis
are in many instances more informative than the correlation coefficients.
They give the average rates of change in one variable with changes in
a second variable, the influence of other variables being eliminated.

Bennett® found that the price
of No. 2 oats at Chicago was
closcly associated with the sup-

TABLE 6—EFFECT OF SUPPLY oF
OATS ON PRICE OF QATS, WITH
THE EFFECT OF THE SUPPLY OF '\

ply of both corn and oats. The -

equation for the November—April
price of No. 2 oats for the 42-ycar

CORN ELIMINATED

N
SurpLiEs AND PUrcHASING POWER OF

Price 19 PERCENTAGE OF NORMAL®
\

period 1897 to 1938 was: Xi= — ——% -
937.4 — 0.903X, — 0.471X, where [ Supply cats, X Pricg‘of"oats, X
X, was the August 1 supply of L
oats; and X, the November 1 20 7 118

supplty of corn. This equation 00 \\ 100
indicated that, for each increase of 100¢°C 100

1 per cent in the supply of oats, the ) gg ) gé

price foll 0.90 per cent. With an in- W '

DA EE—
orease of 1 per cent in the Supply ﬁ}i_a.;d on the eguation X1 = 190.3 —
of corn, the price declined 0.47 . J0%03 X,
These relations can be shownin™ ;
tabular form. If one were iix{érested in the effect of the s.upply Flf oa.tis
hesupply of cormn climinated, this relatlo_nshlp
could be obtained fropa the net rclationship given ahove. The rela-tlorlx of
the supply of oats to 15 price with the offcet of the supply 9f eorn elim-
inated may bo biained from the above équation by.hold'mg cunst.ant
the supply of; 131)'1711: X, at its average,? 100. From the re.sultmg eq:datlon,
X = 190.3% 9.903X., the price of oats may be determined for different
supplics b:f oats. For cxample, when the supply of uati was 20 per cent
bel!Z{W"ﬁ’drmaJ, the price was 18 per cent above normal {table 6). i
N Yone were interested in the effect of the supply of corn on the

price of oats, with the effeet of the supply of oats climinated, the same

procedure would be folowed. When cornt was 20 per cent helow normal,
al (table 7).

the price of oats was 9 per cent above normal ({f
A shortage of 20 per cent in the oat supply. with the cffect of the corn

on the price of oats wit

26 Bennett, K. R., The Price of Fecd, ImPUblishEd manuseript, Corpell University,

1940,
N Y, =237.4 — 0.903X: - 0.471(100).
X, = 237.4 — 47.1 — 0.908X»
X: =190.3 — 0,903 X
% This agsumes that the corn supply was average
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supply climinated, raised oat prices 18 per cent. A similar shortage in
the corn supply, with the effect of theoat supply eliminated, raised prices
9 per cent. Obviously, the oat supply had a grester effeet on the price of

TABLE 7—EFFECT O SUPPLY OF
CORN ON PRICE OF QATS, WITH
THE EFFECT OF THE SUPPLY OF

OATS ELIMINATED

SUPPLIES AND PURCHASING POWER OF

Price v PERCENTAGE OF NoORMaAL®

Supply corn, X, Price of onts, X,

80 109
90 105
100 100
110 95
124 91

* Bazed on the equation X, = 147.1 —

0.471X,.

oats than did the corn supply.
The combined effect of various
supplies of oats and corn ean also
be shown in The
average prices for these combina-
tions can he casily determined
from the original cquation’gh J-
lationship (table 8). Witly the
supply of both oats amdsctrn 20
per cent below nomm\f the price
was 27 por cenfy d,hm ¢ normal ??
When the oat. Nﬂ)[) v was 10 per
cent belowndrmal and the corn
supply 2({\1)(‘1 cent above normal,
the pricéof oats wasnormal. I one
sodosired, the supply of oats and

tabular form.

corn could be converted to bushels;and thi¥prices, to cents per bushel. In
any event, this type of pr e%entahongﬁ more effective than the regression
equation or its coefficients. Hm\-'a\?lér,"the tabular presentation does not
overcome the inherent limitations*of multiple correlation analysis.

A\
TABLLE 8. —EFFECTY G@‘ SUPPLY OF OATS AND OF CORN ON
PRICE OF OATS
BUPPLIES AND Pu{mm\smc Powrr or PricE in Per CENT OF NORMAL
o) Supply corn, X
Bupply "\ pply corn, X,
o;ts, O : S
IR\ 80 90 100 1o 120
\/ Price Price Price Priee Priee
oats,* X, oats,® X, vats,* X, pats,* X ouis,* X1
20 127 123 118 113 109
90 118 114 109 104 100
100 109 105 100 95 91
110 100 06 o1 86 82
120 a1 87 82 77 73

* Based on the equation X, = 237.4 — 0.903X, — 0.471X,.
X, =237.4 — 0.503(80) — 0.471(30).

X, =2374 722 -37.7.

Xy =127.5.



CHAPTER 11
PARTIAL CORRELATION

Multiple corrclation measures the degree of relation between one
variable, such as price, production, income, and the like, and a com-
bination of two or more other, related factors. However, it tells one ,
nothing about the relative importance of eseh factor. In statistical
analysis, the worker 18 usually not satished in measuring only he
vombined effect of all factors. 1f enough factors were included(in the
multiple eorrelation snd no errorsof any kind were made,'tpe'qpultiple
cocfiicient would always approach LO. The usual coeffidient of less
than 1.0 simply measures the degree to which the stuﬁ}ﬁt— has found
the causes of vasation in the dependent variable; anty for this purpose,
it is g uscful tool. But after the multiple correlatiomisknown, the student
focuses his attention on the relative importance of each facior consid-
ered. This problem is of greatest impo}_‘t&j}c’e if for no other reason

than to clear up the gmbiguity of thes multiple coeflicient. A high
cocfficient of multiple correlation .g.:ﬁ;in{)tes to the average student a

high degree of association betweel, the dependent variable and each of
the independent variables. Tryhtany eases,

however, the high eocflicient

may be due to high associafiéll, between only one or two of the factors.

The other factors may Be'of practically 1o importance.

PARTIAL\cbiRELATmN FROM MULTIPLE CORRELATIONS

\Y  g8pconp-URDER (SOEFFICIENTS

A\
The palft&ﬂ eorrclation cocfficient 15 & measure of the effect of one
' ftects of all the other

factor ’Qn the dependent variable when the ¢
fators” considered ave eliminated. One of the best definitions of the
partial correlation coefficient was given hy Fzekicl': “The coefficient
of partial correlation mM&Y be defined as 2 measure of the cx.tent, to
which that part of the yariation in the dependent variable wh.mh was
not explained by the other independent factors can be explained by

the addition of the new factor.”
With every additional indepen
the multiple coefficient jnecreases, o I¢
t Ezekiel, M., Methods of Correlation Analysis, D 179, 1930.
185

Jept variable in & correlation problem,
mains the same as before. If the
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increase is large, the effect of the additional variable is important. If
there is no increase, its effeet is negligible. The partial correlation
coefficient. compares this inercase in the multiple cocflicient to the pro-
portion of the variability in the dependent variable not explained by
the factors first considered. The increase in (he per cent determinaion
due to the inclusion of a third independent variable might be given
by the expression B2, — R34, The proportion of variability in X not
explained by X; and X3 was 1 — £, The ratio of the inerease in
accounted-for variability duc to the inelusion of Xy to the propodtion
not explained by X; and Xs is the partial correlation cocfheient :dq{lal'(-:d.
The valuc of the partial cocfficient? is thus given: A

—_— ‘/f_f_%.@_—_ﬁ R Y
14.23 1 _ Igi),zs ..‘

z? { 4

Tkis can be interpreted as the effeet of X, on X aff(;} the effeets of X
and X; have been climinated. O

Likewise, the partial coeflicient, ri2 ., wou,ld:bé given by:
R N By — Riss

1 — Riz &Tid S Ty 1

It was desired o measure the e{ﬁii{t’éf the Liverpool price, Xy, on the
Minneapolis price of wheat, Xy\iith the effects of Uniled Slates and
world produetion, Xy and X, liminated. This is measured by the partial
correlation coefficient, Fi2 3el\

AB3 —- 0.4320  0.2824

rhaa 2 O S sn = G 01980

T1.2‘3'§.O='"+0.706

All the myl#iple correlation coefficients and the regression coefficicnts
on which t-*k{c; partial cocfficients are based arc summarized in table L.
The gff‘é}t of the Liverpool price and the United States and world
prody{{jr,ii)'n on the Minneapolis price of wheat was meazured by
R{»2 0.846 and k2 ,,, = 0.7153 (table 1). These three factors explained
7183 per cent of the squared variability in the Minneapolis price.
However, consideration of only two of the three independent vauriables,
United States and world production, sccounted for only 43.29 per cent
of the variability® in the Minncapolis price (R 5, = 0.4329). The inclu-

Tiz.se =

2 This formuls usually appears in the following fransformation:

_ . El — Rf.m)
fi4.23 = /‘/1 — (1 —'-R'i,za)

3Computed by lormula: R}, = @EM‘ The general formula for multi-
. LA
ple coefficients with any number of variables is given in footnote 12, page 175.
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sion of the additional factor, Liverpool price, X, raised the per cent

determination from 43.29 to 71.53. The increase, 28.24 per cent, was

expressed as a proportion of the variability in X not explained by X,

and Xy, 56.71 per cent (1 — (4329 = (.5671). This proportion, 0.4980,
0.2324

0.5671 = 0-4980).

The coefficient itself, 712 24 = +0.7086, iz the square root of this quantity.

is the squared partial eorrclation coefficient (r%m‘; =

TABLE 1.—SECOND-ORDER PARTIAL CORRELATTION COEFFICIENTSH
AND THE MULTTPLE AND REGRESSION COEFFICIENTS

FROM WHICH THEY ARE DERIVED .\:\
Propucrion anND PriceE or WHEAT* o)\
Multiple coefficients . Pa;z;ti'g'a:f ’ Correspond-
Regression £ .
; coprelation ing pross
cocfficients Sicient. ficient
Four variables | Three variables L Hetents coenieents
a )
AN
R}__z:g.; = 0846 R]_;j.{ = 0‘658 612.34 = ‘I‘Og{]m ’?"12.34 = +0.706 g = +0732
R oy = 0.7158| Bl = 0.4529 ANV | ey = 0498 | 7= 0585
Iy 050 = 0.5846 B2 =0.763 { bra ns )=~.—9.8755 Fia.ee = —0.565 | 3 = —0.469
Rl = 07153 BRI, =08818] 3N Ta = 08198 7y = 0220
Ry = 0.846 Rl.za = (1.838 bk{:fs"= H0.1276, ri492 = HE208 | #y = —0.649
Ry = 07158 B, = 070240 e = 00438 ri;= 0422
.

K Table 1, page 170.

"

The partial coeﬁi\i@\nt ri.a4, takes the sign of the regression coef-
ficient, bwa In, th(‘ derivation of the multiple correlation eoefficient,
R\ oz, this regrps\slon was found to be positive,* biza = +0.9001,

This partu;} coefficient, iz = +0.706, measures the extent® to which
the va r%ieh in the Minneapolis price, unexplained by United States
and \voll production, was cxplained by the Liverpool price.

Pamal coeflicicats, though logically derived from multiple coefficients,
Qn&y be compared with the gross, or simple, corrclation coefficients.
The gross correlation between the Liverpool and Minneapolis prices
was 2 = +0.732 (table 1). This can be interpreted as the relation
between X, and X, without considering X; and X,. The partial coef-
ficient, 7p.9 = +0.708, is interpreted as the relation between X: and
X after the effects of Xz and X4 have been eliminated. In our problem, the

¢ Caloulations in table 4, page 174,

$ The cocfficient squared, rl, , = 0,408, measures the proportion of the variation
in the Minnesapolis price, unexplained by the United States and world production,
which was explained by the Liverpool price.
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oss and partial coefficients were about the same. The elimination of
e effcets of X; and X, decrcased the correlation coefficient only
ightly. This indicated a persistent relation between the Minneapolis
Wd Liverpool prices, regardless of world or United States production.
The partial correlation between the Minneapolis price and the United
tates production, with the offects of world produetion and Liverpool
rices eliminated, was ris.a = —0.565. This coefficient was caleulated from
1o squares of the multiple coefficients, R? . = 07153 and It 5, =
5818, as follows: N\

N

¥ 4 ". \5

B} gu—Ein 0.7153 ~1.5818 /n 12335 riomes .
= L Bt s RF] el bl g | e e 02102 = —0A6F N
o 1/ 1-Fim i—05818 Gasz T Y g &

7%
3

ince buss Was negative,® the sign of the partial corr¢lation was also
egative, ri; 20 = —0.565. The gross corrclation between United States
roduction, X5 and the Minncapolis price, Xj)'was 71z = —0.169
table 1). The elimination of the effcets of “Rfla production, X, and
he Liverpool price, X;, actually raised theleoefficient somewhat. This
ndicated that the apparent effcets of'j;h.e' United States production,
5= —0.460, really werc the effects ©f the United States production
nd not mercly a reflection of the .(i{:iht:i* two {actors, which were related
o both United States produetion and the Minneapolis price. The
quare of the partial corrgladion coefficient, 7% ,, = 0.319, indieated
hat the United States r{'fdlfction accounted for 31.9 per cent of that
art of the variabilitynin the Minneapolis price not accounted for by
vorld productionapt “the Liverpool price.

Similarly, thepartial correlation between world production and the
Minneapolis ptice may be calculated from the squared multiple coef-
cients, gy = 0.7153 and R}, = 0.7024. This partial coeflicient,’
14,23 =.':Eﬁe208, indicated that there was little correlation between®
world production and the Minncapolis price, in addition to that al ready
refleefed through the effects of the Liverpool price and the United
States production on the Minneapolis price. An examination of the
squar‘ed partial cocfficient, 12, 5, = 0.043, reveals that world production
explained practically none of the variability in the Minneapolis price
not already explained by the other fwo factors.

The three partial correlation coefficients, rys s, 71321, and T, 8re

*bis.ag = — 08755 (table 1). b = +0.1276 (table 1).
rlkfe coefficient ram = +0.208 was undoubtedly not sipnificant. The gross
coefficient, riy = —0.649, was much greater and had a diffcrent sign from its cor-

responding partial, rim = +0.208,
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known as sceond-order partials, there being in each case two independent
variables whose effects were eliminated.? :

TABLE 2—FIRST-ORDER PARTIAT, CORRELATION COEFFICIENTS
AND THE MULTIPLE, GROSS, AND EBEGRESSION COEFFICIENTS
FROM WHICH THEY ARF DERIVED

PrRODUCITON AND PRIicE OF WHEAT

Multiple and gross coefficients Rogressi ] Partial Correspond-

- GOZ%?;Z;;E correlation ing gross’\
Three variables | Two variables coefficients coem.cleilts

¢\

A :'_ o
Biw = 0.838 | 1= ~0.460 | buy = +0.760 | riss = +0.787 | ko= 10732
B, =07024 | fy= 02195 = 06152 Y = 0535
Fes = 0.763 714 = —{1.54% Bis.g = 410586 | riza = +0.5260 | riz = +0.732
R:, = 05818 | rh= 0.4917 P, = B788 | = 0535
Ry = 0.838 ris = +0.732 | brag = —0.680 | rizz = VG600 | ris = —0.469
R, =07024 | rh,= 05352 ﬁw\k > 08587 | iy = 0.220
Rl.‘u = 0658 T4 = —0.649 bls.d = —0‘217 "{'\'{,:b: -—0‘]39 13 = --{1.469
Rl, = 04820 | rf,= 0.4217 COANE = 0.019f | = 0220
R = 0.763 | g = 40.782 | broz = =0188) riag = ~0.317 | ru = —0.649
R, =05818 | ¥y = 05352 AN [ Fe= 0003 rf = 0422
R34 =0.638 ri3 = —0.469 blas ?&0:332 ra: = —0.023 riq = —0.642
B, —04329 | = 08195 ] &N tha= 02184 | vl = 0428

FlR{i{f—bRDER COTFFICIENTS

First-order partial co&cientg measure the relationship between two
variables with the effeét of a third eliminated. They can be caleulated
from the multq{c’ Sorrelation eoefficients involving three variables and
the gross coeﬁ“(gi,(-,ﬁts. The corrclation between the Liverpool and Minne-
apolis prigdsswith only the offect of United States production elim-
inated, wes calculated from Rj o = 0.7024 and 7%, = 0.2195 (table 2).

y ~\’ 3 —_— - -
A\ ¥ Ri —rh 0.7024 — 02195 0_._48_2'-2 = ~/0.BIRT = +0.787
\'S 1/?3_ 2~V TT-oams ¥ dmos Ve |

[

This partial cocfficient takes the sign of the regression coefﬁciunt{“ fmnd
reads 7 s = +0.787. The prior elimination of the cffect of the United

¢ General formula for the ealeulation of any order partials for the X1.X, rclationghip
from multiple coefficients is

T'_—_ﬂ—
3.29ds et RI.B-!.---M
T12.34-0m = - pr
: 1- Rl,sd---m .

The forinulag (0T 150+ . . ms T16.25 - « = my €5, MAY be obtsined by interchanging 3
and 2, 4 and 2, ete,, in the above formula.
10k g = 40,760 (table 2).
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' States production, X, upon the Minneapolis price, Xi, raised somewhat
the corrclation between the Minneapolis and Liverpeol prices, i =
40.732 and rips= 0.787. While the Liverpool pricc accounted for
about 54 per cent of the total variability in the Minneapolis price, it
explained 62 per cent of this variability not accounted for by United

'~ States production.

(lOMPARISON OF PARTIAL aND Gross CORFFICTHNTS Q)

The data necessary o caleulate the seeond- and first- mdm\pm tizl
correlation coefficients are given in tables 1 and 2, respectiy (,13 The

~ last column contains the gross coefficients and their respie Wwhive squares

with which the partials or their squarcs (next to 15;51 eolumu) may he
compared.

A comparison of the partial with the grossicetrelation coeflicients
reveals that the elimination of other indepe dont variables sometimes
reduced the coefficient greatly and somctlmes did not materially change
it one way or the other. If the partial was sbout the same as the gross
cocfficient, a persistent and scparate relationship to the Minneapolis
price was indicated; that is, the.felatmnshlp was not through one of
the other 'mdependent factors,

The partial, rips =40 {06 ‘was about the samc as the gross,
= +0.732. There was(a- persistent and scparate relationship between
the Minneapolis andiLiverpool prices of wheat, X, and X, in addition
to thak expressed thmugh the mutual relation of each to United States
and world pr 30&0}1, X:and X,.

If the was much less than the gross coefficient, there was
interrelatiq Shlp between this independent variable and another which
itself Yeas related to the Minneapolis price. This principle was clear ly
de.}no‘mtrated by a comparison of the partial and gross correlations
befiveen the Minneapolis price, X1, and world production, Xy, ri.z =
+0.208 and 14 = —0.649. The striking change was due to interrclationship
between world production, X, and Liverpool price, X; (ru = --0.668),
and between United States production, X, and world production,
X4 (rie=+0.500). Before consideration of world production, the
'Iuver pool price and the United States production had already explained
70.2 per cont of the variability in the Minneapolis price, and world
production explained little of the variation that wus loft, 1%, = 0.043.

I Fhe gross corrclution, re = 0. 782, and the purtiad, ro s = 0.787, when squt ared
were 0.535 and 0.619, respectively,



PARTIAL ANALYSIS FROM GROSS CORRELATIONS 191

PARTIAL ANALYSIS FROM GROSS CORRELATIONS

Correlation analysis may proeced {(a) from multiple and gross to
partial coetficients; or (h) from gross to partial {o multiple coefficients.
The calculation of partial correlation proceeding from multiples to
partials? has already been explained. The caleulation of partial coel-
ficients proceeding from gross cocflicients, whieh has been historiecally
important, fellows. ~
FirsT-ORoER CORFFICIENTS A

I{f one were intercsted in the partial correlation bet-ween\t\ﬁe two
variables X: and Xs, with the effect of a third variable, X3 2liminated,
the cocfficient 1 5 could be determined from the three g«:{)ﬁé “correlutions
r1z, 13, 20d o3 by the following formula: .wj\"

iz — (1) (?'23)

Tpg = o )
\/1—r%3\/T—.\_7~§§

The gross coefficient between the Minngapolis and Liverpeol prices of
wheat, X; and X, was rs = +0.73 lﬁ,;,lje‘t-’wecn the Minneapolis priee,
X, and the Uniled States production, Xs, ris = —0.4685; and between
the Liverpool price, X,, and the “United States production, X;, rog =
—0.0833 (table 3). The first-order partial correlation between the
Minneapolis and Liverpogl® prices, with United States production
climinaled, was:® (\V

N
L2\ 07316 - (~04685)(-00833)

S5 V/1 - (046851 — (-0.0833)°
A0S 0.7316 — 0.0390

~Y T 08535)(0.9965)
.s’\ 3 . 0‘6%6 -
\ = 08804 — +4+0.7867

AN
he ﬁgn of the partial coefficient caleulated by this method was deter-
mihed by the net value of the terms in the numerator of the formula.
The partial coeflicient, rss = +40.787, was a mecasure of the relation
between Minneapolis and Liverpool prices of wheat, Xy and Xs, with
the effect of the United States production, X, eliminated (table 3).
The partial coefficient devcloped from gross coeflicients was identical,
in value and in interpretation, with that developed from multiple
coefficients (compare tables 2 and 3}

12 Tables 1 and 2, pages 187 and 189.
1 The values of the expression /1 — r® a8 gomewhat difficult to calealate but

can be easily read from Miner, J. R., Tables of +/1 —1* and 1 — 7, 1922,
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- TARLE 3.—DETERMINATION OF PARTIAT ('}ORRET.ATION
COETFICIENTS FROM LOWER-ORDER CORT'FICIENTS

Prick axp Propucrion oF Wnear®

|
Correlation ' Partinl
coefficient Produnt Whole | DPenone
———— ———| term of numer- |4/l — 12 iIl'fl‘t.()r T T —
Sub- | Coethi- numerator ator Sub- ¢ Coeffi-
seript cient seript. clenm
| | _ _ ! o
-Calerdation of first-order partiol coefficients | W
712 +0.7316 | -+ 0.0390 | 4 0.6026 0.8804 Tia . S 0.7867
ri | — 04685 0.8335 ~\
s | —0.0833 0.9965 ™\
re | 407316 | +0.4338 | + 0.2978 0.5659 |{ Py .+ 0.5262
rig — 1.6494 0.7604 \/ .
2 | — 0.6680 0.7442 \
rig | —0.4685 | —0.0609 | — 0.4076 ; 6703 | e | - 06000
iy + 0.7316 008170,
ris | — 0.0833 0.9965,f
ru | —0.6404 | —0.2764 | — 03730 | N L 0T34 | 7., | - 05228
ra | ~ 0.46%5 HRE35
rse | 40,5800 00 0.8075 -
riy | —0.6404 | — 04887 | — 03807 05073 | rice - 0.3168
T + 0.7316 -~ v 0.6317
rec | — 0.6680 < 0.7442
fia | — 04685 | — 0.3831( )~ 0.0854 06140 | 7. | —0.1391
e |~ 0.6494 X\ - 0.7604
“rae . | 4+ 0.5899 N 0.8075 :
re; | — 0.0833 ~-\;’ 3941 | 4 0.3108 0.6009 | ruay 4 5172
Tua - 0.66804 > ’ 0.7442
a0 | +0.5 o) 0.8075
rai +&§8. 9 | 400556 | + 0.5343 0.7416 | 7. | 4 07205
e | A 0:0833 0.9965
T2 JO 0.6680 ‘ 0.7442
Cg{g-u??rti}m of second-order partial coeflicienist
Nraba | +0.7867 | +04021 | +0.3846 0.5448 | ripqq | +0.7059
Fles) — (0.5228 0.8525
rae | —0.7601 0.6391
e | = 0.6000 | - 02283 | —0.3717 0.6578 | 72 | — 00651
Traz | — 0.3168 0.0485 ! :
raae |+ 0.7205 0.6035
Tz | — 03168 | - 04323 | 4+ 0.1155 0.5648 | ri2s | + 02082
fryz | = 0.6000 0.8000
faz |+ 0.7205 0.6935

* Caleylated from table 1, page 170.

t There are 3 first-order and 3 second-order partial coefficients presentied, There
are 12 possible first-order and 6 possible second-order coefficients.
. (Footnote continued on pags 143)
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The partial relationship between the Minneapolis price, X, and
United States production, Xz, with world production, Xy, eliminated,
was!

-?'13 4= Ti—_ (?ll)(—r_s‘!) —
. \/1 - T%i\/l — 1k
—0.4685 — (—0.6494)(4-0.5809)

—0.4685 + 0.3831

~ (0.76043(0.8075) Q.
—0.0854 N
= 66140 — —10.1391 <O
'\
In comparing the partial coeflicient, ra.s= -0,1391, wgit'fi“ the corres-
ponding gross corrclation, ris = —0.4685; it was fmmc[’that there was

little relation between the Uniled States produ{?ti}m, X, and the
Minnecapolis price, X1, not alrcady explained hyswbrld produetion, X..
The world production wasg related to Unitcd’,ﬁ ates production (rs =
+0.59) and to the Minncapolis price (rd ;”,\—0.65).

The caleulation of these and othed Brst-order partial corrclation
coefficionts is shown in tabular formdyin the first part of table 3. The
three gross cocfficients used In the-gtleulation of each first-order partial
are given in the first two col}lnﬁs. The second ierm ol the numerator,
the product of the last twa'el cach group of three gross cocfficients, is
given in column 3. In t-hi;:tal(:uiation of s, this product was (ris)(ras).
The whole numerafor, Which was the difference between the first and
gecond terms, ig giyen in column 4. This value was 72 — {ris}(rea).

The values of /1 — 7% and /1 — 1, are given in column 5. Their
product, which was the denominator, is given in column 6. The first-
order papt\-g;ll coefficients, 7.5, ete., given in the last two colurns, were
determi'n:ed by dividing the numerator (¢olumn 4) by the denominator.

~N . JR—

"ft-‘;\i'ﬂl be noted that the gross and partial cocfficients have four decimal places,
(h‘npared with three places in tables 1 and 2. The extra decimal place hes no value
- execpl to scoure greater aceuraey in f arther ealeulations based on these eoefficients.

The tabular determination of the first-order coefficients followa the -algebraie
formula
riz— (rad{rss) _

Y3 =  —5
e \/I_Tfa\‘l"rgs

that of the second-order follows
. ?"_1_@_.3;(?‘_14.3)(?”_24.3) -

Tz, = - S T— - -
1 \/1 — s \/1 — Thes
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SecoxD-ORDER COEFFICIENTS
The sceond-order partial corrclation coefficients were obtained from
various combinations of the first-order partial coefficients by the follow-
ing formula:'*
' r Ty — (r1a.3) (Foa.8) -
1234 = == — =
' V1 = asVL = thas
+0.7867 — (—0.5228)(-0.7691)

= e ——= N\
1 - (—0.5228)*v/1 - {-0.7691)
 40.7867 — 0.4021 O
(0.8525)(0.6391) O
0.3846
= 0.544% +0.7059 ‘ T?
N

The partial cocflicient, 7w = +0.706, is a meagure of the relation
between the Minncapolis and Liverpool pricea{\gfl and X, after the
effects of the United States and the world m-(@uot-ion, Xz und X, have
been eliminated. PN

The partial corrclation between the Minneapolis price, X, and the
United States production, X, with the' effects of the Liverpoo! price,
X,, and the world production, &3, eliminated, was 7z = — 0.565
(table 3). _ N

A general formula for the@altulation of any order partial cerrelation
coeflicient for the XX, r({%}.tionshjp from lower-order partials is;

Fiosa. s om = Pings- - - (m—1) — [Tlm.__34_-_-_-_ _(m—l)HTZm.a_4__-_-_- ('m—l)]

MWK V- Tm.3d. - -(m-—n\/l — thmas. - e

The f?mulqs\'iéq\'“ F13.94. « emy T14.2- - . m, €0C., may be obtained by inter-
changing @nd 2, 4 and 2, etc., in this formula.

*

N INTERSERIAL CORRELATION

\kaen the independent variables X; and X; are not only related to
X1, but are themselves related, the problem of interserial correlation is
present. When the independent variables X, and X are related, there
is always the question whether the apparent effcet of one independent
variable ig not mercly a reflection of the other independent variable.

Factors aflecting the pricc of corn may be considercd as a concrete
example of interserial correlation. During summers when pasturcs are

1 The second-order partisl, 715 24, may also be obtained from the following partials:
Tiz.94 — (?'13.4_)(?’23,4)'

V11— rfs,;\/l ~ i

Fla g4 =
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poor, some farmers note that corn prices strengthen. The argument is
that the resulting greater demand for feed raises the price of corn.
Other farmers note that corn priees strengthen when the prospects for
a corn crop are poor. The prospective short supply raises the price. It 1s
apparent that both poor pastures and peor corn prospects make for

high corn prices. Still other farmers observe that, in summers when

corn prospects are poor, pastures also are frequently poor.
Those farmers who claimed that poor pastures raised corn prices
failed to take into consideration that poor corn prospects occurred, ab

the same time as poor pastures. Likewise, those who claimed thatpeor .

corn prospeets raised prices failed to take poor pastures into_gCeount.

The two groups of farmers were in partial disagreement bepanse’of an
interrclationship between the two factors that affected, f{.jhé’ price. In
statistical jargon, this third relationship has been qalled’ interserial
correlation. J\*

In the problem of partial correlation, ri and X might measure the
relationship between: (¢) the price of eorn, . yoand pasture, X,; and
(b) the price of corn, X1, and the size of the, p’{cip, X, Then, s would be
the interserial correlation between pastureand corn erop.

The problem of interserial correlation plays an important role in the
analysis of three or more variables, X

CALCULATION OF MULTIPI:E"COEFFICIENTS FROM PARTIALS

There are definite and q{@{l—knovm relationships among gross, partial,
and multiple correlati 1{ defficients. Formerly, instead of c_aiculat-ing
partial coefficients frqr&nultiples, the common procedure was to deter-
mine ‘multiples jrem.the gross and partial correlations. The method
was based on ofie gross cocfficient and one partial of each order. To
determine a’ntgﬁ}iﬁiple coefficient with three independent variables, one
rross coeffietent, one first-order and onc second-order partial would be

used inybhe following formula’®
O Ry =1- (1)t -5 =il

a\ 1.234
’Fhe}multiple coefficient for the Minneapolis price and the other three
variables was K 50 = 0.846.

= 1-1{1~- (—0.6494)%[1 - {—0.1391[{1 — (-+0.7059)%
1 — {0.5783) (0,9807) {0.5017)
=1 — 0.2845 = 0.7155
Ry o= ~/0.7155 = 0.8459

15 The subseripts 2, 3, and 4 are interchangeable. For example, this same multiple
coefficient is also given by the formula
=1~ ~r{l - (1 — 720

1}
1.284
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This. agrees with the value of B,z calculated through the solution of
" simultaneous equations.”

CHARACTERISTICS

The function of partial correlation analysis is the measurcment of
relationship between two factors, with the effects of one or more other
. factors eliminated. If the assumptions of the method are true for a series

of data, the power of partial analysis is great. The problem of holding
_certain variables constant while the relationship between othergais
. measured often presents itself in statistical analysis. Partial eorrclition
is especially useful in the analysis of interrelated serics. It is partieuiarly
pertinent to uncontrolled experiments of varicus kinds, in.w}:ﬁvh such
" interrelationships usually exist. Most economic data fall inghid category.

The problem of measuring partial relationship by tabUlation methods
is very difficult even when the number of observatigh® is suffieicnt.

Partial analysis, like all correlation, has the adwaitage that the rela-
" fionships are expressed concisely in a few welldlléfined coefficients.

It is adaptable to small amounts of data;}aﬁd the reliability of the
" results can be rather easily tested. C

The usefulness of partial analysis is',s‘go'rne;vhat limited by the following
basic assumptions of the method: %~

The gross or zero-order correlations must have linear regressions.

The effects of the independent variables must be additively and not
. Jointly related. N
. Beeause the mliabilitxﬁf “the partial coefficient decreases as its order
111f:reases, the numbeiof observations in gross correlations should be

f__ﬁll'ly large. Often §he student carries the analysis beyond the limits of
the data. This ig\a’weakness of all research workers and to some cxtent
.can be guarded'against by tests of reliability.

'_When' theabove sssumptions have been satisfied, partial analysis
?t-lll possgsses the disadvantages of laboricus caleulations and difficult
lfth‘I’ET‘Ef&tion even for statisticians.

The Interpretation of partial and multiple correlation results tends to
assume  that the independent variables have causal effects on the
ﬂrelli?:;l:ei?lt ::;I.'ig,ble. This assumption‘is_ sometimes true, but more often
L m varymg degrees. In describing the effects of the ILiverpool
price and Umtf}d States and world production on the Minncapolis
' izfir?é ‘;:10&1; 1£0\:;a81 ai;_ssumcd that these effects were causal. There 1S
from th irdent, eiation method to prove whether the cause runs
; ¢ ndependent to the dependent variable, or vice versa. A person’s

knowledge and jndgment must be his guide in deciding this point.
18 Poee 174,
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For instance, for the Minncapolis and Liverpool prices of wheat, it
was assumed that the Tiverpool price was causal. However, the Min-
neapolis price may have had some small countereffect on the Liverpool
price, and the correlation might represent more than the effect of the
Liverpool price on the Minneapolis price."

USES

Partial correlation is of greatest value when wsed in conjunction
with gross and muliiple correlation in the analysis of factors aflecting
variations in many kinds of phenomena. \

The application of partial and multiple correlation to the, telation
of the supply of oats, supply of corn, and price of corn to the price of
oats iz surnmarized by the following cocflicients: \ >

N
November- Tnited Siatos rip=—0.77 rpa=—068 ' rue.w-—"\:—'U.Sﬁ Ria = 0.92
April supply oats, Lz rin= —000  roe=—0.80 ITLEN +0.55 Hiaw= 0591
priee of United Btales = +0.76  rae= —UH S n gt = +0.82
oats, supply corn, X rog = 40468 rizs = FOUEN
Chisagn, Price eorn ab = —0.83  fa= -H:J:Kg\'
X1 Chigago, X ru.s = S
. AN

The United States oat supply, X, thy Wnited States corn supply, X,
and the purchasing power of the No¥erttber-to-April price of corn at
Chicago, X4, explained 88 per ct;ni::of the variability in the price of
oats, X1 (R4, = 0.88). The high ‘negative gross relation between oat
price and supply (re= ~0:7)" and the high positive gross relation
between oat and corn priees (ry = +0.76) werc improved slightly with
the elimination of t&k(‘\ effects of other factors (rpse= —0.86 and
iaas = +0.82). _ :

The rclationshif’bétween the price of oats and supply of corn which
first appea.red\lu’ be negative (ry = —0.60) became positive when the
offects of thetsupply of oats and the price of corn were removed
(132 ='&53). This is a good illustration of the complicated inter-
relatighships that somelimes exist among independent  variables.,
Aegbriting to the partial correlution (rizz = +0.53), an inereased
b{ozlucti{m of corn called for a rise in the price of oats, instead of a
decline as shown by the gross coefficient (s = —0.60). An increase in
the supply of corn should have decreased the price of corn,’® Xy, but
{he mothod holds the price of corn, X, constant. An increase in the
supply of corn,” X;, should also bave been accompanied by an increase
in the supply of oats, X. Sinee the supply of oats, X, was held constant,

7 Tn this eonnection, it is interesting to note that the Englishman says that the
Liverpool price is made by Minneapolis or Chicago, while, in the {United States, the
general opinion is that the Minneapolis price is defermined by the Liverpool price.

By = ~0D.83. 19 7gy = +0.46.
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increasing the Supply of eorn, X3, would be increasing the ratio of corn
supply to cat supply. Such an inerease would normally cause a decrease
in the price of eorn relative to the price of oats. Since the price of corn,
‘X, was held constant and could not decrease, the ratio of the price
of corn to the price of oats was decreascd by raising the price of oats, X,
Thus, an increase in the supply of corn, X, with the supply of oaty, Ng,
and the price of corn, Xy, held constant, resulted in an increase in the
price of oats, Xy (rpe = +0.53).

Although the gross coefficients indicated that the supply of «dth
had an important effect upon the price of oats (ry; = —0.60), thegaul-
tiple cocflicicnts showed that the supply of corn explained hftLe o thie
variability in the priee of osts not explained by the supply ofveats and
the price of corn®® (compare K?,,, = 0.89 and &2 ,, = 0.85),

"
OTHER MEASURES OF PARTIAL RELATIGNSHIP

From time to time, the separate effects of t}\ eNindependent factors
upon the dependent have been studied with eb@tires other than partial
correlation coeflicients. One of these m(‘a‘«urvs iz the coeflicient of part
correlation given by the formula « \,

, 1/ 0702403
1273 = o ;
b‘rlg-z.s‘ﬂé,‘% 0'%(1 - Rf,zsi)

. If the multiple correlution co@fficient, By, has been calculated, the
part corrclation can be (‘abll} obtained from the four known values,
B} ey b, of, and ol \'Nle part correlation between Liverpool and
. aneapoha prices of avheat was 19r = +0.84.

Like the partialZwvorrelation, 7. = +0.71, the part correlation
wu = +0.84 may- be interpreted as a measurc of the relationship
e)mbtmg bm\een X1 and X, with the effects of X; and X, eliminated.

" One ofy t.'hé limitations of the partial coefficient s that it is a relative measure
rathor than “®n absolute measure of the unexplained variability which is explained
by the additionel varinble. For instance, when K., and B!, were 0.89 and 0.85,
thé\difference was 0.04 and the partial eocflicient wus r15.2, = 0.53. Relatively, the
supply of corn explained 28 per cent of the varisbility in the price of oats not ex-
plained by the price of corn and supply of oats, %, ,, = (0.53)2 = 0.28. Absolutely,
X explained only 4 per cent of the total variability in the price of cats in addition
to that explained by the other two factors.

If the percentages of determination had heen much smaller, for example,
R} ;=029 and Ef,, = 0.25, again X, would have explained 4 per cent of the
total variahility in X, not already explaived by X, and X.. However, the propor-
tion of the unaceounted-for variability cxplained would huve been 5 per cent

[t 29 — 0.25
( —025 0'053) rather than 28 per cent. The partisl correlation eocfiicient

would huve been rig o0 = 0.23 instead of 0.53.
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In part correlation, the effects of X and X; are eliminaled simulta-
neously with the consideration of Xb;in partial correlation, the elfects
of X, and X, are eliminated prior to the consideration of X,

The squared partial coefficient, 13, ;, = 0.50, measurad the proportion
of (he variability in X, not explained by X; and X with no reference
to Xy in the linear relationship Xi=a+ bi3.aXs + BusXy, which was
explained by the additional consideration of X, in the relationship

Xi= & + bz aaXe + braaaXs + bumXs ~

The scquared part correlation coefficient, 124 = 0.71, measured .the
praportion of the variability in X, not explained by X, and X eondidered
simultanecusly with X, in the relation Xi=a-+ 1)13_24;?(&4— brazs X
which was explained by X in the relation X1 = @' + bufaXs 1 bu2Xs
+ by X4 The variability in Xu explained by X, ig’\thé gimultaneous
consideration of Xy, X5, and X, was expressed as a proportion of the var-
iability not explained in this consideration by Xv\z}nd X, to get the part
correlation. This variability in Xi which wa ir}h}la.ined by X, may also
be expressed as a proportion of the total varability in Xy. This proportion
is measured by the squared beta cogﬁcient given by the lollowing
formula,: &Y

gEN % o2
2 bR, o8 OT Plzg = Dmar—
2.3 = Ulu.3453™8 12.3¢ 12.34
Br2.34 14"3 Py . a1

The beta conlicient betweets Minneapolis and Tiverpool prices of wheat
was +(1.83; and ifg S(}Qﬁfc; 0.70. This indicated that, in the multiple
relationship betweenthe Minneapolis price and the threc independent
factors, the Liverpho!l price accounted for 70 per cent of the squared
variabilily in phsMinneapolis price. '

The betaltoeticient, B a4, Like part correlation, is easily delermined
when thehultiple coefficient, Ry, has heen caleulated.

Thc.fli’artial correlation, part correlation, and beta cocflicients are
me&éu}'es of net relation between an independent and the dependent
1ﬁtxri:f;ﬂ)lcs, but have somewhat different meanings and different values.




CHAPTER 12

CURVILINEAR CORRELATION

One of the assumptions underlying gross and multiple correlation

analysis is that the relationships measured are linear.

However, i

many problems, the relationships do not follow the law of the stm{ght

240
- 180
120

50

a 40 44}
Pmducl[og'\ 3
FIGURE 1.—RBDATION OF THE
PRODUCTIONNFO THE PRICE OF
CABB &G%, UNITED STATES,
19201939

i i I
JA20 > 160 200

m](;)g\y =5.6547 — 1.8150 log X

\
¢ gverage relationship ia represented by the
Curve.

line. For example, an ineteast in
the amount of lamfall from
searcity to sufﬁcmn‘(-y may raise
the yield of corfi,“while further
inerease beyoud’ sufficient mots-
tire may, deprease yields. Tt has
been h)u\nd that many of the re-
latmnahips between supply and
prl(,e definitely follow the pattern

'of a curve. An inerease in the
L ~product10n of cabbage from 70

to 80 per cent, of normal resulted
in a greater decline in the price
of cabbage than that with an
increase in production from 120
to 130 (figure 1).

INDEX OF CORRELATION

The research worker often
needs a measurc of relationship
gimilar to the correlation eo-
efficient, but one which takes into
account the curvilinear nature of
the relationship. A simple measure

of this type is the index of correlation, p (rho). The index of correlation

'Tn determining the equation of this curve, the following simultaneous equations

were solved for the valies of & and b:

Zlog ¥ =Nloga —bZ log X
Zlog X log ¥V =log aX log X — b2(log X)2

Thq values of ¢ and b were substituted in the general equation

log ¥

=loga —~blog X
200
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_is similar to the corrclation ecoeflicient and may be written diagram-
matically as follows:

l,f_ Standard error squared about
p = \/ _ eurve of relationship

Standard deviation squared
or varianee

and algebraically:

p= ) N
T : oL

7"\
Onec of the formulas for the correlation coefficient is: A
. & ™\
. XY
r=4/1-"2 Q
Ty

AN,

The only diffcrence betwecn the cxpressions ’0:12} and r is between the
two standard errors of estimate, Sy Esph\stiuared standard error of
estimate, 8%, is the average of the ,sg\q{la.i'ed residuals, 5% = Zet/N.
However, for p, the residual, 2, is meagived about & curve of relationship;
while for r, the residual, 2, is mea-}%}iréd about & straight line fitted by
the method of least squares. The close relationship between p oand 7
may be pointed out by stai.iné that r is a specialized type of p; that is,
p =7 when the curve about which the residuals are measured is a
least-squares straightdine. .

The meaning of (ind g in reference to the curve of relationship
is substantiaﬂyotile’ same as the meaning of r and r? in reference to &
straight line (Tt index of correlation squared, p?, like 7%, is a measure
of the pI'O,p(;'\\ﬁ:)n of the squared variability or variance in the dependens
variablg; ¥, associated with differences in the independent variable, X,
Riq,\: like r, is an abstract measurc of the relationship® between the
twoariables considered.

In lincar corrclation, there is no problem of determining the pattern
of relationship. A straight-line relationship is assumed, and the data
are automatically fitted to a straight Tine in the calculation of r. In
curvilinear correlation, the problem of determining the pattern of
relationship is an important part of the analysis. A wide variety of
mathematical or frechand curves can be used fo show relationships.
Some of these curves fit better than others. .

The relationship between the production and price of cabbage was

2 A detafled expl:-mat\.ion of the meaning of 72 and r is given on pages 143 to 146.
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plotied, and a mathematical curve of the type Y = X’ was fitted by
the method of least squares (figure 1). The curve of relationship was

found to be ¥ — Sk, or log ¥ = 5.6547 — 1.8150 log X. The values

of ¥ estimated [yom this curve of relationship between production and
price were obtained by substituting in the equation the actual produc-
tion, X, and solving for the estimated price, Y. In 1920, cabbage pro-
duction was high, X = 178, and the price estimated by the curve was
low, ¥’ = 37 (tabl(, 1, middle section). This was determined as fallows:
xe \
log V' = 5.6547 — 18150log 178) O
— 5.6547 — 1.8150(2.250)
= 5.6547 — 4.0838 = 1. 5:09
Y' =37

The estimated price for the other years wasxth}telmmed in the same
way. The residual for 1920 was obtam(‘d byéubtractmg the estimated
priee, ¥’, from the actual price, ¥,

2= Y - Y{;}éf— 37 = 45

The next step consisted of sqliﬁ'ring the residuals and summing the
squares. From the sum of the‘squared residnals, 22 = 55,745, the standard

error of extimate qquare;i\y& 43 easily derived by dividing by the number
of observations, N = 2{}, a3 follows:

W,
O =2 55745
,..\j..\ B=F =" ~2¥

The squmfe’h standard deviation® in the actual price was 8,426. The index
of correlatlon was as follows:

VAN 2,787 _
=%)~1/1 ﬁ;/‘/l g3 = V1 - 0331 = /0.669 = 0.818

This coeflicient, 0.818, is a measure of the degreoe of relationship between
the production and price of cabbage. Rho squared, (0.669, is the propor-
_tion of the squared variahility er variance in the price of eabbage
which can be explained by production. These values of p and p* are
peculiar to the particular curve used to express the relationship and

? Footnote to table 1.
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TABLE 1—CALCULATION OF RESIDUALS FROM CURVES
AXD INDEXES OF CORRELATION

DEVIATIONS OF AcTUaL PRICE OF CABBAGE FROM TUE PricE EsTIMATED FROM
M ATHEMATICALLY DETERMINED a¥p Fremsano Cumves, 1620-1939

. | MMathematical curve
o]
Original data log ¥ = 5.6547 — 1.8150 log X Freehand curve
Yerr | pudex, | 4 Esti- | Resid- | Resid- | Esti- | Resid- | Resid-
prochae- . ‘ex, ¥ mated uals uals mated uala ‘uals )
tion pr};;:c price  [{¥ — ¥7)| squared price [(F — ¥9| eguared \
X ¥ z 32 ¥’ z 29
i N
h 7H
1920 178 82 6,724 37 45 2,025 35 47 ¢I\N2, %00
1921 47 285 81,225 417 | —132 17,424 480§ — 196 1 38,025
1022 164 23 520 48 |~ 20 41H) a7 | 196
1923 76 158 33,721 174 15 225 177 PN 144
1924 157 58 3,364 47 11 121 sad[&/ 19 361
1023 43 153 23,409 121 32 1,024 LR 45 2,023
1926 106 o8 9,604 95 3 9 g 17 289
1927 109 T4 5,476 ol | — 17 288 47T [~ 3 9
1928 (iF] 250 67,081 213 46 2,60 216 13 168
1929 o6 84 7,056 114 | — 350 LoV 1wz (- 18 324
1930 107 83 f,880 ss |- 11 [H{ 2 79 4 16
1931 o7 114 12,896 132 2 ) 1 98 16 256
1932 121 58 3,364 75 | — ITN 280 6z | — 4 16
1913 76 321 1 108,041 174 1wy | 21,609 177 144 20,736
1034 165 31 GRL FE P 144 3% | — & 25
1935 a0 114 12,100 128 4 5 18 324 119 |— 8§ 551
1926 7T 258 65,536 170 86 7,396 172 84 7,036
1937 101 69 4,761 A0 | — 53 1,225 gy | — 21 441
16938 166 50 2,500 o\ 42 8 64 8 14 196
1039 61 256 70,130'\‘ J 260 6 36 325 | — 9 3,481
- —_— \ ___ —ff—— . .w—— _ ——[——— | —
Tuotal 2,/63 | 525%93 — +109 55,745 — +87 76,065
Averags 133.15_ |26,194.83
| \¥ i T
X ) 55,745 _ g 7605
AR 8 =20 =278 5} =g = 3,808
should be writgen» VPN -y 1255
’]& Y ( r= fai) pur-xh =4 15 556 putreshand) =4 1 75 428
N\ - =0.741 :
and o (v 3 ) If some —0818 :
R S S . -
X # The column Y7 is irrelevant exeept that it is used in the cal-

oteheurve were used, OF yj,gion of the squared stendard deviation, s follows:

if this eurve were fitted o3 = AV~ (AY) = 26,15265 - (183.15)" = 842573
by some other method,

the value of p would be somewhat different.

RHO FROM DIFFERENT CURVES

The authors approximated the relationship between the productio.n
aud price of cabbage with a freehand curve (figure 2, left). The esti-
mated price of cabbage was read from the plottec! freehand eurve.
These estimated prices, Y’, were reeorded in the right-hand side of
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table 1. The residuals about the freehand curve were obtained, squared,

. v - E = 2
and summed. The squared standard error of estimate was S% = % =
76,055 s .
_ éﬂ = 3,803. The index of correlation was as follows:
o Sz 3803 I .
P - 1-2F o =250 /T = 04451 - V051 =
 Pirechand) 4/ ) 8,426 v A 1.510 = 0.741
. Price'l
300} 300
250 |- 250
200l 2001 -
160 wols
100}~ . ool
350'" \ . .: v/ 50—
] T 0 ! PR S L
- ol ¢
20 §0 100 140 180 20 60 160, 140 180 20 60 100 140 180
Production HProduction Production
Frechand Y =938 SMB17X + 0.0477X7 Y = 34 - 196X

FIGURE (2).};—THE REL{&TI(}N{?ETWEEN THE PRODUCTION ANT PRICE
CABBAGE DESCRIBED BY A FREEHAND CURVE,
A PABK‘B LA, AND A STRAIGHT LINIE

The freehand i fow A
o e Irechan, a:gprn_x.m}atu‘nu Was o mote accurate deseription of the avernge relutinnship between
_ prifg of cabhage than the parabolat or the straight line®

E;?dmiﬂ;mﬁ?hlp between production and price as mensured by the free-
by the:"}i?ﬂ:e pi_-i;;’ckg"d) = 0‘7‘1'1:. was not so high as that meaﬁlli:ﬁd
* geaind shapes of the mathematically, prusxn = 0818 (table 1). The
‘f{t’r}ta the data los Ie two curves w;cl:(‘. the same, but ihe f reehand curve
short crop of 192?5 ﬁciuratgly_ This was especially true for the very
residual squared fc;r t:l ough both eurves overestimated the price, the
the mathematical ¢ frechand curve was more than twice that f0F
atical curve (38,025 and 17,424, respectively, table 1)-

4 The par: -
average gr[zzb‘zlf‘ie“ciinﬁ;igdk}y the averages method, The averige supply and the
production, and 6 }’e&r's of lur, o the 6 vears of lowest production, S years of o cors?
in the general equation' ¥ o fe PTOductmrn. Substituting these averapes for X Elf'_d Y
which were zolved for g, b nnd+ bX' + oX*, there were three simultancous equations
‘tion to obtain the wm;ge, Equa?igrﬁh?fe "gé;f‘os were substituted in the genera] €qu8”
= ~ 13.17X + 0047747

® The straight line was
. Ca\lclulated by the usual correlation methods.
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When the parabola, ¥ = a + bX + ¢X? was fitted to the production
and price of cabbage (figure 2, center), the index of correlation was

N {7 A p—
P Vo pXet) = ,‘/ 1~ 356~ /1 — 0.257 = +/0.743 = (.862
When the straight line, ¥ = a + X, was used (figure 2, right), the
cocflicient of correlation was

rrx = 1/1 - gzgz = /1 - 0.355 = v/0.645 = 0,803 ~

The results of the four attempts to establish the relationship befween
the production and price of eabbage were as follows: O

Py —ajX5) = (.82 Y —a b X +eX0) -—..'( 0.86
fifreshand arvel — 0.74 PtV gt X1 = TYX,,%"_O'SO

Al the indexes of correlation were high, indicating tl}e tlose relationship
between the production and price. The autho;a%}ssmned that a curve
of the type ¥ = a/X? or the frechand curvg-nost accurately deseribed
the law of relationship between the produetion and price of cabbage.
However, indexes of corrclation based @u-these curves, 0.82 and 0.74,
were about the same as or lower tham\those based on a straight line or
parabola. whose mathematical laws *did not conform to the law of
relationships assumed to exish hetween the production and price of
cabbage. This is a good i}lga.a%ration of the fact that an illogi@l curve
offen gives a befter fit’ghan a logical curve. The pa.mbola‘ gives the
closest mathematical 1% but does not show the correct principle of the
relationship. N\ <
[0 EFFECT OF EXTREME RESIDUALS

There Wé%%everal reasong why the largest values of p were obtained
from thdé Selrves whose mathematical Jaws did not conform with the
data. One of the most important was chance. With only 20 years of
data and a high degree of variability, the probability would be high
¢hat the inclusion of one unusual year would result in a higher p from
an illogical curve than from & logical one. _ .

One or two very large residuals may be extremely important in
determining the values of r or p. If the year 1921 were not considerad,
p would probably have been higher from the frechand curve than from
the straight line. Of the total squared rcsiduals_about the freehand
eurve, Tz = 76,055, one-half, 38,025, were contributed by one year,
1921 (table 1). If it is assumed that the residual from the {reehand
curve for 1921 was zero, the sum of the squared residuals would have
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been only 38,030, instead of 76,055. The index of correlation, i tecnanm,
would have been 0.88 instead of 0.74.

Much of the effect of the 1921 residual on pireepanay; may be traced
to the squaring process. The squared residual for 1921 was 5O per cent
of the total. The actual residual, without respect to sign, was only 26
per cent of the total.

38,025 'S
20,736 N\
7,056

3,481 2,209 2,025 o":}

1921 1933 (¢ 4

FIGURE 3.—8QUARED RESIDUALS ABQUT A FRELRHAND CURVE

ARRANGED BY S[ZE WO

Propucrioxn anp Price o C ‘Bxlla}GE

The hejght of each square ropresents the size of the resfdual;fand the area, the squared residual.

The very large squared residual for 1021 neeounted for 50 pér cent of the total of the squared resis
duale; and the two very large residuals, 1021 and 1933,?hnoﬁnted for 77 por cent of the total.

The sum; of 14 small Tesidusls to the right representaeauly 3 per cent of 222,

The squared residuals for the fgeéﬁénd curve in table 1 were arranged

- by size and shown graphicall_‘)yin’ﬁgure 3. Over half the total squared
residuals were included in.the two years of greatest deviation from

the freehand curve. Abo@wb-thirds of the squared residuals comprised

a small proportion of Ahe'total and were not important in reducing .

EF¥ECT OF FLEXIBILITY OF CURVES

One of the rédsons that peyeuinxyexs was larger than Pr=ax» and
P(T eatsX) wgh(t}le greater flexibility of the curve on which it was based.
The para:hpl}, Y = a+ bX + cX?, has three constants, a, b, and ¢, which
make jfsmore flexible than the other two curves with only two con-
stagitsa and b. Obviously, the frechand curve is most flexible of all.
The\hdex of correlation, p remand; = 0.74, was the lowest, not because
the curve lacked flexibility but because it was drawn least accurately.

EFFECT OF METHOD OF FITTING CURVES

The curve ¥ = % was fitted by the methods of least squares, sclected

points,® and semi-averages, and approximated by the freehand method.
The respective indexes of correlation were:

Prs= 082, p, = 0.52, pgp = 0.32, ppy = 0.74

¥ The selected-pointz and semi-averages methods are described on page 73.
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There was more variation due to the method of fitting than to the type
of curve used. In general, the prg should be the largest; and the psp,
the smallest, For less curvilinear data, the differences would not always
be so large as in this example.

TABLE 2—EFFECT OF MEASURING RESIDUALS IN NATURAL
NUMBERS AND IN LOGARITHMS*

PropUCTION AND PRICE OF CABBAGE, 1920—1939.

Original data Calenlation of residuals Caleulation of residu.f;ls\
in logarithms in natural numberst :
- — L | X
¥ tnul Bt Resi O
ear n -ex. logX | log ¥ st;l 1; Resi- | Beti- | Red’| Resi-
- Iu:?c.x, . mat duur dusls |mated Mdyals dusls
due- | price Inga- log ¥ — |quared | pte ) ¥ ¥ squated
tion ¥ nthms | log ¥’ 21 ‘ye, s 2
| X log ¥° z v \\
- . : _l \
1920 178 B2 2.2304 1.09188 1 1.5702 U.3-13l.‘|:'&\.118] ar 45 2,u25
1921 47 284 1.6721 | 2.4548 26198 [ —0. 163 Q.oozvz| 417 —143 | 17,424
1022 164 23 221481 1.3617 | 1.6348 —gNgT3IY 0.UT46 43 | — 20 400
+ ™ 3 3 + - . . .
1937 11 [ 2 43 | 1.8388 2‘-(]'15’9’ —(. L1781 1 0.0317 | 104 — 35 1,225
1938 166 Can | zozzon| 1.sesu | 16252 0.0738 | 0.0054 | 42 8 B4
1839 61 266 | 1.7853 | 2.440N\\Zi4144 0.0105 | 0.0001 5 260 ] 36
Total — [ o063 | — |sofades|so zes2; — |0.4518)2.558 | — | 55,745
Averapn — 1233.158 — CaYaial | 20148 — 0026 | 1277 — 2,787.23
R HDR. N N S

#* The colummns for the andoufation of ol Y ATC nutshown. ¢}z v =A(leg ¥yz—id log ¥)% or

) ‘fgh §=1,1610—(2.0151)% =4.1619 —4.0806 =0.1013

.\" ot —5a — —
pm'?\;_.,'/-b_:ﬂ!_‘fi | _0.0228 _ /75 3331 =+/0.T769 =0. Bl

o 01013
- N og ¥
f From La.blt\ The index of corrclation was p =0.5818.

ad

') ) EFFECT OF METHOD OF MEASURING RESTDUALS

PN

h e I3 n
NChe size of rho is also influenced by the method used in measuring
residuals. Residuals and standard deviations can be expressed in terms
of natural numbers, logarithms, reciprocals, or the like. The residual, z,

might be ¥ — ¥/, log ¥ — log Y ory g7
and price of cabbage, the residuals

In the problem on the production
log ¥’),” and the resulting index

were expressed in logarithms (log Y~
" Forthe curve ¥ = ;5 used in this example, there is more justification in expressing

residuals in logarithms than in natural numbers because the enrve was fitted by
. The authors measured residuals

‘?Pe(‘-ifying that = (log ¥ — log ¥7)? be a minimu _
in natural numbers in table 1 merely to simplify the explanation of rho.
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of correlation was p = 0.881 (table 29, The results obtained with natural
numbers are given in the last three columns of table 2. The index of
correlation was slightly less, p = 0.818. These indexes of correlation
were baged on the following residuals:

Zehoe vy = 0.4513 (logarithms)
and
' ek = 55.745 (natural numbers)

To express a residual as the difference between two logarithm§Ns
the same as expressing the difference in natural numbers as a patits of
the actual to the estimated price. The effeet of this method is tp.{'n‘in\l’mize
the impertance of residuals in the short-crop years. The greatestresiduals
happened to be in the two small-crop years. If they hatl heen in two
large-crop years, tho based on logarithm 1'esidualsmf{1i§ht have becn
less than rho based on natural residuals. 3

When curves are fitted by the least-squarcs ,thhod, rho is usually
largest when the residuals are measured in 4lie” same terms used in
deriving the normal cquations for the culv@) T'or example, the normal

equations for the curve ¥ = % weve ,glci"i\;(:d by specifying that ={log

Y - log Y’} be a minimum. Tllergfp:ivé,' rho based on residuals (log ¥ —
log ¥*) would in a majority of cas@sbe larger than rho based on (Y — ¥

or ( 1 1 ) 2
Y v A
£ )
: IMP@{{IANCE OF DEFINING RHO

The index of correldtion for any given serics of data will differ with
the different types b curves used, with the amount of flexibility in the
curves, with themethod of fitting the curves, and with the method of
expressing th€vesiduals.

The val of p calenlated from the production and price of cabbage
were: (W

N

NN

\‘;

P¥wa/ X0 L8 (natursl numbers) = .82
P(¥mas X8 (L8 logarithme) = (.88
P(¥Y=a/Xb) (A3 tuntural numbersy = 52
P(Y:a.fX“)(SP)(hatuml nutbers} = 0.32

Piv—asxe =pproxitastion) (F ¥ (nalural numbore) = 0.74
p(Y'—-ﬂHX-:'—CXZ)(A) (natural numiboers) = 086
pr=0+bX)fLﬁ) (natazal pumbersy = Fy¥x = "080

_.One can obtain only one value of 7 from & given series, but as many
different. values of p as there arc kinds of curves, methods of fitting,
and methods of expressing the residuals. The value of p is meaningless
unless the above conditions are indicated.
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PROBLEMS IN CHOOSING RHO

Because &0 many different values of p can be obtained from a éiveri .
ceries of data, the student is usually in a guandary as fo which p to
use. The question simmers down to (@) choice of the curve of relation-
ship, () the methods of fitting the curve, and (¢) measuring the residuals.

The choice of curve should be based bath on the dala and on the
expected law of relationship. A measure of the goodness of fit of a
curve of relationship is p itself. However, p sbout a highly ficxible,
curve will usually be higher than about simple curves with few constants

7

such as ¥ = 5 ¥ = a-+ bX, and the like. The student should be'gmided

not only by the size of p but also by the logic of the curved Pey=cisx+cx

= D.86 was higher than pr—a/xi@atursl numbers) =_{}.8\2.: On the basis

of the size of p, the first curve would be preferablel"but, on the basis

of logic, the second should be used.® py—usxt) crgthelt numbors) = 0.82 was

about the same a8 py—anx = 080 Since bhofhyturves have two con-

stants, o and b, they have the same degrfechf’ﬂexibility. The straight
linc is the simpler curve, but the curve, #2 X was preferable heecause

its mathematiesl laws appmximaﬁgd hore closely the expected law of

relationship between the productisn and price of cabbage.

When the law of relationship is not mown, the student should, in
general, usc the curve that;\ﬁts most closely. However, it iz always
advisable to be consmk};ti've and choose curves with few degrees of
flexibility. If a persomis not conscientious, he may obtain p of any size
he desires, depeniding on the flexibility, that is, the number of constants
in the curve. Bor example, a freehand curve could have been drawn
through each ‘of the 20 points of the eabbage data, and then Zz#2 =0
and p =40 Similarly, if the mathematical curve had 20 econstants,
Y — G RBX 4 eX?24 - o- A+ X7 X X1 then Ze? = 0 and p=
1,00, @hviously, there ig no justification for such highly flexible curves.
The/relationships shown by such curves and high indexes of correlation
hased on them are unrcliable. The flexibility of curves ghould be limited
to one or two bends, or to two Or three constants. Unless the data
depart considerably from linearity, the straight line is usually the safest.

Tn choosing a method of fitting a given curve, the student should
be guided by closencss of fit and ease of ealculation. The bighest values
of p result from the closest fits, and the closest fits usually result from
the least-squares method. However, it is often possible to approximate
these curves by frechand or other methods sufficiently ¢losely to obtain

® Tor large crops, the curve ¥ = @ + bX -+ cX® gave estimated prices higher than

for average crops.
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values of p approaching those for least-squares curves. From the stand-
point of ease of calculation, the best methud is the freehand; and the
most laborious, the leust-squares.

The problem of choosing a method of measuring residuals hinges on
the method of fitting the curve. When the least-squares method i used,
in general, the residuals should be in the same terms used in the normal
eguations. When the curve is fitted by some method other than least
squares, the student may express residuals in natural numbers or loga-
rithma. If he desires a residual easy to caleulate and easy to understand,
he should use naturs! numbers. If he desires a residual which expresses
the differenece as 2 percentage, he should use logarithms. O\

CHARACTERISTICS OF RHO \ ;.\

The index of correlation, p, like the coefficient of co.ltféjéftion, ¥, 18 a
measure of the association between two variables. { ¢

The squared index, p?, like 7%, is a proportignate measure of the

squared variability or varianece in one factor abs\qaated with differences
in the other. <!

Although ryx = rxy, it is not true thai;*py_x = pxy. BEven when the
eurve is fitted by least squares, the exag:-f wize of p depends upon which
variable is considered dependent. ».’:"

The eurves on which p is bach are frequently more valuable than
p itself. N

“Thoe index of correlation Q&s several advantages over other methods
of analyzing associstion:, )

1. The index of corxlatmn is a concise measure of the degree of
-relationship. The qutve on which it is based is a concise deseription of
the nature of thg re]atxon‘:lnp

2, The mde\a}'}sf correlation, unlike the cogfficient of corrclation, takes
into accoult™he curvilinear nature of the association. Since any type
of curve'can be used as a basis for p, the methad is quite Hexible.

3. Rho from frechand curves is somewhat easier to caleulate than r,

oh 15 always based on a least-squares straight line.
- With the index of correlation, average relationships can be obtained
from a smaller amount of data than that necessary for methods based
on the comparison of averages.

‘The index of correlation has important disadvantages:

I. Because the method is flexible and unstandardized, many different
types of curves and different values of p can be obtained from the
gameo data.

2. Because many different curves are possible, the relizbility of any
one curve and of its p is questionable. Flexibility, though desirable in
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showing the cxact nature of the relationship, decreases the reliability
of the analysis. Too often the reliability of p and its curve is overrated.

USES

The primary use of the index of correlation is to show the nature
and degree of association or relationship. To many people, the nature
of the relationship between production and price of eabbage would be
ovident from the curve fitted to the data (figure 1, page 200). As the
size of the crop inereased, the price decreased at & dcereasing rate. To
others, the relationship would be more understandable in tabular form.
The price of cabbage for productions of 50, 90, and so on can b? vead -

directly from the eurve and set forth as follows: R
ProDUCTION - Price . '\\
50 372
90 128 Ko\
130 ) 86 N
370 40

The extent to which the association shown pyithe curve or the above
table was true was given by r—ex =0827Rho, p, is & measurc of
the degree of relation, but is meaninglegd e most persons. It is not so
valuable as the curve or table which shoyes the nature of the relationship.

Fish? used the index of correlation$0'measure the relationship between
prices paid for all foods and prigesipaid for individual foods. When prices
paid for tomatoes were compaged with those for all feods, the index of
correlation was calculatgd:in terms of several curves, and two were
published : \\ ™

Plog crve) = 0.603 Pparabala) =0609 )
With each ineroage in the price of all foods purchased, prices paid for
tomatoes rose/FRArply at a slightly deereasing rate.

Retail puicds of beans, lettuce, fish, becf, pork, and flour .increased
at a decyealing rate. Prices of coffce, cheese, bacon, galmon, pincapples,
and pqaéhes increased at an inereasing rate. - ‘

"Bermneltl® used p in studying the price of oats in relation to the
p o of corn from 1897 to 1938. He found that, when the oat supply
wag high relative to the corn supply, the price of oats was low relative
to corn. The index of correlation Was Pechand) = 0.83. When the
supply of oats was about 70 per cent of the corn supply, the price of
oats was 139 per cent of the price of corn. When the supply of oats was
high, 130, $he price was low, 85. _

* Fish, M., Buiying for the Household, Cornell University Agricultural Experiment
Station Bulletin 561, pp. 40-45, June 1933.

U Bennett, K. R., The Price of Feed,
versity, 1940.

unpublished manuscript, Cornell Uni-



CHAPTER 13
INDEX OF MULTIPLE CORRELATION

The cocficient of multiple correlation is based on the lincar relation-
ships which exist between the dependent and cach independent % Fuinble.
"These relationships are combined into a multiple relation e)QJN.m( rd a8

+ follows: N

N

Xi= a4 baXe+ buoaXs + busXs R "}«.

<

The multiple correlation coeflicient, like all wrrela‘]si%m coeflicients and
W)

indexes, is given by the expression /‘/ 1- ; However, 7 is the aver-
age of the squared vesiduals of the actuaf\Xl from X estimated from
the linear relationship given above. AN

The index of multiple corrt‘latlon,m based on the curvilinear relation-
sh1ps which exist between the depéndrmt and cach independent var-
table. These relationships are also combined into a mulfiple relation
which might be expressed ju_a gencral equation, as follows:

\
X*\‘ﬁd + o X0) + (X)) + fu(XY)

-+ Likewise, the indek of multiple correlation,! p, is given by the expression
S \%

/‘/ 1-= I-\IOWevcr X, is estimated from curvilinear re lationships

here, Thet iny difference between R and p is in the value of S2.

The *;:br\fhcu\nts, £ and p, arc also similar in that the effects of the
mdo@endont variables are assumed to be additive. In each case, the
‘estimated value of the dependent variable, XJ, is & sum of several
1ngl(' estimales. For example, in linear analysis, X, is the resultant
of three lincar relations, which might be as follows:

Xi= /+\+/ + constant

L The same symbal, p, is used to indicate the eurvilinear correlation between one
independent and the dependent variakle and alsu between several independent und
the dependent variahle, :

212
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or in curvilinear analysis, as follows:

X’ﬂ.=/_ +\+ —/i-constant

In lincar analysis, the multiple rclationship was determined mechan-
jeally and mathematically by the method of least squares. Some of the
more siple curvilinear multiple relutionships can also be determined
by the method of least squares. To measure thoge relationships which
are not mathematically simple and to explore the nature of relationships
about which nothing is previously known, the method of least squares
i practically uscless. However, officient methods of approXifating
those relationships have been devised. W > '

7%
S 3

LEAST-SQUARES ANALYSIS .\{*

One can use the least-squares method for odr¥ilincar analysis by
converting independent variables from naturalinmbers to eurvilinear
funciions, such as logarithms, squares, I¢ ,i’p?ocals, and the like. A
multiple correlation coefficient may be deteriined from such converted

values. For cxample, if a multiple rel:}’qi(m'is of the type
X, = bipaa log Xe"fblsuxz + bu,‘za\/fs:

X, is converted to the logaljt-hﬁ' of Xo; Xs, to X3; and X to X5
The coefficients of regression and correlation are then determined b‘y
the usual methods.? Tq use this method, the student must know n
advance the general na'gﬁre of the relation between Xyand X;, X3 und Xy,
and X, and X.._ o™ o
The linear u]ﬁple correlation coefficient for the acreage of corn i
North Caro]{na: X,, and the Unjted States farm price of corn and
cotton th{ﬁnﬂéending yoar, Xz and X, and the stocks of corn on N(.)rth
Caro].i’mi: farms, X,, was i = 0.666 (table 1). The cquation of relation-
Shlp Wik .
Vo Xy = 0.0842X, — 0.2312X; + 0.0071X. + 23.01

indicating that the acreage of corn inereased after high corn prices,
decreased after high cotton prices, and inereased when stocks of corn
on farms were large. o _ _

The above equation assumed that each rcla,t.ionsh_}p was linear; other
possibilities werce ignored. When plotted on graph paper, however, the
relations betweocn Xl and X, and between X, and Xy appearced to be
ewrvilinear. The pattern of the X, X, relationship seemed to rescmble

2 Pages 168 to 176.
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a eurve increasing at a decreasing rate. The X, X; relationship seemed
to resemble a curve decreasing at an increasing rate. The XX, relation-
ship secmed to increase at a constant rate. After studying various
curves, it appeared that the three relationships could be deseribed as
follows:

X, Xz, log curve Xy,=a+tblog X,
X, X;. secand degree polynomial X,=a +TBXSL+ cX§
X:1X,, straight ling X, =atbX, Q"

The equation for the multiple relationship was thought to bg \J)

N

X1 =0+ bislog Xy + by X2+ blms}@’}}, ‘

This is obviously not a linear equation in X, or X;,j\,imt it is linear in
the logarithm of Xz, in the square of X; and d\the natural values of
X . \\.

W

TABLE 1.—VARIABLES FOR LINEAR AND CURVILINEAR MULTIPLE
CORRELATION' ANALYSIS

Acres or Corn IN NorTH (}uicmnm,v &y anNp TR UnNiTED STATES Fanm PRICE

oF CorN tHE PrECEDING VEAR, Xo;PHE UN12ED STarss Faky PrIcr or QorroN
- X "

ToE PRECEDING YEAR, X3; AND Sragks oF Corn on Nonrm Carorva Famws, X

Data for li})e?r analysis Data for curvilinear analysis
Year ‘(
N |
X { Xa ' Xd Xl log X2 Xg Xy X,
PN )
1 2 8 11 27 | 1.86 64 | 27
2 N :"\;%a 9 16 26 1.65 81 16 26
a3 \,\\“ 50 14 i7 27 1.70 196 17 27
\J/23 a7 20 29 23 | 1.67 | 400 29 23
24 Bl 14 18 24 1.99 | 196 18 24
25 42 . 11 19 24 1.62 121 19 24
Total 1,340 208 574 675 42.99 |3,770 574 6756
- Average 93.61 11,92 22.95 2700 1.720 150.8 22.96) 27.0
0’? = 3.60 R1_2a; = [L666 p = 0.701
X1 = 0.0842X, — 0.2812X; + 0.0071X, + 23.01 | X, = 10.02 log X, — 0.01042X2
4+ 0.1091X, + 5.836
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In lincar multiple eotrelation analysis, the four wvariables were in
their natural forms. In this curvilincar analysis, the variable X, was
converted to its logarithm; and Xy, to its squarc. For the first yoar,
X, = 72. The value used in the curvilinear problem was 1.86, the
logarithm of 72. The value of Xs, which was 8, was converted to its
squarc, 64. For the second year, log Xo = 1.65 was uged instead of
X, = 45; and X; = 9 was discarded for X2 = 81 (table 1).

With the natural forms of X and X, and the new forms of Xz and
X, the usual procedure was followed in determining the multiple regres:
sion and eorrelation coefficients. The index of multiple correlation?
was 0.701, which was somewhat, though not greatly, higl{é’r&han
R = 0.666. The new multiple relationship messured by g = 0701 was
4 combination of two eurves and 2 straight line. The cu,ljﬁfés’ﬂapparent]y
fit & Bttle better than the two straight lines they xepldced. The fact
that these two relationships appeared definitely ¢urwilincar in advance
might lead one to cxpect an increase from R toyp greater than 0.035
(0.701 — 0.666 = 0.035). Perhaps the auu’shg;:gx {i8ed the wrong funetions
of X5 and X,. It might be that no seb of Suryes as simple as these will fit
the datsa more closcly.? o\ ¢

The detailed nature of the mu]ti}éle “curvilinear relati_onship is given
by Q)

X, = 10.02 log gf;("-— 0.01042X2 + 0.J091X, + 8.83

Apparently, the acredge of corn increased after high corn prices, de-
creased after high catton prices, and increased slightly with large stocks.
The direetions df“these and of the corresponding linear relationships
were the sapdey However, the patterns of the relationships were ncces-
sarily diffovent (figure 1), They were stipulated In onc case as all linear;
and, inthe other case, as one logarithmie, one geometric, and one lineat.
S.@.{Lte’éf ‘more simply: as the price of corn rose, the acreage planted the
decreasing rate. As the price of cotton

Fear Tollowing also rose, but at & i
st an incrcasing rate. The effects

rose, the acreage of corn decreased

a determined by this proeedure. It is

2 Some workers eall this measure B when it i It 3
X2 und Xo In another scnse, it 18

true that o in this ease is really R based on log X,

p based on X., X, and X . A
+Those who expected p to increase ahove R hecause of the inereaged fiexibility

obtained in switching from straight lines 4o curves did not realize that neitl;e_r the
logacithm nor the square of a number is any mMore fexible than the puml?er itmeli.
Any increased flexibility in p is due 10 the wide Tange of curves on which it can be
based, Rho may have as many values as there are types of curves, whereas I always
has only one value.
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on the acreage were greatest when the price of corn was low or when
the price of cotton was high.?

Corn
HCres pe I
Linear

-

Gurvitinear N\
N
: oA
N
r [ €
- S
X2 Xy \/ Xy

Price corn Price cotlon Stacks corn

FIGURE 1.—LINEAR AND CURVILINEAR RELATTONSHIPSS

AcrEAcE oF (orN AnD PricEs or (omN AN $OoTTON, saND Srocks oF (Corx,
Norra CaroLina
N .
Least-SBquares Analysis
* ’,
The linear relationships (above)] assnmed vgnstant chunges in corn arresge with unit changres in
prires of eomn anrd outton. \

- . N N
The curvilineay redationships (below) agssumed that changes in the Pprice of eorn were most efective

Upon aereage whon the price was low, wid that changes in cotton prices wore most effective when the
priee was high,

, The eurvilinear assumplions Q@hg’ical. and the curves it the duta s litble better thun the stralpht
OER,

N\

‘The results of this'problem certainly need not be taken by the student
as final. The au:tBors obtained a higher o from the curvilinear than
from the lim{g;r relationships, but there is no reason to believe that p
might nof%hewe been greater, had more nearly corrcct functions of Xe
and Xs’;:bet:n ¢raployed. For example, the authors suspect thut X°
sl‘igzuld" have been used, rather than X3. This suggestion or others might
b(\3 tried in another attempt to improve the relationship, Perhaps the
trouble lay in-insufficicnt flexibility in the curves. Perhaps X7 should
have been changed to (X, — ), or the equivalent (X? — 2¢X; 4+ ).

* Apparently, the acreage of corn, Xy, increased with the stocks of corn on farms
the preceding Mareh, X ,. This does not appear Jogieal. Sinee the relationship was not
very close, it may have been due to chance, It may also have been duoe o a failure to
eliminate the slight secular trends in acreage and stoeks of corn, If any real trends
- did exist, they would probably have been in the same direction for acrenge and stocks

of corn beesuse the stocks depend on production which would be influenced by
acreage. - ' '
b Linear, X, = 0.0842X, — 0,2312%, + 0.0971X, 3 23.01.
Curvilinear, X, = 10,02 log X; — 0.01042X; + 0.1091X, 1 8.836.
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At any rate, the student, in seeking some improvemént in the accu-
racy of the curves orin the size of p, would have no method of foretelling
in advance ercetly which functions of the independent variables to use.
In his attempls he may waste considerable time in (1) trying a large
number of curves, and (2) trying more degrees of flexibility. He may
even conclude that the correct function is one such as

X, =a+blog (Xu+¢)

where ¢ is ncither known in advance nor can be determined by the
method of least squares. Thus, the least-squares method of determinings
s may be not only cumbcersome, but even impossible. .
oS\
APPROXIMATION ANALYSIS O N

Where the cxact nature of multiple relationships i nptmown in
advance, the least-squares method of curvilinear a-nalylsis iz often a
long story of many unsuccessful trials with d.ifferent“?inds of curves.
Moreover, least-squares analysis is limited to the fypes of curves which
can be fitted by this method. Because of thesc tw¢ difficulties, approxima-
tion methods, which are more flexible and were efficient for curvilinear
analysig, were devised. Two approximatigmmethods will be discussed:
(¢) graphic method from linear multiple regression, and (b) short-cut
graphic method. N

APPROXIMATION FROM, I}II_';IiJAR MurTipLE REGRESSION
Fafréi U pprocimalions

Ezekiel? developed a"method of approximating curvilinear relation-
ships from linear nef pegressions. The first step in this method is’ o
determine the muiltiple correlation coeflicient, s the pet regression

coefficients, bif 3y “bisns, 20d Dieos, and the net regression equation,
Xi=a+b 33{2 + iz oaXs+ bsnXs In the corn acreage problem,
Ry s = W08, the linear relationship was X3 = 0.0842X, - 0.2312X; +
0.097 185+ 23.01 (table 1). _

The*second step consists in determining the residuals, z, for each
yes¥, The residual is merely the difference between the act-u.al D¢} and}
the estimated X, based on the multiple tegression. Each estimated X
is obtuined by substituting the corresponding values of Xz,. X, and X,
in the multiple regression equation. For example, for the first year,

X! = 0.0842X, — 0.2312X5 + 0.0971X, + 23.01

X' = 0.0842(72) — 0.2312(8) + 0.0971(11) + 23.01

X =61-18+11+230= 28.4
Easkiel, M., A Mcthod of Handling Curvilivear Cor

Variables, Journal of American Statistical Association,
148, pp. 431-53, December 1924,

relation for sny Number of

Vol. XIX, New Series No.
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To facilitate the work, these values, +6.1, — 1.8, +1.1, 4-23.0, and 28.4,
may bo recorded systematically, as in table 2, columns 5 to 9.

TABLE 2.—-~-DET]-1‘1RMINATION OF RESID UALS FROM THI LINBEAR
REGRERBSION

Corn ox Nowre Caronina Farms

[
Independent vu.rlublesl Caleulation of residunls
1 -—
I3
Price of | o ; Roeidun]\s
Yonr 1Htocks) sam
B . Con- of Avros |77 N T
of Yahies of ¢\
| stant [values | corn
Corn iCotton| corn Aran—
i ' te o "-uqum‘crl
: )
, ;
: [, — -
X | X | X [008423 —02312X;'00071X o xR, PR
R A
i \J i
1 72 A 11 f.1 —1.8 1.1 A N 27 —1.4 | 196
2 45 9 I8 3.8 —2.1 1.6 ZUN 26.3 . 26 L—0.3 1 DO
3 S0 14 17 4.2 -3.2 | 1.7 x.Z’:.j.{} 5.7 27 "‘_+1.3 | E.69
. \ . .
23 47 20 29 4.0 —4.6 o 2..'8 23,0 % 25.2 a3 || -2.2 4 51
24 a6l 14 15 3.1 —3.:‘2':’ 1.7 23.0 | 26.4 21 —2.6 6.76
25 42 11 14 3.5 ~2,5% 1.8 23.0 | 25.8 24 —1.8 3.2
Total — | = | = — N — — | — i — tyos i
Average | — — — — A — — — — i ‘H‘O-OQ 2,040
AN |
o} =3.60. 7
EER
B g/ 1202 /1 200 T R0 = /T 233 =0, 658,

Rather thardgaleulate the eomplete cquation for each year at omc
time, the ssimplest procedure is to multiply the first regression coef-
ficient, by 3x = 0.0842, by each of the values of X in the second column
of tal{le 2. The products are recorded in table 2, coluran 5, under the

mdmg “Values of 0.0842X.."" The values of X; are then multiplied
byvthe second rogression coefficient, By o = —0.2312, and recorded in
column 6; and the values of Xy, by b = 0.0971, and recorded in
eolumn 7. The sums of these three products plus the constant 23.0 give
the estimated prices, X},

The residual® for the first year was X, — X| = 27.0 — 284 = —1.4;

8 The sum of all the residuals, 490.5, was useful in checking the ealeulations. The
average residual, 0.5 + 25 = 0,02, was small encugh to be explained by the rounding
of decimals, If the average residual were large, an error in caleulation would be indi-
cated.

The residuals were squared and entered in the last column of table 2.
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and for the scrond year, 26.0 - 26.3 = —0.3 {cntered in the next to the
last column of table 2). The 25 residuals, z, are the primary purpose of
the work in table 2. The residuals are sguared only for use in computing
By g . ’

X, X, Relationship. The third step consists of plotting on a graph the
relationship between each independent variable and the dependent
varisble. For example, the linear relationship between X, and X, was
plotted as a broken line (figure 2). To determine the equation of this
line from the net regression,

X, = 0.0842X, — 0.2312X; + 0.0971X, + 23.01 -

QY

KO
the variables X; and X, were held constant at their avcrageﬂ,\ﬁ‘Xg =
11.92 and AX, = 22.96. : by

X, = 0.0842X; — 0.2312(11.92) + 0.0971(22.96)2%23.01
X, = 0.0842X; — 2.76 + 2.23 + 23.01 ')
X, = 0.0842X, + 2248

ANY;
To plot this straight line, the estimated acrg;s:ée,\X;, was enleulated for
two arbitrary values of X3, 30 and 70. A\

When X, = 30, X = 25.0. Wien X; = 70, X; = 284

These two points were plotted as{fsfﬁal.l circles, o, and the broken line
conneeting them was drawn (ﬁguré 2). At this stage, figure 2 containg
ouly s broken line. &

The fourth step con: ng.bf plotting the residuals (next to the last
column in table 2) about the broken line in figure 2. For cxample, the
value of X, for theyfirst year was 72, and the residual was 2= —14.
The first year wés plotted horizontally according to X,, and vertically
above or belox\(:hfé broken line according to the size and sign of 2. The
value of X.\br the first year, 72, was located far to the right on the
horizontal:scale, X.. The plotted point for the first year, designated by
“ 1,::if§§ﬂirect-ly above 72 on the horizontal scale, Xz This point is—14

£ b 3
) .
S}mu 2zt = 51.01, the standard error of estimate was

T2 5101
8o = N - 25 = 2'04_0

and the multiple correlation coefficient,

Bonam A/ 1~ Sz _ /1 200 _ L /TT05667 = /04333 - 0658
ey / - :

3.6

The only purpose of caleulating this B is to give another check on the caleulation

of residuals, 0.658 (above), as compared with 0.656 (table 1).
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_from the line of regression, that is, 1.4 below the broken line. The size
of the scale for this residual, which is a deviation in Xj, is the same
a3 the vertical seale of Xi to the left of the chart (figure 2). However,
the positions of the two vertical scales have no relationship. The position
of the vertical scale to the left of fignre 2 i3 fired, whereas the vertical
seale for the residual is constantly moving up or down, depending on the

- level of the broken line. The fixed seale refers only to the broken line and
the curve to be drawn later.

. . N\
X, 17
‘_l 2
'\
6 a0
29— First approsimation \
12. 3 ;
v5 10 " 9 g ////.11 *13
27— 6 "\ i o1
22 “:’\ Linear regrassion
25— \\ =24
o \ 13-
25N, 23
) «20 ....\
¢\J
| K& 1 1 l
: 30 AN\, 40 50 60 70
s Xa
N
FIGURE 2.—«§‘IRST APPROXIMATION CURVE FOR THE X, AND X;
¢ \. / RELATIONSHIP

40}&% oF Corn, X, aND PricE oF Cory THE PrecEDnvG YEAR, X3

2

AN Approximation frorn Linear Regression

"'\T}a\é braken line waa the best-fitting strafght line deseribing the not relationship between pries and

aereage of corn. The 25 seattored points wore the residuuls, plotted sbout the broken straight line,

ased on the scatter of these points about the straight line, the solid curve wus approximated for the
purpose of shawing the relationahip more acewrately,

The residual, 2, is always plotted above or below the broken line
with no reference to the fixed X, scale at the 1eft.® In order to eliminate
this apparent confusion, a separate scale for the residuals should be
made on a piece of graph paper. The second scale in this case should

* In terms of the fixed X, seale at the left, the plotted points describe the total var-
ability in &, unexplsined by the relationship

Xy =8 4 by 2aXs + b1a 2 Xy
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range from about +3.0 to 0 to —3.0 and shouid be the same size as
the fixed scale in X, from 23 to 29, six poinis. To plot the first -ye'ai'
with the now scale, the zere point would be placed on the broken line
where X3 = 72; and the point at —1.4, marked “1.” Since the value of
X, for the second year was 45, the scale was slid down the broken line
to the left until the point 45 on the horizontal scale, Xz, was reached.
With the zero point resting on the broken line, the point at —0.3 was
marked <2 Tor the third vear, the scale was slid up the broken line
to the right o that X, = 50. The residual being +1.3, the point s -
plotted above the line and marked ““3.” The remaining 22 years\were

plotted by the same method. At this stage, the chart containg § broken -

line and 25 points numbered 1 to 25. O
£
RN K7,
L ¥
30— NN
Linear regrossion .Q, \
.16 ~\
h-‘-""}‘"---. 15 .5 el2 Al
28— ~—. 8 o7 *5 Ve

26—
L Flrst approximation ™
24— ,x‘\ w24
..o’ % . .23
22! P\ [ ] l [ i
5 TN g 1 i3 15 17 19 21
Z"\.:’ Xa
FIGURE%LFIRST APPROXIMATION CURVE FOR THE X, AN X;
N RELATIONSHIP

4 .\' 3 . .
\\AcrEs or Cory, Xi, AND PRICE OF Clorron THE PrEcEDING YEAR, X5
4 -
Approximation from Linear Hegression

The broken line deseribes the linear relationship hetween the price of cut.toP thc_preceding year and
the acreage of corn planted. The solid curve presumably describes the Telationship more acourately.

The first four steps are mechanical. In the fifth step, personal judg-
ment appears for the first time and affects the results. The p_rob]t:{n
is to improve on the broken straight line in describing the re]at-lons}fllp
shown by the seatter of the 25 points. Obviously, no other straight line
would describe the relationship so ace urately as the broken line. Perhaps
8 curve of some lype would describe the relationship wmore accurately.
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After examination of the seatter in the 25 points, an approzimation

- curve was drawn freehand (figure 2). Since the seatter among the
points was considerable and the relationship was not decidedly curvi-
linear, it was thought safest to draw the first approximation not greatly
different in position or shape from the broken straight line, The curve
was also conservative in having only onc bend.

X
[__1_| ol7
30

First approgimation . W

2l _1 I R 1 | I
10 15 20609 25 30 35
05“ x“
FIGURE 4.—FIRST APFR{)XIMATION CURVE FOR THL X, AND X,
' ¢ RELATIONSHIP

Aol or Corw, X;, AnD Srocks oF CoRN, X,

W Approximation from Linear Regression

. Thc_ seatter digfedm suggested that & curve inercasing at a decreasing rate might deseribe the rela.
tionship more seclizately than the straizht broken line.

XJX} }nd X1 X, Relntionships. Next, the relationship betwoeen X; and

X! .{yaé examined. In the multiple linear regression equation, X, and

\'bX3 “were held constant at their averages, and the net relationship be-
ween X; and X was determined.

X1 = 0.0842(53.6) — 0.2312X; + 0.0971(22.96) 4+ 23.0
X_’l =45 - 02312X;+ 2.2+ 23.0 '
X, = 20.7 — 0.2312X;

This straight line is the broken line plotted in Agure 3. The residuals
caleulated in table 2 were then plotted abuve and below the broken
line at the points corresponding to the values of X, For the first year,
z= —14 and X, =8 With the usc of the deviation scale already
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constructed, the point 1 was placed at —1.4 below the broken line-
where X; = 8. Similarly, point 3 was placed at +1.8 above the broken
line where X; = 14. The residuals for all the 25 years were plotted in
this manner. .

The next problem was to draw a curve which approximated the rela-
tlonghip between X; and X; more closely than the broken straight
line. A first approximation curve, declining at an increasing rate, was
drawn (figure 3).

The relationship between X; and X, was next examined (figurc 4).
The broken line was plotted from the net relationship N

X, = 0.0971X, + 24.8 R
The residuals were plotted about the broken line a’r(~£t}c positions
corresponding to X, (table 2). The curved solid line r,egmscnts the first
curvilinear approximation to the relationship (figued).

Index of Multiple Correlation. The sixth step ito combine the three
curves into one muliiple relationship. Thg:,"abr‘es of corn, X;, were
ostimated from each of the threc curviﬁj}e}w‘relationships by reading
the values from Lhe curves. The first yeatythe price of corn, X, was 72,
The estimated acreage, X, = 28.6, wak read from the golid curved line
(figure 2). For the second year, Xy was 45, and X; was 26.2. These
estimaled acreages, X;, were tabulated in an orderly fashion in table 3,
column 5, headed f/(X5). ¢ .

Similarty, the esfdmat-gd}values of X, were df:termined from the X;
relationship (figure 3)\Ro’r the first year, the price of cotton, X, was 8
(table 3). The estimajed acreage, f'(Xg), 27.7, was read from the solid
curve in figure 3, #o¥ the second year, X3 was 9 and f/(X5) = 27.6.

The cstimafcoe\&ifalues of X, from the X, relationship shown in figure 4
were tabulatodin table 3, column 7, headed f/(X4).

On tl’l\é%ﬁsis of the three curvilinear relationships, the estimated
valucg'of X; for the first year were 28.6, 27.7, and 24.9 (table 3). The
surglof these estimates was 81.2, which was entered in column 8, headed
$t/) Similarly, the estimates for each yoar were summed and entered .
in column 8. The sum for this column was 2,022.3. Its average, 80.9,
was somewhat larger Lhan the average of the actual, 4X, = 27. The
differcnce between the two averages, —53.9, may be regarded as a
constant, a’. This constant was added to the sum of the three estimated
values of X, for each year to obtain a new estimated value that would
average 27, the same as the actual, AXy. This constant,*® ¢’ = —53.9,

1" This constant is a part of a curvilinear regression equation:

X = (X0 + 5K + XD +
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TABLE 3 —DETERMINATION OF THE RESIDUALS FROM THE
MULTTPLE RELATIONSHIPS BASED ON THI FIRET
APPROXIMATION CURVES

CorN oN NorreE Caroniva Farwms

Caleulation of restiduals
Indel?endent Residinls
. variablrs -
Year Estimated values of X Con- Bsti- Ave
stant | mated [ tual
X=X Famured
| | i A
Ko | X X | £ (XS XD = a’ Xy X NN e
' ; ' S (7. \, S S
. N
1 72 811 |28.6|27.7:24.9 Bl1.2 —33.9 27.3 ; 27,‘."‘ —0.3 0.0y
3 15| 9 [16{26.2 | 27.6[u6.0| 7.8 | —53.0 | 25,0 2N |20l 0.0
8 |60 |24 |17 28.7 267 281! 9.5 | —s30] e PP | 414 0 1.96
23 |47 |20 |29 264|205 |2r 7| 16 | —pagqNed7 | uw | —17 | 289
24 61 [ 14 | 18 ] 27.8 [ 26.7]26.5 80.8 —aRLAEY 2.9 24 —2.4 8.41
25 42 [ 11 | 19| 25.8 [ 27.3| 26.4 79.5 75‘3> 25.6 24 —1.4 2. 56
Total | —{— | —~| — — — 2,022 3 [W— 673.0 | 673 4] 44 .20
Average | — | — | — | -~ | — | — RGT — 7.0 | 27 0 1.78%

Conatant O
af 2 A X —A{Zf') =27 R0 9= —53.9 "~,

82, "3 1.768 _— .
p._m=.1/1—. ‘;”"—74@— oo =4/T—0.4011 =+/D 5086 =0, 714
X a

2600
L\

was rocorded for eatly year in column 9. It was added to Zf’ for each
year, and these suirls were recorded in column 10, headed “ Estimated
X, N o

Thus fax,Gho sixth step has been merely an orderly tabulation for the
detern:[iq‘a'ﬁon of the cstimated values, X7, from the curvilinear regres-
sion gouation cxpressed by X| = f/(Xo) + f/(Xs) + f/(X4) 4 a’. Tor the
)"{*Qt year, this equation read

X, = 28.6+ 27.7+ 24.9 — 53.9
T =273

The plotting of data, drawing curves, and tabulating estimated
values of X, discussed in detail should not obseure one of the important
parts of the analysis, namely, the determination of p and p? The resi-
duals, X; — X|, werc caleulated, squared, and cntered in the last two
columns of table 3. The average of the squared residuals, 1,768, was the
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X l e17
sl +16
27 b
25—
23 ! "
30 40 50 AN 70
Xa " xig"

FIGURE 5.--SECOND APPRQXIMATI(}N ’CURVE TOR THE
XX RELATI(JIS.SHIP
Acggs oF CORN, X, axp Pricr QE’:GORN THE PRECEDING YEAR, X3
Approximation f};iiﬁ Linear Regression

Y .
'rhe broken ling was the first apprnxim“atibn‘ eurve transferred from figure 2. The 25 points were the
residuals from the Arst approximationgaurees, table 3, plotted ahove and below the broken line. The
=olid line, the second nppmximat.icin‘éqrve, was un attempt to deseribe the X3Xe telationship more
)
¢

acsuralely. ¢ W,

L\
squared standard artor of estimate. The index of multiple correlation
was )

N V 1768 /=oan
;"\;'pl_ga.; = 1 =507 = (.5089 = 0.713
A 3.600 |
Thewyork to this point may be gummarized as follows:
36D the linear relationship,

\ S?,M-i = 2.04_0; Rl,zﬁ = 0.658; &nd R?_gg;; = 0-433

Tor the curvilinear relationship, _
82 ges = 1.768;  prass = 0.713; and pju = 0.509

Apparently, the three curves deseribed the multiple relationship more

aceurately than the straight lines. The index of correlation, p12u = 0.713,

was 8 per cent greater than the multiple eorrelation eoefficient,

Ry 20 — 0.658. From the curvilinear relation, it would appear that these
prices of corn and cotton and stocks of corn account for 51 per cent of
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the variation in aecres of corn. This per cent determination, 51, was
greater than that from lincar analysis, 43.

The squared standard error of estimate which is 2 measure of the
amount of scatter or unexplained variability in the price of corn, X1, was
less for the curvilinear than for the linear relationship.

The eurvilinear analysis to this point is complete in itsell, provided
that the results are satisfactory,

RSN

First
28~ __

8.

20

26—
28—
23| S N S I N I S o O SN AN I S S
- 5 7 9 i1 \ 13 15 17 19 21

. : \ N
FIGURYE 6.--SECOND ARPROXIMATION CURVE FOR TIIR
%5 RELATIONSHIP
Acres oF Corx, X.: A\(} Price oF Corron TRE PRECEDING YEAR, X:

Approximation from Lincar Regression
The second approsinliun curve was balieved to deseribe the relation between X1 and X more
aceurately then the B34
~Y
‘\'\\ Second Approximations

The stﬁdent who is not satisfied with the results of the first approxima-
t-ionijﬁay wish to increase the accuracy of the curves and the index of
G&Teiatlon, p. Since p1955 = 0.713 was only a little larger than Ry ey =
0.658, the authors felt that the first approximation curves could be im-
proved, _

"The procedure for a set of second approximation curves was almost a
repetition of the first approximation.

X1.X Relationship. The first step was to reproduce the first approxima-
tion curve for the XX, relationship. The solid line in figure 2 was traced
as a broken line in figure 5.

The second step was to plot the residuals from the first approximation,
z’, about this broken line. For the first year, X, = 72 and 2’ = —0.3
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{table 3, second and next to last columns). Using the deviation seale, the
point 1 for the first year was placed at —0.3, which was 0.3 below the
broken line at the point corresponding to X, = 72 on the horizontal axis.
The other 24 residuals, 2/, in table 3 were similarly plotted about the
broken eurve (figure &).

The third step was to draw another curve which fitted the scatter
better than the broken, first approximation curve. In the example, the
socond approximation was little different from the first.

. ’\
X |
30 17 ¢\ -
P\ N\
N
28 —
26 [—
2
22 ! 1% ™Y ! ] |
13 27 21 25 29 a3 a7
O Xe
FIGURE 7E58ECOND APPROXIMATION CURVE FOR THE
" X,X, RELATIONSHIP
~,§~ 'Acrzs oF Comry, Xy, anp Srocks oF Cosn, X,
& Approximation from Linear Regression
g '\: "Tho second approxmation curve was glightly more curvilinear thum the first.

@) -

XX, and XX, Relationships. The same procedure was followed for
the X, X, relationship. The solid line in figure 3 was transferred to figure
6 us a broken line. The residuals, 2/, were plotted about this broken curve.
A second approximation curve was drawn.

The X,X, rclations were analyzed in the same way, and n second
approximation eurve was drawn (figure 7. _

Index of Multiple Correlation. The next step was to combine the three
new curves and determine p. The three sets of estimated values of X; were

read from the three second approximation Curves.
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For the XX, relationship, the procedure was as follows: For the first
year, X; was 72, and the estimated acreage of corn, 28.0, was the value
of the curve where the price of corn was 72 (figurc 8). The value 28.6 was
recorded in table 4, dolumn 5, headed f"(X5).

From the X, X, relationship, the estimated value of X, was 27.6 for the
first year when X, = 8 (figure 6). This value was recorded in table 4,
column 6, headed f*(X3).

TABLE 4—DETERMINATION OF THE RESIDUALS FROM THE SECOND
APPROXIMATION CURVES

1 N
Corn oN Norra CaroniNa Famms . ¢\
NN ¢
L A
Calculation of residusls A
‘!
Independent €Y% ;
variables c e Residuals
Year Estimated values of X3 une QLW Ae-
Btant nmrttcd ' tual
4 v/ | X, =X} lsquared
. I OO |
Xo | Xy | X XD (X (X =z | ) XM X 2" (")t
),”
1 720 8| 11128.6|27.6|24.6 | S0:8\° —5s.1 | 267 27 +ih3 | 6.09
2 451 911681126.1|27.7 |25.8| 793 | —a.1| 255 26 +0.5 | 0.25
3 001417267 (269 26,0 \e | —s41| 255 o7 +1.5 225
. . . . . S . f . . . HE.
23 47 1 20 | 29 [26.4 2;3&3’57.8 7.2 | —54.1 | 23.1| 23 —0.1 | 0.01
24 61 | 14 118 |27 9928 0 26.3| =11 —a4,1 | 27.0 | 24 —3.0 | 9.00
25 42 | 11 | 1 | 23g or's 26.5| 79.7 ~51 | 2ie| 2+ | —1.6 |25
Total §—| ~ ] < 42 — | — | 2,029 | — Jeraa |67 | © 3090
Average | — | — | AN 1 L | 81.1 — 27.0 | o7 ] i1.:3960

Conatant PREe
a =_¢x1_&%=27.0—31.1=—54.1

Q 3 = A —Si':“’ =1 -2 5335 =0 50T =0 746

A
\’EI“HB XX, relationship was treated in the same manner.

or each year, the three estimates for X 1 were summed, and the totals
entered in column 8, headed 2f". For the first year, the estimates were
28.6, 27.6, 24.6; and their sum, 80.8. The average for this column &,
Zf"/N = 81.1, was subtracted from the average of X, 27.0, to obtain
% constant, a”= —54.1. For each year, this constant was added to
Ef”” to determine the estimated value of X 1 based on the relationship
X = ["Xo+ f"Xs+ "X+ a”. For the first yuoar,

X1 =286+ 2764246 — 54.1
X =808 — 54.1 = 26.7
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The residuals, the differences between the actual and estimated values
of X, were caleulated, squared, and entered in the last colummn of table 4.
The index of corrclation from the second approximation curves was
pruzss = 0.746, somewhat higher than that from the first approximation
eurves (pra = 0.713). Sinee rho is merely an index of the closeness
with which the curves fit, the second approximation curves were pre-
sumably more accurate than the first. ' '

i .17
o N
A
NS ©
. .\
N
291 a5 o6 8ol

27~ b 5.0 ! :a“}

First,ahpraximation

~

25
»25{ \ 19+ #24
L\

73l O 23
[ )\ S 1 1 ! ]
32 O 40 a8 56 54 72
£ t\ N/ X
NV z
FIGURE CB\\;FTRST SIIORT-CUT APPROXTMATION CURVE FOR XX,
™ RELATIONSHTP

0' N . ‘r X
N\ }icm:s oF Comy, X,, aNn Prick or CORN 1THE PRECEDING YEAR, X1

‘ Short-Cut Method of Approximation

The numbered points were the paired acres and priecs of aurn for 23 differ‘cnt years. 'I:he iohd !me
wng un altempt to deseribe the average change in the acreage of eorn, X1, with changes in the prices
of corn, ' :

If the second approximation eurves are not satisfaetory, the stu.dent
might repeat the processes and obtain third or even fourth approxima-
tion eurves. If the work is carefully done, the aceuracy of the curve:s
and the size of p will not be increased greatly after the second approxi-
mation.
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SgorT-Cur METHOD OF APPROXIMATION

Curvilinear approximations from lincar regressions usually give quite
gatisfactory results, but a considerable amount of work is involved.
Bean!! developed a method of approximating curvilinear relationships
without the previous determination of linear regressions.

Relation of Dependent to Most Important Independent Variable

The first step in this method is to plol the observations on a graph
where the vertical scale is the dependent variable, X;; and theshori-
zontal scale, one of the independent variables, X, Xa, or, X %t is
generally advisable to consider first the independent varmbl(‘ which 13
most closely associated with the dependent variable, Xi. I8 Whs nssumed
that X, the acres of corn, was more closely assocm‘rcdm\\ﬁh X, the price
of corn, than with X; or X, the price of cotton anfhktocks of corn.

The X1 X, relationship was plotted in figure 8 fxowt the original values
of X1 and X, indicated in table 1, page 214. he\lef-ulting_, seatter indi-
eated the relationship between X, and Xg,‘ nort considering X; or X, in
any way.

A curve of relationship was drawns t}rrough the scatter and labeled
“first approximation” (figure 8). Imgéneral, the curve should be drawn
so that the squares of the rosiduals will be as small as possible. The
student is less likely to make{rnistakes if he adheres to simple curves
with only one bend. i

N\
Relatiep 1o Other Independent Vardables

The second step,&as to plot the residuals’ from the curve in figure 8
with X, whichswes considered the next most important independent
variable (ﬁg *0). The horizontal scale of figure 9 was in terms of
actual valies of X;; and its vertical scale, in terms of residuals from

n Bezm, I H, A Simplified Method of Graphie Curvilinear Correlation, Journal

of the, Amoucan Statistical  Association, Volume XXIV, New Serics, INo. 168, pp.
97 December 1929,

13 Ordinarily, the values of the residuals are read from the curve (fgure 8) and
plofted with X directly on the next chart (figure 9). Some students may find it
sdvisable to list the values of X; from table 1 and then tabulate the corresponding
residuals for the X, X, relationship read from figure 8, as follows:

YEAR X: z YEAR Xs 4
1 8 ~1.2 23 20 3.6
2 g 0.4 24 14 -3.9
3 id ] 2% 11 —2.0

The above residuals, 2z, were the differences between the actunl acreage of eorn and
that estimated from the prige of corn. ‘I'hey may be expressed algebraically as [ollows:

2= X; — f(Xa).
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the curve, ficure 8. For the first year, the price of cotton, X,, was 8,
and the residual read from figure 8 was —1.2. Point 1 was placed far
to the left below the broken zero line (figurc 9). The broken line has no
significance except to aid in plotting. For the second year,™ the values
of X, and z were 9 and —0.4, respeetively. The point 2 appears to tho
leit below the broken line in figure 9.

Residuals ’ *17
. "\
+2 o5
N
16 28N
eld %] «6 +12 .'18 \ A
20 21:? .5 N
P 11____.4______.__ _3_:_22.10 P S
2 13
L First approximation
.
-2t a2h . "\ &/
L 3 -
SN o3
-l &N 24
[ ! TR o0 S DR
i 9 ihFe 13 15 17 19
N\ Xy

FIGURE 9.--RTSID &{S‘lg FROM THE X, X: APPROXIMATION CURVE
U\ PLOTTED WITH X

AcTUAL ACREAGE OF ('ORN AND THE ACHRAGE Eari-

DIFFERENCES RETWEEN THE
F Corn PLorteDp WITH THE Price oF CotroN, Xi

MATRD E'RO}L\:[!EE PRICE ©
'S Short-Cut Method of Approxitmation

ip between the price of otton, Xs, and the acres of
The brolken zero line has no value cxcept to assist in
deseribe the anaccounted-for variation in Xy in terms

The 25 é}mﬂ:ered points shaw the relationsh:
corn, X, udt explained by the price of cotn, X
plopitEpoints, The solid line was an sttempt t0
ot Xy,

N

While following the detailed description of the process, the student
should keep in mind that 2 is the amount of \fa,r_lablhty in the acres of
eorn, X, that was not accounted for by the price of corn, X These
residuals were plotted with X5 to discover whether any of the var?ablhﬁ.y
not accounted for by X could be asertbed to X Th{? relationship
botween X, and thesc residuals, 2, was drawn as 2 solid curve that
deereased at an incressing rate (fgure &), As the pncc of cotton, X,
rose, the acreage of corn, X, declined at an increasing rate.

The third step was to plot the residuals from the curve in figure 9

12 Residuals in X; from figure 8,
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¥
Residuals 1

v2|-

Ze
First approximation

*25 \
+15

+24 S
| 1 | | 1 i
11 15 19 23 x.\\.i;r 31
_ X, ¢ &
FIGURE 10.—RESIDUALSY FROM THE %,X7 APPROXIMATION CURVE
PLOTTED WITH -'g

DIFFERENCES BETWEEN THE ACTUAL A(‘REA»GE oF (CORN AND THE ACREAGE [ia11-
VMATED FHOM THE Pricks orF (CoRN A_ND L()TTmr z, PLOTTED WITH THE STOCKS
O, UORN X,

Short- Lu{“MoL}md of Approximation

The 25 numbered points show, thc‘];r']}m(m%hm hetwest the stocks of corn, X nnd the variability
in the acres of eorn, X7, unexpl reud by the prives of corn and cotton, Xe and Xi. The sofid line was
an attempt to desrribe thiz rdatiohahip,

with X, the laghindependent variable (figure 10). The horizontal scale
was in terms o,f\th(\ actual values of X, The vertical scale was in terms
of remdua &)from figure 9. For the first year,!® the value of Xy was L1,
and z Was s\ 1.7. The point numbered 1 appears far to the left, below
the b{ok'{:n zero line, figure 10. Tor the second year, the Values of Xy
%ﬁis #’were 16 and —0.9, and the point appears below the broken zero
lirt€, to the left of figure 10. A straight line was drawn to represent the
14 Residuals from figure 9, ‘

B The values of X, and the residuals, from table 1 and figure 9, respectively,
were as follows:

Year X, z YuAR X, 2
1 11 —1.7 23 29 +0.6
2 16 —0.9 24 18 —3.6
3 17 +0.3 25 19 —2.3

These residuals, which were read from figure 9, were plotted with X, in figare 10
These residuals, 2z, may he expressed algebraically ss follows:

z =X, — f(X:2) — j(Xs, after considering X)
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average rclationship indicated by the 25 points., This line describes
the relationship hetween X, and the variability in X1 not explained by
X, and X;. It was not, as is sometimes assumed, a deseription of the
net relationship between Xi and Xy The effeets of X, and X; on X,
have been considered, bub the effects of X, on the X, X; and XX,
relationships have not been considered.

)(‘.l.
7= A
N ’
«lb . 4 \"‘\
N
25|~ < N/
8 < a nl
%] p
12
fe @
8 10° =
e
2z ) e N
= T~ First approxim(i’o(r.
23 . ~ )
251 AN o24
Second approximation o 8 19
P won R :,; A
| L) | 1 1
32 40 i"\\" 38 56 54 72
¢ '\‘ Xz

FIGURE 1l.—RESIDBALS® FROM X, X, APPROXTI\‘IA’I‘]ON PLOTTED
ABOUT THE XX, ‘&PP}{OXI}IATION CURYVE,Y WITH RESPECT TO X
N
g\:“.’ Short-Cut Method of Approximation
The first app Uxi'f‘ﬁv:t'lon snrve considered only the total relation ?
factars. The =g \‘f’-jpproximstion curve for X1 in terms of Xz const
Xy, and Xy::;-h?&‘_

between X and Xejznoring all other
dered the interrclatiovnship hetween

N

O Elimsnation of Interrelationships

mn
\Tlie fourth step was to consider the effects of X, and X, on the XXz -
relationship. This is done by plotting the residnalg'® from figure 10
16 Regiduals from figure 10 11 Traced from figure 8.

13 The residuals measured the variability in X, unexplained by X, X, anfl X
considered in that order. The values of X and the residuals, from tuble 1 and figure

10, respectively, were as follows:

YEAR X z . YEAR X z
1 72 +0.2 23 4.7 !
2 45 +0.2 24 61 —2.8
3 50 +1.2 25 42 -1.7

These residusls which were read {rom figure 10 were plotted with X, in figure 11,

These residuals may be expressed slgebraically as foltows:
7 = X1 — fX5) — (X, after congidering X} — f(X o after X, ufter Xz
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Residuals I
afi
wZl
B
.--.._._1__:2_ w15 .7
- *11 4
oL 12
w20
=25
_4_
[ 1 | 1 | ,:\\' i 1
7 9 11 13 15L& 7 13

: Xa N\,

FIGURE 12 —RESIDUATS!® FROM THE ’le(a SECOND APPROXTMATION
PLOTTED ABOUT THE X,X; FIRST ARPROXIMATION CURVE,* WITH
RESPE(}T:TO X,

Short-Cut Methad' of Approximation

The first X1 X5 npproximation eurve cogéidered only the relation between X1 and X, eliminating the
effeet of Xo, but ignoring the effeets of/®sen Xz and of Xy and X4 on Xe The second approximation
eurve considered these intcrmlﬂt-iué{(f)!‘ 4

N\

with respect to X, abeut the XX, first approximation curve shown in
figure 8. The X; Xy \earve in figure 8 was traced as a broken curve on
figure 11. The\‘l‘}&ﬁlduals from figure 10 were then plotied about the
broken curxe For the first year, X; = 72, and the residual, z = +0.2,
was plot.t'g:td above the broken curve where X, = 72. The point was
numbeted 1 and lics far to the right in figure 11. After the 25 points
aréplotted, it should be observed whether a sccond approximation curve
might not it the scatter betier than the first. The solid line iz such a
second approximation. The two approximations were different because
in the first only the gross or total relation between X; and X, was
considered, while in the sccond the effeets of X; and X, on X, and Xi
were also considered (figure 11). The second approximation curve in

figare 11 was probably a close approximation to the net relationship
- between X and X,

1# Residuals from figure 11, 2 Traced from figure 9.

#In figures 9 and 10, the residuals were plotted ahout the broken zerc line; it
figure 11 they were plotted about the curve transferred from figure 8.
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The filth step was to consider the effects of X, and the revision of
the X, X, curve on the relationship between X, and Xs. The first approxi-

mation curve, for the X1X; relationship was traced from figure 9 as a
broken curve on figure 12.

Regiduals ' 17=

+2}-

1 ) » | P :21 | [
1 15 19 W08 2 27 3l
"XA.

FTGURE 13— RESIDUATS® FROM THE X.X; SECOND APPROXIMATION
PLOTTED  ABOUT THEWX,X, FIRST APPROXIMATION< WITH

\‘ RESPECT TO.X,

Ashort-Cut Method of Approzimation
i sidered the effeots of Xi on the

Unlike the first appr,n:é}’m"{ion, the second approsimation curve aok
XaXo and X1X; curvds. » i
Y
L\ : i e in figure 11 were
The refiduils® from the second approximation curve : g -
- 3 0 1
plottegdiabout the broken curve 1n figure 12 with respect to Xy. Jor the

w\mR”\'t m figure 10. ’

=R asiduals from figure 12. 22 Traced fro Z .

W

e values of X and the residuals, from tahle 1 and figure 11, respectively,

were az follows:

YEar X, z- © YEawr } X, 6
1 8 +0.2 23 20 —0.
2 9 +0.1 24 14 -2.8
3 14 41 2 u -1

ploftted about the first, approximation

These residuals wor » 11 and .
ese residuals were read [rom figure sl smay b expresse 4 aigebraically

curve wilh respoct to X in figure 12. The res
ay follows:

£ = X; — flX, after Xy) — f{Xy, after X, after Xs) - f{Xa after Xy after Xy,
after X2) .
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first year, X; = 8 and z = +0.2. The point 1 was plotted 0.2 above the
broken line where X3 = 8 in figure 12. The other 24 points were ploited
about the broken eurve. The scatter was then examined to deteet
whether the factors previously not considered, X, and the X, X, net
relationship, changed the X,X; relationship. The sclid curve is the
second approximation. It is somewhat different from the first because
it takes into account the effects of X, and the X,X. rovision on the
XX, relationship. Stated another way, the solid curve in figure 12
showed the average nct effect of the price of cotton, X3, on the acreage
of eorn, Xi, taking into consideration the effects of price of corn, N,
- and stoeks of corn, X,. <\)

The sixth step was the reconsideration of the XX 1'ela.ﬁ,3nship in
the light of the revised X;X; and X, X; curves. The straightline in figure
10 was traced as the broken line in figure 13. The regithials® from the
second approximation curve in figure 12 were plotied about this broken
line in figure 13, with respect to X, The scatlen'Was then examined,
and the second approximation curve was dram{ﬁ'g.\aé a solid line.

Index of Correlatson,

The three second approximation C;uﬁies mﬁy be regarded as the net
relationships between the acres of.8orn and each of the other factors.
The index of correlation from «fli¢ multiple relationship was next in
order. The residuals about #h& curves were carried forward from one
graph to the next in the ,pf(%ess of drawing new approximations. The
residuals about any onctuew approximation represented the variability
in X not accounted o by all factors and interrelationships considered
to that point. Thedesiduals from the multiple relationship are those
measured aboug\the last approximation drawn, the second approxima-
tion in ﬁgm:g'}&: The index of eorrelation, p = 0.768, was based on the
squares ‘of"{}lese residuals (table 5).

Ef.?hé\"”&lueﬂ of X4 and the residuals, from table ¥ and figure 12, respectively,
WeQ 4m Tollows:

Year X, z YEAR X, z
1 11 +0.3 23 29 0
2 16 +0.2 24 18 -3.1
3 17 +(.8 . 25 19 ~1.7

These residuals were read from figure 12 and plotted sbout the first approximation

curve with respect to X, in figure 13. The residuals may be expressed algebraically
a8 follows:

z = Xy — f(Xy after Xy, after X3) — (X, after X, after X, after X2) —
f(Xy after X, after X, after X, after X,).
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TARBLE 5.—INDEX OF CORRELATION FROM RESIDUALS* ABOUT THE
LAST APPROXIMATION CURVE, FIGURE 13

Year 2 l # Year z 2 Year 2 zt
?

1 0 0 10 +0.3 | 0.09 19 -2.9 8.41
2 0 ] 11 ~0.2 | 0.04 20 —0.9 0.81
3 +0.6 | 0.36 12 +0.8 | 0.64 21 +1.0 1.00
4 —0.3 | 0.09 13 —0.9 | 0.81 22 +0.5 0.25
5 +0.8 | 0.64 14 —0.1 | 0.0 23 +0.2 0.04
6 +1.8 | 1.69 15 +0.5 | 0.25 24 —3.2 | 10:20\
7 +0.2 | 0.04 16 +1.4 | 1.96 25 -1.8 3.24
8 40,5 | 0.25 17 +2.4 | 5.76 A
9 0.5 | 0.25 18 —0.3 1 0.09 Total {()36.98

Average, ‘ 1.4784

at & i

1478 — ¢
- _ 1478 | BERed = 0.768,0
P 1/1 3600 \/ﬁ 5G4 = 0,768, .

* These residuals may be expressed algebraically as fp&Q\}fﬁ:

2 =X, — j{X,, after X, after X, after Xa) —f(?ﬁ;&a’ffter X, after X, after Xy
after Xz) - f{X@, after X, after X, alter X'.Q, 'ﬁaffﬂr Xy, after X's)

The residuals may also be obtained by.,zyﬂ’din:g together the three functional or
estimated values of X These values mayle tcad from the three second al')proximap
tion curves (Bgures 11, 12, and 13}, E:af ﬁh{e first, year, X; = 27 and

FX ., after X4, after X, after X 2)‘ {figure 11) = +-28.2
F{X,, after X, after Xy, ia:ﬂ?er X 5, after Xo) {figure 1‘2) =+ 04
F(X s, after X, after £ g;\aftcr X, after X, after X») (figure 13) = — 1.6
2= AX] + f(XE, et'c-) + f(XS) etc.) + f(X-h th-)
z = 27282 — 04+ 1.6
n97-27=0
..\’t.\"

If the sgeond approximation eurves are not satisfactory, the process

may be,c?i}inued and third approximation curves obtained.

4 .\'. ’ ) . .

@ 2 Significance of Each Approzimation

the difficulties of following the calculations and understanding the
principles involved are not peculiar to the shor.t-cut mefnhud.' Any
problem that deals with four variables has many interrelationships of
varying degrees of importance. Each step in the short-‘cut method has_a
definite purpose. An attempt will be made to summarize each O.f the six
steps (table 6). Since the rcsiduals were always known, the index of
correlation and the coefficient of determination could be calc.u!ated
after each step. This would enable the student to observe the additional
variability explained by each step.
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After the first step, it was apparent that not much of the squared
variability in X, was explained by X, p{ , = 0.241. The cffcets of X
and X, or of any interrelationships were not considered.

TABLE 6.—SUMMARY OF SHORT-CUT APPROXIMATION METHOTD,
STEP BY STEP

Approxsi-
mation, Rela- Tndependent Interrela- )
Btep | figare num- | tiunehip variebics tionships Azt I \3
ber and | between eonajdered eonsidered .
bage 7 AN

7N\
L 0,401 | 0.241

1 B p.220 | Xy, Xp | X None 273 \
= 0.659 | 0.435

pl.!
2 9, p. 231 | Xy, X | Xy, after climinat- | XeXs, partly | 2,04 | o 4

ting effect Az D
5 10, p. 282 | Xy Xo | Xu, after X, after | XaXs XoXy, | 1.57 \”?,2.!.1 e {1,750 | 0.563

~

A and XX,
partly
4 | 11,p 233 | X1, X2 | Xo, ofter Xy, afber | XoXsandXeX,, NEPES | oy e = Q.753 | 0,568
X, after Xa all: and XX )
partlya N,
B | 12,0.23¢ | Xi, Xy | Xx, after Xo, after | XX KaKs, | 1.50 | py ey = 0.763 | 0.583
Xy, after Xa, af- ang X,
ter X ,}i].l -

& | 13,p.235 | X1, Xu | Xs, after Xa after [NpXe, XaXo, | 148 = 0.768 | 0.589'
Xu, after Xq, ai8 and  XaXs,

ter X, aften X» all

Py sy

After the second stee,h was apparent that 43.5 per cent of the
variability in X; was“explained by X, and X5 (g, = 0.435). This
indicated that Xsexplained 19.4 per cent of the varisbility in X; in
addition to t]{&t‘&plained by X3 (0.435 — 0.241 = 0.194). In this step,
the int-errela@t}ﬁéhip between X; and X; was partly considered.

After thevthird step, it was apparent that 56.3 per cent of the vari-
ability in X, was explained by Xa, X,, and Xy (g, = 0.563). This
inditated that X, explained 12.8 per cent of the variability in X1 in
‘a@dﬁion to that explained by X, and X, With this step, the inter-
relationships between X, and X, X, and X, and X; and X, had been
parily congidered, '

" In steps 4, 5, and 6, each relationship was reconsidered in the light
of the interrelationships among the independent variables. The effect
of theinterrelationships on the coefficient of determination was observed.

After the fourth step, it was apparent that the rcconsideration of
the X)X, relationship did not explain much additional variability
(P} a4y = 0.568, compared with p},., = 0.563). With this step, pre-
sumably oll the interrclationships between X; and X; and between
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X, and X, had been considercd; and between X and Xy, parily
considered.?®

The fifth and sixth steps presumably considered afl the interrelation-
ships, but raised the cocfficient of determination only slightly (41 s
= 0.589, comparcd with pl g, = 0.568).

Interrelationships affect the shapes of curves as well as the size of
tho. The effects of these interrelationships can be observed by com-
paring corresponding first and second approximation curves. The
diference between the first and second X1X» curves, shown by th
broken and solid lines respectively in figure 11, indicates that the inter-
relationships did not materially change the shape of the curve desctibing
the XX, relationship. The same was true for the X1.X3 and X Xyturves
{figures 12 and 13). A\

The small changes in rho and the shapes of the curv@s:iﬁdicatcd that
the interrelationships were slight. The gross corrglabion cocfficients
betwoen the independent variables were calculated and found to be
small.# “Horse sense’” would lead fo the conglusion that there would
be slight interrelationship between the pricg I)f ‘¢orn and cotion, XaXs,
and between the price of cotton and stocks'ef corn, XX, It might be
expected that there would be some i{ltétjrélationship between the price
of corn and stocks of corn, X»X.. Had the interrelutionship been larger,
there would have been more decided changes in the curves and possibly
greater inereases in rho. 2 - '

Gm‘%ﬁiﬁmwing Approzimations
In the discussion Jof the short-cut method, Bean’s guide for the
location of the ap,p’rﬁximation curves was omitted. When there are
marked interrelabiénships between the independent variables, the use
of thiz guide™will yield the correct net regression curves with fewer
&pproxh"_rm’;%{s than would otherwise be needed. This device attempts
to holdgonstant the effects of the other factors not considered in the
re.]abibr?é‘ship to which the curve is being drawn.

Iw'the beginning of the analysis of the corn-acreage problem, X, was
plotted with X,, and a eurve was drawn without the aid of this deviee
(figure 8). Before this curve was drawn, the net relation, Xi to Xs

and X; was said to be ol considered because
« had been taken into account.

2 The interrelationship between X»
its effcet on both the XX and X1Xs relationships !
Bimilarly, the interrelationship hetween X, and X, had been oll canmdere'd. How-
ever, the X,X, interrclationship had been only par tly considered because its effect
on the X, X, relationship had been {aken into account, but its cffect on the XX,
relationship had not.

gy = —0.08; ryg = 0.03; and rsa = 015
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eliminating the effects of X; and Xy, could have heen examined from
pairs of X, and X, for which the values of Xy and Xy were approximately
the same. For instance, for the years 8 and 1, the values of Xy and X,
were approximately the samc; 9 and 9, and 24 and 22, respectively,
A line joining the values of X; for the years 8 and I should indicate
the relation between X1 and X, with X held comstant at 9, and X, at
92 to 24. This line connceting these points was drawn on figure 14 and
labeled A.

N
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FIGURE 14 —GUIDES FOR DRAWING THE X,X; FIRST APPROXTMA-
Re TION CURVE

m\J

\;ﬁ:;&hnes, A to J, connect peints for which the vidues of XNaand X were the sume. )
N oga 10 lfnes lziad o uniformity of direction, they would have been of little aid in eatnblishing
the eurve of relationship shown in figyre 8,

. For the years 12 and 16, the valucs of X, 12 and 13, and X, 23 and
20, were approximately equal. A line joining the values of Xy for these
two years should indieate the relation between X 1 and X holding X;
constant at 12 to 13 and X, at 20 to 23. The line connecting the tW0
points was labeled B in figure 14. A line joining the 2 years 7 and 21
should indicate the relation of X, and X, with X held constant at i1
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and X, at 22 to 24 (figure 14, line C). Similarly, a linc could be drawn
between years 3 and 24 (figure 14, line D). _
Threc lines joining the value of X for the years 10, 19, and 22 should
indicate the relationship between Xi and X, helding constant X, at
15 to 16 and X4 at 23 to 24, labcled E, IF, and (7. Similarly, a line could
be drawn through the years 5, 6, and 25 (figure 14, labeled H, I, J).
From all these lines, it is assumed that the student will be able to deter-
mine the relation between Xy and X, for all values of X, Three lines,
B, €, and FE, suggested that the acreage of corn increagses moderately
with the price of corn; one line, J, indicated a sharp increase ; three lipes,
D, F, and G, suggested a moderate decrease; one, A, & rapid decrease;
and IT and T showed no relationship. By examining the lincs alond, the
student would be in a quandary as to where to draw a eurvg ebrelation-
ship. By looking at both the lines and all the points, the(dtudent might-
be able to draw the curve. It is doubtful whether the {mcs would be of
much assistance in addition to the individual poit€d) Tn this particular
example, the student could probably observ the relationships more
clearly without the lines than with them (comipate figures 8 and 14).

This guide is especially helpful where,the interrelationships are
important and the index of correlation 49very high. Under such condi~ -
tions, the use of the guide will esta lish the correet curves with fewer
approximations than otherwise would be needed.® When the index of
correlation is not very highpi‘bga.rdless of whether interrelationships

are prescnt, the guide is m\oi'(i tikely to confuse than to aid.

»8 3 .
CHARACTE@ISTICS OF CURVILINEAR METHODS

The three curygk Jor the X1 Xz, X:Xs, and X:X, relationships were
:much the samefgrthe least-squares and the two approximation methods.
As the price Gb¢orn, X5, fell, the acreage of corn planted decreased at an
increasin%rﬁfe. Of the three methods, the least-squarcs curve departed
least, frm linearity (compare figure | with figures 5 and 11). The two
3D9PQXi§nat.ion curves were about the same (eompare figures 5 and 11).
{“Ay'the price of cotton, Xa, increased, the acreage of corn, X, decreased
aY an increasing rate. Again, the least-squares Curve departed least
from linearity, and the more cutrvilinear approzdmations were about
the same (figures 1, 6, and 12). '

Thore was doubt as to the significance of the X, X, rclationship. It
appeared that an increase in stocks of corn, Xy, was accompanie.d by
an approximately constant increase in acreage. The curves weIe linear
It may reveal that the relationships
or jomt. Its value in these pre-

drawing. :

% The device may be useful in other ways.
considered are not additive, but multiplicative
liminary investigations may excecd its value in ourve
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in the least-gsquarcs and short-ecut methods (figures 1 and 13). The
Ezekiel approximation was a curve with a slight bend {figure 7).

The indexes of multiple correlation were: least squares, 0.701; Ezekiel,
0.746; and short-cut, 0.768 (tables 1, 4, and 5). The two approximation
mathods yiclded about the same results. The index by the least-squares
method was less because the curves were less flexible,

The procedures in the three curvilinear methods have some funda-
mental differences. In the least-squares method, the shapes of the curves
of relationship arc assumed at the outset. The floxibility?® of the CURY S
is limited by their mathematical definition, In the approximaﬁon
methods, the shapes of the curves are not assumed at the bcgmmng,
but are determined from the data as the work progresses. O

In the least-squares and Ezekiel methods, multiple corp elation is used,
while in the short-cut method, it is not. ((msequen,tly the short-cut
method involves much less work. ~

In least-squares and Tzekiel methods, the ofre Ctb of independent
variables are econsidered stmultaneously. This g accomplished by using
multiple correlation analysis. Later in the.Jizekiel method, cach addi-
tional approximation for each curve is\hade independently ol the
approximations for the other curvegh In the short-cut method, the
independent variables are nof canszdered simulianeously. They are
considered successively in their @rder of importance. Throughout the
short-cut process, the unexplzuned varighility in one relationship is
always related to the next ,mdcpendent variable.

The curves from a%'\t‘hfea methods supposcdly take into account
interrelationships among the independent variables. In the least- -3(|UAares
and Fzekicl methodsythis is done in multiple correlation. In the short-cut
method, it is atfamipted by (a) guides to drawing the curves so that
the effects of fhe factors not considered in the relation will be held
constant; N{) treatmg the independent variables in the order of their
1mp0rtance and (¢} making two or more sets of approximations.

The three methods differ in the nature and amount of personal
]udgment In the Jeast-squares methods, judgment determines only the
types of eurves to usc. The mathematical procedure determines the
positions of the ecurves. In the Hzckiel and short-cut methods, personal
judgment determines both the shape and the location of the curves.
The Ezekiel method requires less judgment than the short-cut method
because the linear net relationships are detormined mathematically

*° For example, the curve ¥ = a + b log X can talke two general shapes: (g) in-
creasing at s decressing rate, or (b) decreasing at a decreasing rate; but the rate

of increase or decreage is rigidly proportional 1o the logarithm of the independent
variable.
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and give some clues to the general direction of curves. In the shori-cut
method, the entire procedure is based on judgment.

The advantages of the least-squarcs method are as follows:

1. The location of the curves is determined mathematieally.

9. Interrclationships between independent varlables are ‘considered
automatically, and the resulting curves describe the net relationships.

3. The curves may be described by regression coefficients and regres-
sion equations,

~

The disadvantages of the least-squares method arc as follows:

1. The most suitable eurve for the relationship cannot alu(é,ﬂfs\be
expressed simply in mathematical terms. The method of "lgagﬁ‘squares
cannot be simply applied to all mathematical curves. o8 3

2. "The shape of the curve must be assumed ab _thé/outset. This
involves porsonal judgment. Even the experienced \worker may not
choose the correet curves, because he does not lg{s\vy the exact nature of
the relationships at this stage of the a.nalgrsis:<i~

3. Because of crrors in the assumption of\the nature of the relation-
ships and faully judgment in choosing t-.h“é torrect mathematical expres-
sion of the curves, the amount of “rgfli_required may be BXCB_SSWB-

The advantages of the Ezekieljé.pprnximation method are as follows:

1. The shapes of the (:U{r:@‘és arc not assumed at the beginning, but
are determined by the a},Qi\lysiS_

2. The worker is @uided in drawing the curves by t-hfa results of
multiple vorrelatinicanalysis. The multiple regression equation assumes
linear rela.tions,"k:mt the direction of these relations is usually the same
as for the fifia) curves. Moreover, in these Jinear relations, the inter-
iclationﬁhi}‘% z;mong independent variables have been considered.

8. E(éééeding £rom the multiple corrclation part of the f.neth0d, cach
ﬂ‘ﬁ“g}uf\re is drawn indcpendently of the other curves in that set of
approximations.

The disadvantages of the Ezekiel approximation method are as follows:
is required in plotting points, drawing
he values from those curves.

rk—maore than either the least-

1. Some personal judgment
the approximations, and reading t

2, It requires a large amount of WO
squares or short-cut methods.

3. Sinee the curves are Dot expresse
bility cannot be aceurately tested. There is a

d mathematically, their relia-
tendency on the part of
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research workers to place too much reliance on the resulls of approxi-
mation analysis.

The advantages of the short-cut approximation method are as follows:

1. Tt involves relatively little work.
2. The shapes of the curves are not assumed at the outsct.
3. 1t is well adapted to preliminary analysis.

The disadvantages of the short-cut method are as follows: O

1. The analysis from beginning to cnd involves much \i}‘el‘sonal
judgment. O

2. It is doubtful whether this method considers the effect of inter-
relationships as aceurately as the other methods., {Phis is cspecially
true when the pis not high. ."’.,\\

3. Too much reliability is somctimes placeihdn the curves. The
induetive value of the curves is difficult to 'tc’s}-*é.ccuratcly.“

USES 2\

Multiple curvilinear correlation analysis has been widely used in many
fields of scientific research. In gqm-ifafl, its applications are the same as
those for linear analysis, excopf for the nature of the rclationships
described. S

Campbell® used the ]e’as{;%quares method of determining the price of
rice from 1914 to IQQQ\XH in terms of the United States supply, X,
and Indian productiop, Xs. As the United States supply increased, the
price decreased_aty i’ decreasing tate. As Indian production increased,

., % .
the Unifed Statds price declined at a uniform rate. The index of cor-
relation wasJ985,

Elliott"’{\'uéed the Ezekiel method of approximating the curvilinear
reiatigrigsfhip existing between the September to April receipts of hogs

”’s‘fé\ﬂetaﬂed diseussion of advantages and disadvantages of the short-cut method -
%@s‘given by Malenbgum, W, and Blaek, J. D., The Use of the Short-Cut Graphie
Method of Multiple Correlation, Quarterly Journal of Eeonomics, Volume LIT,
No. 1, pp. 66-112, November 1937; and Bean, L. H., Ezekiel, M., Black, J. I,
and Malenbaum, W., Comments, Rejoinder, and Remarks on the Short-Cut Graphie
Method of Multiple Correlation, Quarterly Journal of Reonomics, Volume LIV,
No, 2, pp. 318364, February 1940,

# Camphell, C. E,, Factors Affecting the Price of Rice, United States Depart-
ment of Agrieulture, Technical Bulletin No. 297, pp. 21-23, April 1932, The author
also used the Ezekiel approximation method on other aspects of the price of riee,
page 31.

= Biliott, F. F., Adjusting Tlog Production to Market Demand, University of
TMlinois Agricultural Experiment, Station, Bulletin 293, pp. 537-560, Junc 1927,
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at Chicago from 1898 to 1916, X;, and the corn-hog ratio for December,
X,, for June to November, X3, for January to March, X, the climate’
at farrowing time, X, and long-time trend, Xs. The index of eorrclation
was 0.883. The corn-hog ratio accounted for 72 per cent of the variation
in hog receipts; climate, 18 per cent; and trend, about 7 per cent.
Rateliffe™ used the short-cut method to analyze the monthly Min-
neapolis price of flaxseed, X, from 1922 to 1931. He related the 10
{ctober prices to the index of prices of all commaodities, X, the Argen-
tine supply, X4, and the Argentine new crop estimate for October, X,
The price of flaxsced increased at an increasing rate with the index of
all commoditics: decreased at an increasing rate with the Argefitirie
supply ; and decreased at a decreasing rate with the estimate of &yg;}ntine
production. The index of multiple correlation was 0.975. ,\‘;‘

P A p |
3 Rateliffe, H. B., Flaxsecd, North Dakota Agricultural Expe\r’i{gmntal Station,

Bulletin 268—Technical, pp. 10-37, February, 1933, \®)
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CHAPTER 14
JOINT CORRELATION

All the multiple correlation methods treated thus far have one cam-
mon fault. They assume that the relationships hetween each independent
and the dependent variable are additive.! In other words, the effect of
one indepcndent variable has been assumed £o be constant farall values
of the other independent wvariables. In the typical lingar multiple
regrestion equation, X; = ¢+ b3 X; + by Xs, the pﬁéct of a given
change in X, on the size of X, is constant, regardlcs&}&f the size of X
In this additive relationship, the effect of Xy on Xyis¥independent of Xa.

When a relationship is not additive, it is joint. In a joint relation-
ship, the effect of X; on X is dependent on X3 That is, X may have a
greater effect on X; when Xj is large thamwhen X; is small. :

Like additive relationships, treated wnder the subjects of lincar and
eurvilinear multiple correlation, joint relationships may also be cither
lincar or curvilinear. In lincar joifit analysis, the change in the cffect
of X, with different values of X;Would be a change in the rate of change
in X, in terms of X;. Since avst relationships are not linear, the change
in the effect of X; magqlake the form of changing net only ihe slope
of the curve, but alsqaﬁ)e very nature of the relationship as shown by
the shape of the cusvel

Joint relationship’can be analyzed by either least-squarcs methods or
by approxima@&f methods.

Q
N\ LEAST-SQUARES METHOD

”T\he'{j]ééstnsquares method may be used to analyze either linear or
ctqv‘ilinear joint relationships.

Lingsr Jornt CORRELATION

Profits from growing apples, X, are associated with size of orchard,
Xq, and the yield, X;. For New York fruit farms, the multiple corrclation
coefficient was Ri g = 0.822. The lnear regression equation was X, =
30.9X; + 25.7X, - 2,865 (table 1). Each additional acre of orchard,
X3, and each bushel per aere, X;, added 331 and $26, respectively, to

t Additive and joint relationships were discussed briefly on pages 128 to 134.
246
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TABLI 1.— LINEAR JOINT CORRELATION®
20 New Yorx Fruir Fanms, 1936

X, = Profit + 500; X, = Acres of orchard + 10;
X, = Dushels por acre + 20; Xy = XXy

XX
X, X, X, repre- Linear joint relationship
sented
by X | X; = —485X + 6.48X; 4+ 0.510X X, — 253
19 9 12 108 2 4o dinenc joioty = 0,758 » =871
3 g 9 81 A
7 8 8 64 £1,93 (Yinear juint] = FiAY % Ny
1 7 3 21 N
6 6 | 10 | 60 O\
10 6 9 54 AN\
13 5 11 55 Yor comparative puipdsts, the lnear addiive
-2 4 4 16 multiple relationship’is presented.
9 4| 12 48 O
o | 3 4 12 X, = 480,9X, + 25.7X; — 2,865
3 3 5 15 OO
2 3 | 10 | 30 | R, =080 Rigs = 0.822
-1 3 8 18 oON
6 2 | 10 90 |
0 2 3 6 N
-1 2 & 12 * Since the numbers in the three variables
2 2 5 im\ were large, they were coded as given in the
Q 2 2 \'\’4 gubtitle to table 1, For instance, the profit
-1 1 - N from the first farm was $9,408. This number
1 1 | 7ot 7 was divided by $500, and the quotient, 1%,
—— I\ | was the first itemn recorded in the first column
Total 77 gZNM37 | 642 | of table 1 under X
Average 3.85N( 31 6.85) 32.1

The na[eu’l}ltiﬂnﬁ of the pmducts 71Xx, X Xx X1X4, XX XX, and X:X4; the
fepuares XU XY X7, and X% the product mornents; standard deviations; the solution
of #fiWiTmal equations; and the like have been omitied, They are exactly the same
as foVFour variahles given in the chapter on multiple correlation, pages 171 to 174,

The student should keep in mind that X, stands for the product X »X s. Therefore,
the products X X, = X1 X:Xa; XoXs= XiX,; and XoXo= X, X% The square
X} = (XX = XiXG

After the solution of the normal equations,
coded data was

the regression equation in terms of

X, = —0.970X: + 0.250X; + 0.204X — 0.505

and in terms of original values,

- 500 (..00} g‘@ﬁ@l ; - 3
X, = 0970 -((jm)) X, + 0.259 éa Xs + {10y (20) XX — 0.505(500)

X; = —48.5X, -+ 6.48X, + 0.510XX5 ~ 253

N\
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the profit. According to the equation, an additional acre, Xy, added
$31 profit, regardless of whether the yield, Ay, was high or low. Likewise,
each additional bushel, X;, added about $206 profit, regardless of whether
the orchard was large or small. The principle stated in the equation
could he challenged as not in accordanee with fact. 1t may be the
farmer’s experience that, though a large farm will make more profit
than a small one when yiclds are high, it will make less, or lose more,
than the small farm when yields are poor. A large yield would probably
not add so much to the profit on & small farm as on a large one., [f*the
relationship is of this nature, it is joint. A joint relationship capndt be
shown by a regression equation of the typec X, = 30. 9X2+ 95X —

2,865, \

" One of the simplest cxpressions of a joint 1elat10thlp( ishan equation
of the type Xi=a+ bXo < X5+ dXoX:. The jointrrelationship is
expressed by the produet of the two independend Makibbles, XX This
equation may be called a kinear joint regression gyhdtion, because, when
X; is held constant, the expression reduced /40" a lincar relationship

.between X and Xo. If X; is held constant}at saveral different levels,
the resulting relationships between X;&@hd X, will all be linear, but
the straight lines will have diﬁerenp‘s{bpes. When X, is held constant,

the same principles hold for the €51 relationship.

" The simplest method of handhng the joint relationship X.X; is 10

call it & fourth variable, X, /Fhen, the usual lincar multiple corrclation

procedure for four vanabiécs is followed. For profits on fruit farms,
such a regression OQIEQ}IOTI was Xy = —48.5X, + 6.48X, 4 0.510X,; —

253. Bince Xy = X, X%, the regression equation was really X, = —48.5X:

+ 6.48X; + 0.5108X, — 253. The individual parts of this equation

considered separately are practically meaningless. One of the {irst three

terms Calll“\?(g’zbe held constant without holding one of the others con-
stant. IfAwo of these terms arc held constant, the remaining term is
automagically a constunt. The meaning of the equation becomes clear

When‘ﬁmd values of one variable, say Xj, are assumed. For instance,

wheh yield, X3, was 50 bushels, the equation read:

X1 = —48.5X,+ 6.48 (50} + 0.510(50X,) — 253
Xy = —48.5X; + 324 + 25.50X, — 253
Xi=-23.0X, 4 71

This states that, when the yield was 50 hushels, cach additional acre of
orchard reduced profits by $23. With yields of 125 bushels, the joint
equation reduces to X, = -+153X,+ 557; and with yields of 200
bushels, to X;= 453.5X,+ 1,043. The joint relationship stated that
size of orchards had a negative effect when yields were low, —$23;
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little or no cffect when yields were moderate, +$15; and considerable
positive effect when high, +$54. The joint regression equation permitted
size of orchard, Xe, to have a changing effect on profits, X, with different
yields, Xa. :

In the joint analysis, each of the X1 X, relationships was linear, but
nonewore the same as the relationship found with lincar additive analysis -
(X; = +80.9X, + --- lower right, table 1). In this lincar additive
relationship, the rogression coefficient measuring the effect of the size
of orchard, X, was assumed to be always the same, +$31, regardlesi
of yields, X,.

O\
TABLI: 2.—COMPARISON OT ADDITIVE AND JOINT RELAT]'Q‘NSHTPS

ErrEcT or Size oF OncaaRp, X AND YIELDS PER Acmr, X, QN’:PROFI"I‘, X

#¥7

\\ Chenge per bushel

B . R
. Lineat additive—yields Linenr joint—yields % with o given
Hize of orchard, per acre, Xs per aere, X3 ) | acreage
acres, Xz a\J} )
£§75

5 bu. | 125 bu. I! 200 bu, | 80 bu. {AdSbi. | 200 bu. | Lincer | Joint

.4

Profits, | Profits, | Profts, Pryfiés, 1 Profits, | Profits, | Profia, Projits,

X Xa X1 OEa X1 X1 X X
10 g—1.271 | 8 6oy | $2.584 8 150 | § TI0 §1,678 | $+29 | stz
40 — #ad | 1,584 3,510 — 849 | 1,167 3,188 o8 +27
W 583 | 2,511 4,438% | —1,520 | 1.825 | 4.788 +28 +i2
Change per acre l AN
dth a piv +80)
with a piven | ¢ 3
vield......,.. 151 | 4>g§\1 +at —23 15 154
) \ S I | s

The di{’fereneeé:l\)ct_wecn additive and joint relationshirl}s are shown
by the coaffiéients in the above eguations. The comparison ?f thes_e
additive j&ﬁgi:]'oint relationships may be simplified by calculating flStl-
mated profits for different sombinations of size of orchard and ylelds_
(tahld 2). Reading down the columns of table 2 is equiv.a.lcnt to exam-
' 'm‘mg\‘ the effect of acreage, X, on profits, X;, with yields, X;, held
constant. With the additive analysis, profits increased from —$1,271 to
+ %583, as the size of orchard increased when yields were small.'Wlth
the joint avalysis, profits decreased from —8159 t-l:‘ —$1,539. Similar
comparisons could be made for moderate and high yle]d.s. .

The joint relationship probably presented the truer picturc (Fable 2).
The amount of money & farmer makes or Joses because of higher or
lower yiclds does depend upon the size of the orchard..Howe\‘rer, the
lincar relationship states that, even though the crop 1s & faalurc, a
farmer can profit if he bas a large enough orchard. Experience has
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proved ‘that, with a poor crop, the large orchard loses more, that is,
makes less, than the small orchard.

Thus far, only the effect of acreage on profits has been examingd,
The effect of yield on profits for orchards of different szes 15 also a
joint relationship. It is almost scli-evident that, ift Xy 1s jointly related
with X3, then Xj is jointly related with Xo.

The effect of yields, X3, on profits, X, can be examined by reading

“across the rows of table 2. According to the lincar additive relationship,
an increase of 1 bushel per acre in yield always increased profits by, 526
(table 2). The joint rclationship stated that, though each additional
bushel per acre increased profits by $42 for a 70-acre orchard, if ihcreased
profits by only $12 for a 10-acre orchard. The joint relationhip seems to
agree with experience. With a small orchard, a farmer ol not make so
much because of high or low yields as with a large opébiard.

It is possible to calculate an index of joint .é‘(:)\rclaf,iou. In linear
joint analysis, the index is the same as the multiple correlation coef-
ficient, P1.saqinear jointy = B12s0 = 0.871, whey@’,i‘; is XoX.

"A comparison of the coefficients of det}rihination, % = 0.676 for
the additive analysis, and o}, = 0.758 6t the joint analysis, indicated
that the joint relationship was prohably more accurate than the additive
relationship® (table 1). N

Ny
{

CurviLiNzAR JoinT CORRELATION

Most rela,tionships,'gv};kther joint or additive, are not lincar. In
practice, the relativél$ Emple linear joini regression equation is only
rarely applicable./f iz possible to show simpler types of non-linear
joint correlation(¥ath mathematical curves.

The relatighs’of rainfall and temperaturc to crop yiclds are usually
not linearand not additive. For example, the relationships of rainfall,
Xs, alL mperature, X, to the yield of corn in six leading states, Xy,
are gubvilinear and joint. With the methods used in linear joint analysis .
,(\téﬁle 1}, the following curvilinear joint expression was calculated:

"Xy = 57.66X,+ 2.31X; — 0.28X% — 0.004X% — 0.012X,X; — 2,931.96

This equation contains the follewing six variables:

}St Va-l“{ﬁble, X1 = yield of eorn 4th varinble, X3 = temperature squared
Znd vnr{n.ble, Xo= June temperature 5th vunable, X3 = rainfall squared
3d  variable, X3 = July-August rainfall gth variable, X2Xs = tempernture times rainfall

The index of curvilincar joint correlation was 1 sseurvitinesr joint) = 0.673.

2 The significance of the difference between BRI, and o ,; ginesr jnioty 18 discussed
on pages 417 to 419,
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The terms in X» and X: describe a curvilinear relationship botween
X, and Xs. As temperature rises, yields first increase and then decrease.

The terms in X; and X describe a curvilinear relationship between
X, and X;. As rainfall increases, yields first increase and then decrease.

The term X.X; changes the nature of the two curvilinear relation-
ships with diffcrent combinations of X, and X5 In eommon parlance,
this term states that cficets of both temperature and rainfall on yield .
are not the same for different amounts of either. It further states that
the effect of rainfall is not the same when temperature is high as when
low: and that the effect of temperature is not the same ‘when rtidiall
varics. The nature of the relationship can be further examined frour the
estimated yiclds of corn for different combinations of tempgrabure and
rainfall presented in tabular form (table 3). A\

al
< D

TABLE 3—RELATION OF JUNE TEMPERATURE, X», A DIULY-AUGUST
RAINTALL, X, TO YIELD OF CORN IN SIX LEABING STATES*

ANarLysts oF CTURVILINEAR JomNy RELATIONSHIFS B hEasT-SquaREs METHOD
THE VARIABLES WERE EXPRESSED IN Pm{t‘cﬁNTAeE OF NORMAL

Terdperiture, X:
Rainfall A
X &N
94 o098 102 106
Yield corn, AN Vield corn Yield corn Yield corn
60 7N 83 &7 82
40 F}&\ - 99 102 95
120 MR 108 109 101
150 101 110 19 100

* Dased on thé}é'gre}.ssion equation
X, %@.Gexz 4 2.31X; — 0.28X% — 0.004X3 — 0.012X.X; — 2,931.96

T}l{{yﬁ:ld of corn varied from 71 to 110 per cent of normal. _

“With temperature, X;, constant at 94 per cent of norm_al, the inercases
(}‘30 in rainfall increased yields +17, +10, and -+3. With temperature
eonstant at 106, the changes in yields were +13, +6, and —1.

With rainfall constant at 60, the inereases of 4in temperature changed
vields +12, +4, and —5. With rainfall constant at 50 per cent above
normal, the changes in yiclds were 49, -1, and —9.. i

When rainfall was 60, the highest yield was obtained when tempe:lrar
ture was 102; and when rainfall was 150, the high yields came with
temperatures of 98.

The possibilities of mathematical curves in joint correlation are
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limited. One difficulty is that the simpler oncs are not sufficiently
flexible to describe the relationships; and the move complicated expres-
sions arc difficult and often impractical to fit. The most important
inadequacy of mathematical expressions lics in the inability to pre-
determine exactly which expression will best deseribe the dara. The
number of possible joint regression equations is almost unlimited. In
the two joint regression equalions given thus {ar in this chapter, the
interaction of X, and X; on X, has been shown as a product, XeX5.
Xy Xy Xjlog Ny 1 Xg)&i_,
X X XY VX, XX XS
or other more complicated forms. At the beginning of a .Q’dl'i'f?lation
. problem, there is no way of determining which of the above\expressions
best fits the relationship at hand. It was pointed out i the discussion
of additive rclationships that the nature of curvedQvas difficult to
. predetermine in multiple snalysis (page 217). 3¢ nature of joint
relationships is even more difficult to predetermihe. The joint term of
an equation does not describe the relationship&ctween the independent
and dependent variables, but describes tli(;\ relationship hetween two
relationships. The nature of the joint rpléﬁgi{}n is usually so deeply buried
that it is diffieult to visualize, describey or measure.

In practice, the interaction might be

APPROXIMATION METHOD

Probably the most commen method of analyzing joint rclationships
i8 the graphic approximation’ method in which the nature of the joint
relationship is not assdmed at the outset. With this method, the nature
of the relationships anfolds as the work progresscs.

Prorrivg PHRrEE VARIABLES ON 4 Two-DIMENSIONAL GRAPH

- The ﬁrst:ssﬂeﬁ is to plot the observations on a graph. The horizontal
and VOT§i®"scales measure the two independent variables X; and X».
Thus, ke location of each observation on the chart is determined by
the #igé of X; and X,. The value of each point on the chart is simply
he)value of X;. During 1890, rainfall, X; was below normal, 83; the
temperature, Xy was in excess of normal, 105; and the yicld, X, was
90. The point for 1890 was placed at 83 on the horizontal scale and at
105 on the vertical scale. The value for that point was 90, which was
recorded at its exact loeation® (figure 1).

During 1891, rainfall, X;, was more than normal, 108; temperature,
X5, was about normal, 99; and yield, X,, was high, 123. The point on
the chart was called 123 and was placed at 108 on the horizontal scale

' '1:33 Point was labeled “90" because the yield was 90, and not because the year
wag '90.
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and at 99 on the vertical seale. The yiclds for the other 36 years were
plotted in the same manner.

Xo-lume

temperature!
106 w91

B *5] «90 . «104
104 «G2 :

L 75 qos aoe
w0z =81 +89 100+ +104 . e100

B 37 100%,%, *113

107 . .

100 9o Ca1s _ \

F 160 =85 +123 . «125 O\
- 106+094  »114 LW

- .78 O

11 By

g6 104 9Zead7 N

B #111 p11440 © - =00
94 »89 ~N

L _ 4 55
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35 45 55 65 75 8 95 105 115 1287 145 155 165 175

¥,-July and August rainfall AV
VIGURE 1—THREE VARIABLES PLOTTHD,ON A TWO-DIMENSIONAL
LOHARTS 7
Yizrps oF CorN PLOTTED wmj:g:t'j‘mmpumwnm AND RAINFALL

wore measured along the wertical and hori-

The independent variables, temperaturs andt fa,iniall;
is indicnted by the size of the numbers

suntal soules, rospectively. The dopendent yariable, yield of cotn,
weonlupanying the points. &

This chart s ot similaf-to any previously used in showing relation-
ships. In the study of other correlation coefficients and indexes, the
chartg always sh ow\if{i “he relationship between the independent and the
dependent vari flps. The vertical scale was the dependent, and the
horizontal seaié” the independent variable. The plotted points were
labeled withv§ome number for identification, but they had no values
themselvés and did not measure any variable. In the present problem,
both it’hé' vertical and horizontal scalcs measure independent variables.
The tlependent variable is not measured by a given scale bub by the
size of the numbers accompanying the plotted points. This chart may >
thought of as having threc dimensions, width, length, and’ hfalght.
Temperature, X,, on the vertical seale may be called width. .Ra.u}fallr
Xy, on the horizontal seale may be called Tength. The yield, X, is helght, -
the third imension, and is not shown graphically. However, this third
dimension is indicated by the size of the numbers which accompany
the plotted points. ; i

AR analogy to this type of relationship among three Var{ab]es is th.e
physical features of an area of land. One independent variable, Xo, 18
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_represented by the distance north and south; the second, X, by the
distance east and west. The dependent variable, X, is represented by
the altitude of the land, hills, valleys, plateaus, blutfs, and the like.
A common map dircetly shows the length and breadth of land graph-
ically. The topography or altitude of the earth’s surface is indicaled in
one of two ways. The distance above sca level may be writien on the
map at the location in question. This is exactly the same method of
indicating the third dimension that was employed for yields of corn,
figure 1. Q)
.\\

'\

The common method of showing topography on & map’is drawing
contour lines. A contour is a line drawn connecting ..l,ﬂ The voinis of a
given elevation, say 500 feet. For every point opn thé ‘contour line, the
value of the third dimension, elevation abovesaga’level, is supposcdly
the same, regardless of the distance from north 3¢ south or cast to west.
The accuracy of the contour lines dependg Gpon the number of beneh
marks, the particular surveyor, and tha, tﬁne he spent on the area,

The relationship of terperature and rainfall to yield may be gen-
eralized with the use of contour ]mm I the rclationship were perfect,
contour lines could bhe eonstrq{:ﬁ&d in figure 1 by connecting all points
with the same values. For cxambple, all points with values of 90 could
be connceted by one linefert curve; and all points with values of 100
might also fall on owd ¢ontour line. Howev er, in this problem, the
relationship is not. p}ﬁ*ct consequently, the positions of the contour
lines must be appm;amated

The first tagkGs to study very carcfully the valyes of these points
relative to +Heif location (figure 1). The two highest yiclds, 123 and
125, occuﬁc\r‘l during years of average or morve rainfall and with tempera-
ture th\t ¥ below normal. Most yields of 5 per cent or more above
norrga.l occurred when July and August rainfall, X, was average or

above, and when the temperature, X, was cool rather than hot (figure

\‘) Most low yields oceurred when rainfall was light and temperature
was above normal. However, thore were several exceptions to these
generalizationg,

In the drawing of the contour lines, the student must keep in mind
that the lines should fit the points as closely as possible. However, the

Drawing Contour LiNgs

¢In 1924, temperature was below normal, X, = 97, and rainfall was somewhat

above normal, X, — 109, With these conditions, & good vield would be expected,

bub it was low, X; = 78. This was due to factors not eonsidered in this analysis.

" The spring was late and wet; there was an early frost; and much of the unusually
late erops failed to mature.
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lines should conform to some general patterns and show definite prin-
ciples. The lines should, of course, not eross onc another and should
not “wiggle” about indiseriminately. No contour should depart too far
from those on cither side of it, and all contour lines should be long, -
sweeping curves or straight lines. _ ‘

I+ muet be remembered, however, that, the smaller the differcnees
between the values of the points and of the contours passing through
the points, the better the fit. The problem is to obtain as close a fit as
possible and still have a sensible and conservative set of contourseln
accordance with the above principles, a sct of contour lines was Jdrawn
on figure 1 (shown in figure 2). Each contour line is labeled \fijc{l"a:}aluc
of X1, which is the estimated value of Xi for ull points oL .:t-he contour.

£ N
L 3

Xz

_—-—
106 &) (80)
104 62
-475
102
1004
98| (73)
i (a0)
86|
94t
[leg B )\ ; :
35 4‘5 I 5|5\’[,, 115 125 135 l45 155 185 175

X3
FIGURE \2§60NT0UR LINES DESCRIBING THE JOINT RETATIONSHIP

&/

BETWEEN YIELDS OF CORN AND TEMPERATURE AND RAINFALL

,‘.IlhE'f%}ﬁoul' lines are the estimated yields for various combinations of June temperatura and July

Qi Adgust rainfall.

FsTiMATED X1, RESIDUALS, AND Ruo

The cstimated value for'any point in figure 2 may be d{?termined by
interpolating between two contour lines. For instance, 11 18‘92, the
actual yield was 100. This point is to the left of the center of figure 2,
between the 100 and the 105 contour lines. From the contours, the
valuc of X, was estimated to be 104, a8 it was much close.r to the 105
than to the 100 contour. Similarly, in 1924, the actual yxeld?-TS, fell
between the 100 and the 105 contour Lines, and the estimated yield was
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104. These estimated values, X, read from the contours, were recorded
in tahle 4.

TABLE 4—INDEX OF JOINT CORRELATION APPRONTMATED FROM
CONTOUR LINES

JUNE TEMPERATURE AND JULY AND AtausT Rainrarnn RELATHED TO THE
YieLp oF Corn, 1800-1927

Tempera- . Actual T‘].st.mmt('.{] | Residuals | N

. ERainfall ;i yield from : \
Year ture ¥ yield X - X W Z
3 contours ¢ ¢

X. X X’ 2 ¢\

1 { ‘\
1890 105 83 90 95 S0 2
1891 99 108 123 117 (&8 . 36
1892 101 90 100 104 M- 4 16
1893 101 68 97 89 + 8 64
1894 103 38 75 By | +3 9
. - - - .'\.\0 . .
\ 2
1924 97 109 7888 104 26 676
1925 103 a2 P 102 + 9 81
1926 96 127 w02 106 - 14 166
1927 99 96 | ™ 95 105 —10 100
Total 3,795 | 3,820 | 3,700 — — |30
Average 99.87 | 8053 99.74 — — 1 719.58
Biapproxiination jnbu’i\_ cI:mtm:ra) = ,.‘, 1- 175?8‘2)83* = ‘\/1 — (L5007 = ‘\/04993
O = 0707
\,%»v‘ *2X? = 384,042; and o2 = 155.93.

Fl;@Q}fthis point, the caleulation of the index of corrclation is simple,
pwbgeﬂmg as usual from the squared residuals:

/ i
L3123
P mstenrvilinesr joint, contours) = 1-— —0'2 = 0.707
1

This is a measure of the degree of the relationship belween climate and
yiekd shown in figure 2. The coefficient of determination, g = 0.50,
measures the proportion of the squared variability in yicld associated
with differences in June temperature and the July and August rainfall.
Probably the temperature and rainfall in other months of the growing

season explained a considerable part of the unaccounted-for squared
variability, (.50,
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The value of tho from contour lines of joint relationship varies con-
siderably with the particular set of contours drawn. The difference
bet WOl £1 zatcurvilinear joint, contones) = 0.707 and the true degree of rela-
tionship depends upon how well the contours were drawn. If the contours
were drawn in the correst positions except for minor “wiggles” in the
curves, pie = 0.707 is probably too high. If the contours were suffi-
ciently conservative and sensible but were drawn in the wrong positions,
prm = D707 is probably too low. .

As in other types of approximation eorrelation analysis, the work
may be repeated in an attempt to Improve the rclationship. An exbin-
ination of the residuals from the first set of contours may give:somc
elue for improvement. The lines might be revised so that the 'g:xtre'mt-:ly
large residuals were decreased, even though the rcvisi\mis. increased
some of the smaller residuals. ) _ \\
TABLE 5 -—TABULAR SUMMARY OF THE JOINT. RELATIONSHIP OF

TEMPERATURE AND RAINFALL '{(} YIELD
Esrrvatep FroM CONTOUR Lm‘l;:;s'\;ﬁn Figurs 2

\ P
AwaLysis oF CURVITINBAR JOINT RELATIONSALS BY APPROXIMATION METHOD

’I‘eini)ﬁratme, Xe
Rainfall | AN

X ' N
i 04 97 100 103 106

2l

Y ' . -t . '
Yield, X, \\\‘Yicld, x| via ¥, | Yid X | Yield X,

70 84 N 87 90 gl 86
85 8y 03 100 101 02
100 N 99 108 104 98
115 ING6 108 s 107 101
130 (798 113 118 108 302

oo
GB;M’ HI'(S AND TARULAR METHODS OF SHOWING JOINT RELATIONSHIPS
I is difficult to visualize a joint relationship. It js almost il!_ﬂPOSSIbl_e
to draw a graph which accurately deseribes a joint relationship and is
simple and easy to understand. A contour chart such_as ﬁgur‘c 2 t.v?:zlls
the whole story, but is very difficuli to interpret. Each dimension
reprosented one factor, Since there were two dimenslons and three
factors, only two factors could be shown gra,phicall.y. The ot-bcr factor
is shown numerically. The drawing of contours clarifies the picture but
littlo, :

The ideal graph for showing joint
pendent and one dependent variable is three-

relationships between two inde-
dimensional. The simplest
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procedure is first to construct a table of the estimaled yiclds, X, for
varying combinations of temperature and rainfall. These values can be
_ read divectly with the aid of the contours in figure 2. Five different
amounts of rainfall and of temperature were selected, giving 25 different
combinations (table 5). With a low rainfall, X; = 70, and cool weather,
X, = 94, the point in figure 2 lay between the 80 and 85 contour lines
' al the lower left of fig-
urc 2. The value of X4
was ostimated ail 84.
The same procatyre was
followed  iny~gstithating
the other\2¥ values in
table /8. These values
repudsént the third di-
ngunvion. The next prob-
JANPm is to superimpose
(& this third duncnsion on
D aplane representing the
other two dimensions.
This involves the con-
struction of a box with
vertical sides of variable
height and a fop with a
variable shape.

118

Sy ‘13{...‘\
FIGURE 3.—COXNSTR! fTION OF A THREE-

DIMENSTONAL GRAPH SHOWING THE
BOTTOM, OXE BIBEy/ AND ONE PARTITION

A\X
Errecr oF VaR¥INE COMBINATIONS OF RAINFATL
AND TFM\HQ ATURE ON Y1kro oF Cory

After the b;;i\fm has been laid out, broken perpendiculars Tep-

resenting thieestiraated vield of corm, 4 and B, are erected from

points rc;?reéeut.iug varying eombinations of rainfall and tempera-
ture YN

ey
\\
t}her side,

The bottom of the
boxis usually made first.
In the corn-yield prob-
lem, the bottom was
square. One side of the
square represented 8
range of 70 to 130 in
rainfall, X;; and the

a range of 94 to 106 in temperature, X,. An oblique view

of this bottom gives the crroneous impression that it is diamond-shaped

rather than square (figure 3).

The heights of the box for different combinations of rain and yield

aro the va!ues of X shown in table 5. With g rainfall of 130, the yields
with varying temperaturc were 98, 113, 118, 108, and 102 (table 5).
Wher} rainfall, X, was 130, and temperature, X,, was 94, estimated

® For convenience, the bottom of the graph was placed at X; = 80. If the bottom

had been pla:ced at X; =), the box would have bcen Ligher, but the shapes of the
tops of the sides and partitions would have been the same. '
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yield, X1, was 98. At the interscetion of the two lines reprosenting
X, = 130 and X = 94, a perpendicular, 4, was erected representing
98, The same procedure was followed for the other estimated values of
X, for rainfall of 130. When the points were connected, one side of the
box, with a height varying from 98 to 118, had been constructed. The
same procedure was followed in the construeting of the other three
sides of the box and

its six partitions. One _ Yield, X4

of thesc partitions is N\

ghown in figure 3. 170
- Yiald, X,

Where tomperature, ‘

X:= 103, and rainfall, 1 110

X, = 85, interscet, 2

perpendicular, B, was o0l 100

ereeted  representing

yvield, X = 101. After o0

all the sides and par- :

titions have been con- 20

structed and the tops
of the perpendiculars
connected in both di-
rectiong, it ean be seen
that these points de-

LrEN :
rmine an irregular <FfGURE 4 THF, SURFACE OF A THREE-
surface (figure 4). ‘ L\ DIMENSIONAE. GRAFH ’

The surface is an)

accurate descriptienof
the relat-ion@hﬁ&%" in- The surface indicated by the curved lines shows ehingﬂ in
volved, H‘o@ever, ﬁg- yield with varying combinations of temperature and rainfall.
ure 4 go‘n}ains three '
”invis‘(bfé” broken lines to give a box effect, threc scales, and Fen
ifipattant visible lincs representing the surface. '.l‘he human mind
had”difficulty in grasping the meaning of a c.har.t with more than two
or three lines. Coonsequently, -such three-dimensional charts are more
impressive than informative. L

With cardboard or modeling clay, a solid form repres.(ant_ln.g these
relationships can be made. Such a model portrays the relatmrllshlp r.nore;
efioctively than figure 4. This is merely stating that a three-dimensiona
graph can be shown more effectively it three tha:n in two dimensions.

The most cffective way of showing. joint relationships i the simple
tabular form (table 5).

Ersgcr oF VARYING COMBINATIONS OF RAINFALL
aND TEMPERATURE ON Ymmie or CorN
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JOINT CORRELATION WITH MORE THAN TWOINDEPENDENT VARIABLES

Joint correlation analysis is usually limited to two independent
variables.

If there are several independent variables and only two are jointly
related, the joint cffect of these two on the dependent variable may be
determined. First, the additive effects of all the independent variables
eould be eliminated.” With the residuals from the additive relationship
as the dependent variable, the analysis proceeds in the manner pregeated
in this chapter.

When several pairs of the independent variables have Jomb eﬁects,
but the effects of one pair are not associated with the effegits of any
other variables, the joint relationships may be shown l4F~two or more
three-dimensional graphs. <

When three or more independent variables hm-v Jomt cffects, the
problem becomes much more complicated. The patute of the relationship
is almost impossible to determine matlmmatw%v It is also impossible
to show such a relationship graphically ing f(}u dimensions. Even il the
methods of determining and showing gaeh relationships were simple,
the number of obscrvations required 46 obtain reliable results would
make the method unwicldy. With the necessary number of observations,
the best way to analyze C;u(,h rclatwmhlpa probably would be cross
tabulation 7

N
LEAST-SQT: @s’ vs. APPROXIMATION METHODS

Joint relations cam\be analyzed with least-squares equations or can
be approximated &raphlcally The least-squares analysis has the advan-
tage of being ‘wore mechanical and requiring less judgment. The
relationshipstiewn by an equation is rigidly defined. The cquation can
be convemprtly used to estimate values of the dependent variable under

- diferent, tombinations of conditions. Rho from lesst-squares analysis
i, ;glgl“dly defined, and its significance can be tested.

\Least-squares equations have deeided disadvantages. It is often
difficult to choose an equation which fits the relationship, even when
the relationships are known, It is even more difficult to predetermine
what the relationships are. Foven if it is assumed that the relationships
are known and that a satisfactory equation has been chosen, the amount
of work in fitting the equation to the data is often prohibitive.

The approximation method of analyzing joint relationships does not
assume the nature of the relationships at the cutset. The relationships

¢ Regression equation, page 176.
? Joint relationships in tabulations are discussed on pages 283 and 574.
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are determined as the analysis progresses. The amount of work invelved
is less than that required for the least-squares analysis even when the
simplest equations are used. Approximation analysis is more flexible
than least-squares analysis, This is both an advantage and a disadvan-
tage. It is an advantage In that it ig possible to obtain the true relation-
ship by approximation; it is a disadvantage in that therc may be
unwarranted irregularity in the approximations, and yho may be too
_ high.

The weather and corn-yield problem was analyzed algebraically and,
graphically.® Using parabolas to show curved relationships and a prodict
to show ihe joint relationship, the authors obtained P10 eurvilfach? Jointy
— 0.673. The relationship was stated in equation form as fgllb,v\vs:-

X, = 57.66X + 2.31X; — 0.28X} — 0.004X; — 0.012X0X, ~ 2932 (page 250)
_ : ?

1 a three-dimensional graph of this relationship fiad E}een constructed,
the surface would have rescmbled that in ﬁgulje%:but would have been
more rogular. Even though the approximalio {ethod was more flexible,
p = 0.707, it was only a little larger than (= 0.673 from least-squares
analysis. Since the latter index is prqhabljr the more teliable, it might
appear that the least-squares methot Was superlor. However, the egqua-
tion used was chosen on fhe bagi@of the approximation analysis which
was carried out before the equét-‘ién was chosen. Starting from serateh,
the cheice of an approximagely correct cquation would have been very
difficult. ) .

&
_(JBINT vs. ADDITIVE ANALYSIS
When there attyjoint relationships, joint correlation has the advantage
over additi}r.r{b;rpelation in that it shows the facts more aceurately.

Additive derrelation assumes that the relationships between two vari-

ables agg Sndependent of the size of a third variable, As ohserved in t.hc
; tion is not always true.? Joint

examples in this chapter, this assump : o
nalvsis is more flexible than additive. Joint correlation permits the
efféct of one variable to change with changes in _Ut-her varla.bles. :

This greater flexibility in joint correlations is algo @ disaflvantage.
With the same number of obsetvations, rtho and 1_;he. relatmr_mshlp are less
reliable in joint than in additive correlation. This is cspecially ’true for
the results of , approximation analysis. Another dlsac?vant_age 1nhclrs_=13t
- in joint correlation is the diff culty in showing the relationships. Additive

® Pages 250 to 257. _ t

%In fact, the assumption is almost never rue, 0L
. seri 3 dditive

relationships are not sufficiently distinct $0 hamper seriously the use of additive -

eorrelation.

byt in many problems the joint
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“relationships ean be shown more effectively in either graphic or tabular
form than joint relationships,

USES

Joint correlation methods have not been used so extensively as addi-
tive correlation methods. Even where refationships were definitely joint,
the use of joint correlation has been limited by the complexity of both

_ the problem and the method. When joint relationships have existed,
there has been a tendency on the part of the resenrch worker (o' cfabloy
tabular analysis rather than correlation analysis. O\

A few students have successfully studied problems wigh\jomt cor-
relation methods. In studying the per capita consumpldon of milk,
Waugh' analyzed linear joint relationship with the ]eus{f:r;(i‘l'mrv.ﬁ method,
He found that size of family income was jointly reldtéd to consumption
of milk in Boston. The author stated the relatiouship in the form of a
linear joint, regression equation as follows: AN

Consumption = 0.703 — 0.1285 (_size family) -+ (011‘\34('38 size [amily — 0.0614) income

The joint factor in the equation ykas" (0.03408 size family)(income).

Apparently, with high incomes, Jor “capita consumption of milk did

" not vary with sizc of family. \Vﬁ,‘h small incomes, per capita consump-
. tion decreased as the familips Became larger.

Racburn” used linear an\d curtilinear joint analysis by the approxi-
mation method in his, si'-{ﬁdir of quality and the price of apples. He found
that defects and size ‘Were jointly related to priec. With no defects,
medium-sized apples’brought more than lurge ones. When many defects
were present, rétatlers puid 21 cents a bushel more for large than for
mEdium-Sigsﬁ\&bples. Defects of the same size when eut out of latge
apples rgsulted in a smaller proportionate waste than when cul out of
small_ghples. Although the mediumesized apple wasg preferrcd when
SOQN@;' the greater proportionate waste penalized this size more than
%ﬁ\ge sizes, when the quality was poor.

UI}dBI‘WOOd” used approximation analysis in studying the joint
relation of acreagr, yield, and price to returns from raising fue-cured
tobacco. High yields increased returns per hour more when prices and

e Ws,_u gh, F. V., The Consumption of Milk and Dairy Products in Metropolitan
Boston in December, 1930, p. 12, September 1931,

n_R&eb_tlT"'l, 1. R., Joint Corrclation Applied to the Quality and Price of McIntosh
Apples, Cornell University Agricultural Experiment Station, Memoir 220, p. 20,
March 1939. )

N [.Tn‘r]er\\tondr I, L, Flue-Cured Tobacco Farm Muanagement, Virginia Agricuk
tural Experiment Station, Technical Bulletin 64, p. 98, Junuary 1939,
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acreage were high than when low. Increases in acreage increased returns
more when vields and prices were high than when low. The joint rela-
tionship of the three variables fo returns was shown as a series of
three-dimensional graphs. The fourth dimension was repregented by
differences between the individual three-dimensional graphs. '

MULTIPLE CORRELATION PROCEDURES

The student who undertakes a problem in multiple correlation should
have constantly in mind the nature of the relationships and the methods
to be cmployed. The nature of the relationship concerns (@) additive
and joint clfects, and (b) linearity snd eurvilinearity. The mefhod of
approach involves (a) least-squares and (b) approximationhethods.
There are eight different combinations of methods and typesiol relation-
ships. - AN

The procedure o be followed depends on the najute of the relation-
ships, In general, the best methods to pursue might he summarized as

follows: i N
& )
RFELATIONSEIP Ueoal METHOD Lrpsur! CHAYTER FAGER
Additive Linear Least-squares Caeﬁfeiei:t of trltiple . 10 168 to 176
o \earrelntion, Fivum . .
Additive Curvilinear  Approximation, Ezekicl ~j~Ip’ﬂnx of muliple cor- 13 217 to 230
or short-eut 2 : g  relation, .
ol P . . . {approzimalsd) .
Joine Linear Lesstsquarcs 9 ’ Index of linear joint 14 246 to 250
L correlation,
_ Prog .. [linear Joinkg )
Joint Curvilincar  Approximation, from Index of eurvilinear 14 252 to 257
ch\ll joint cm‘rnl&tinn,_
N Py gspucvilinesr joint, conbeurs)

Since there avd<sd many different procedures that could be followed
in any one pﬁ\ﬁ)]étﬂ, the student should make certain _of T:he type F)f
relationship.and the most suitable mathod before becoming involved in
detaile.‘dz\c}lculations.

13 When the problem is completed, the measu

ﬁz‘(@‘ﬂ in subseripts or footnotes, s¢ that the re
Used,

res of relationship should be clearly
ader will know what methods were



CHAPTER 15
TABULATION »s. CORRELATION ANALYSIS

During the past quarter of a eentury, there has heen a controversy
among agricultural statisticians concerning the relative merits of\the
tabulation and corrclation methods of analyzing relationshipd Ylost
textbooks ignore this issue. In faet, most do not deseribe boill\methuda
of analysis. The emphasis is on cor rvlahon tabulation is raedly “deseribed
as a mecthod of analyzing relationships, 1h1f~ is pow«lbly (]uo to the fact
that the tabulation mcthods are considercd too simple a tool for the
“advanced” statistician and that the correlation hiethod is much more
difficult and therefore requires much explanafjofi. In this ook, six
chapters are devoted to correlation and onp chapter to tabulation
analysis. The proportion of this and oth‘(‘r textbooks devoted to the
two methads of approach gives no r'lu(~ \as to their relative merits. An
- attempt is made in this chapter fo r'ompare results from the two methods
and to summarize their advan’rag‘t'b.and disadvantages. The approach 1s
first to analyze simple relatignships and then to proceed step by step
to more complicated problgﬁ;\x of multiple relationship.

SIMP\DE LINEAR RELATIONSHIPS

In studying a hl{]’lfﬂ(’ relationship, the analyst attempts to answer

certain 1m]301'ta{{t fuestions approximately in the order of their im-
portance. _ /W

1. Doega’relationship exist?
2. Isthe relationship positive or negative?
3.0 the relatmmhlp linear or curvilinear?

“4,)What is the rate of change in the dependent variable per unit
change in the indepondent variable?

5. How closely are the two factors related?

TaBULAR ANALYSIS
The rm*nrda for 907 farms were classified according to an index of
~labor efficiency. The incomes were summed and averaged, and the

averages were mranged in an orderly manner to facilitate comparison
(table 1, left).

264
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TABLL 1.- -RESULTS OF TABULATION AND CORRELATION ANALYSIS
OF A SIMPLE LINEAR RELATIONSHIP

ReLamoN oF Lapor EFFICIENCY 70 INCOME ON 807 Nezw Yomrk Famms, 1927

Tabulation Analysis ’ Correlation Analysis
Tudex of effieiency | Tneome ’ Coefficient of correlation
X X, 74 = +0.44
- T Jpefficient of determination
Less than 100, ... ... .. §— 22&; . 2= 0.19 <
100-180. oo + . e .
200-299. et 4 592 Regression equation. ¢,
300-399. .. .. +1,068 X, = +$4. 735X 3601
400 and more. ... ... ... 41,400 {rising straight. l_mo}
< ™\

ot ¥ ;
N

' AN .
1. A relationship did exist between efficiency atid incomes. This 1
shown by ihe [act that incomes changed mor(z‘a{}ess consistently with
efficieney. . \,\ o .
2. The relationshipis positive; thatis, inddnics increased with increasing
efficiency. This is shown by the fact szi.t,'for the Jeast efficient farms,
incomes were —$259; and those for_themost efficient, -+ $1,400 (table 1,
left). N ) ]
3. The relationship is &pp[;p}&hi{atel'y linear; that js, each increase
efficiency resulted in aboyb(the same increase in incomes regm‘c‘iles@ of
whether efficicncy was l@gh or Jow. This was shown’ hy comparing the
differences botween awt%ge incomes for each successive group of farms.
The averagoe inco\fﬂe* Tor farms with lowest eﬁiciency was _—$259 ; and
for the next 'kéi‘«"GSt group, +$43 (table 1, left). '111(’ d.lﬁCI’F‘JICC was
+$302. rl"%“\étﬂher differences between other successive incomes were
N

calculategd\in the same way. The four successive differences were as
followsts
~O $ 4302
N 549
474
+334

For a relationship to be exactly lineal, these differences shouéé{ all
be the same. They are not exactly the same, b}lt there is no tendeney
for them to become consistently larger of consistently smaller. There-
fore, the fluctuations among these differences are probably due to
chance. For all practical purposes, the differencos are about the S5
size, and the relationship may be assumed to be lineal.
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4. For each unit change in efficiency, incomes rose $4.09. I'rom the
fowest to the highest cffieiency groups, average incomes increased
$1,659, and the index of efficiency increased 406 unils (481 — 75 - 106).
The rate of increase! was $1,659 divided by 108, or $1.09.

5. It is not possible to state how closcly the two faclors arc related.

CORRHLATION ANALYSIS

The sums of squares and products for clficiency and income wero
obtained for the 907 farms. With the produet-moment method of cor-
relation without deviations,? the coefficients of correlation, detexmina-
tion, and regression and the regression equation weve ubtg),i{'léd«\ The
results of correlation analysis, as usually presented, are given'in table I,
right. RO

1. Some relationship did exist between efﬁciennyé}p@xi’ncome. This is
shown by the correlation coefficient rs = 0.44. \V

2. The relationship was positive. This is in@Liuat-cd by the positive
sign of the correlation coefficient, 4-0.44. 4D

3. It is not possible to state whether thé zelationship is linear.

4. For each unit change in cfficicneyincomes rose $4.74. This is
shown by the coefficient of regrossion :in the equation X1 = +$4.735X,
— 8601,

5. The two factors are not~dlosely related. This iz shown by the
coefficient of determinationyh19, which indicates that 19 per cent of
the squared variability ilycome can be aseribed to differences n
efficiency. \\ )

7 CoMPARISON

1. Both methgds show the existenee of a relationship. In both cases,
the -decisior{{a,\s’%o whether there is a relationship depends on judgment.
One depi;i}n is based on the trend in the averages; and the other, on
the si{eféf the cocfficient. It often takes judgment to decide whether

PR

\¥

\Ff'om the next lowest to the next highest efficiency groups, average income
increased $1,023 (1,066 — 43 = 1,023), The corresponding diflerence in clficiency
was 185 units (331 -~ 146 = 185}, The average rate of incroase in income per unif
of efficiency was $5.53. This rate iz probably more aceurate than that based on the
highest and lowest groups, because there is likely to be a larger number of farms in
guch classes than in the lowest and highest ¢lasses. The lowest and highest classes
contained 69 and 37 farme, respectively, whereas the next lowest and next highest
groups contained 302 and 101 farms, respectively. When the two lowest and two
highest groups were weighted aceording to the number of farms, the rate of incresse
in income was $4.938 per unit of effciency.

2 Page 153. '



SIMPLE LINEAR RELATIONSHIPS ' 267

the trend in the averages is sufficiently congistent to indicate unques-
tionably the presence of ‘a relationship. Likewise, it takes judgment to
decide whether the correlation coefficient is large enough to indicate
unquestionably the presence of a relationship.?

2. Both meihods indicate that the relationship was positive.

3. The tabiular method indicated that the relation was approximately
linear. From the usual rosults of corrclation analysis, it is not possible
to reach any conclusion on this point. "The regression equation indicates
that the relationship is linear. However, this is due to the method, and™
not to the facts in the easc. When the relationship appears lin_ear.with
the tabular analysis, it is linear. When the relationship appea,}'s\'h\ngar
with correlation analysis, it may or may not be linear. %)

4. Both methods give the rate of change. The tabular.facthod indi-
cated thut, for cach unit change in efficiency, incomg dnéreased $4.09;
and the correlation method, $4.74. The rate of change_’bj’z the correlation
method is the more accurate. It 1s a weighted, xate based on all the
observations, By the common procedure of ,u\éiﬁg cnly the highest and
lowest classes, the rate of change by the tabular methed is not Likely
to be very accurate. Aceuracy can be‘i.rigré'ased by using a more refined
procedure.* N ) u

5. Tabular analysis gives no inﬂiﬁé.t-ion of how closely the two factors
are related. The c.orrcla.tion:'mefhod gives & precise answer to this
(uestion. i\ o

The two methods ofanalyzing relationships may also.be compared
on the basis of (a) (L amount of time required o ohtain the re.sultS,
(8) easc of prescptdtion of results by the author, and (¢) ease of inter-

© . pretation by tK®ayman. Tabular methods require much less time than

Cor]‘elation‘\@evﬁ}’mdg_ Correlation results can be presented in fewer
figures anﬂ\less space than tabular results. From the st-andpomt of the
laymam)*the tabular analysis has an overwhelming advantage. Coef-
SNt of correlation and determination have little meanibg for the
layman. These coefficients are in ahstract terms; whereas the results of
tabular analysis are always in terms of dollars, cows, IJ?ODIB, and Fhe
fike. Mathematical equations also confound th.e layman. The regression. -
equation X, = +$4.735X, — $601 is 1o exeeptlon. ]
However, t.hii_ ‘iquaﬂon can be simplified bY colving the equation for
various values of X, as follows: '
*These judgments ean be tested statistica fy,

llsug_l practice is oot to test them.
* Fuatnote 1, page 266.

pages- 405 10 108, However, the .
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Erriciency,t X, Incomu, X;
50 — 364
150 + 109
250 + 53
350 +1,056
450 +1,530

- This shows that, with an increase of 100 in the index of efficiency,
incomes rosc $474. From the standpeint of the statistician, there Is no
difference between this table and the regression equation. Fromsthe
standpoint of millicns, the table is informative, while the equatioh'is a
. riddle. <\
'\
TABELE 2—RESULTS OF TABULATION AND C.‘-ORRELA’L‘«IQI{T‘ ANALYSIS
OF A SIMPLE CURVILINEAR RELATIONSHIP

r - A"
RunaTioN or Crop Yisps 10 Incowes on 007 NEw “York Fang, 1927

Tabulation Analysis .\\,Cor:-elatikm Analysis
‘. \
Index of crop yields Ineome AN\N ’ Index of correlution
XS X]. . Prirochandy — G. 23
Less than 60........... $145° :‘5 ) Coefficient of determination
60— 79. ..., Ryt e = 0.03
80— 99............... N 251
100-119.......... Ll \‘ 441 | Preehand curve rising &t an
120 ormore............ ¢ \J 864 | inuressing rate.
2\ —

Y

SIMPLE CURVILINEAR RELATIONSHIPS
In a.n.alyzilj(g;simplts eurvilinear relationships, the analyst attempts
to answen tﬁ"é.‘followmg questions:

. N .
5 If the wroup averages for cfficiency were substituted in the cquation, the results
w0uld\be’ as follows:

\”\} - Incoms, X, IncowmE, X,
ErFioimney estimated from calculated
X, regression ‘averages (table 1)

75 $— 246 $— 250

146 + 9 4 43

238 + 5% + 592

331 + 966 -+1,066

431 +1,677 41,400

Average + 375 + 375

In some cases, the incomes estimated from the regression equation are higher than
the actual averages; and in some cases, lower. The estirated aversges Lypifly the
rofationship shown by the actual averages under the assumption that the relation-
ship is cxactly linear. The weighted averages of the two series are, of course, the same.
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1. Docs a relationship exist?

9. Is the relationship positive or negative?

3. Is the relationship curvilinear?

4 What is the nature of the curvilinearity?

5. What are the rates of change in the dependent variable for different
levels of the independent variables? : '

6. How closely are the two factors related?

TABULAR ANALYSIS

The records for 907 farms were classificd according to crop yields,.\
and the incomes were summed, averaged, and arranged in tabular form
(table 2, left). N\

1. A relationship did exist be-  ineome \
tween vields and income. : ’

2. The relationship is positive. 7001~

3. The relationship is curvi-
linear. Incomes do not increase g5
at o uniform rate as erop yields
improve.

4, Tneomes increase at an in- i\ _
creaging rate as crop yields im- o\ [ I

300 |«

prove. This may be found b}(::’:lfm : m w0 120 140
comparing the differences sin . Yields

suceossive income groupsy 26,  piGURE 1L.—RELATION OF YTELDS
+80, +150, +463. Thxuha.nges - TO INCOME _
hetween  successive (groups in- The relationship is curviliear. As crop yields
creased rapidly & crop yields iuaprove, incomes Fisé at ot fucreosing: TS

became better, Bhe nature of this -
t:urvilineari({"hﬁy also be found by plotting the data (figure 1.

5. Thefates of change in income at any given level of yiclds may be
easily .gélhu]atcd. Trom the poorest crop yields tf) the next poo_rest
3"6‘1321{%; ineomes increased $26. The index of yield inereased 23 pOlIlltS
(724 49 = 23). The rate of increase in income Was 31.1? per pol_nt
(26 + 23 = 1.13). From the next best to the best y}elds, incomes in-
creased $463, and the index of yields increased 28 points (137 ~ 10_9 =
28), Increases in good yields raised incomes $16.54 per point (463 + 28
= 16.54).

6. It is not possible to state how closcly the two variables are related.

CORRKLATION ANALYSIS

[
The index of correlation was caleulated by the freehand m?th()d'

¢ Page 203.
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1. There was a relationship between yields and income, p = 0.23
{table 2, right).

2. The relationship is positive, This is indicated by the shape of the
curve.

3. The relationship is eurvilinear.

4. The nature of the curvilincar relationship is that incomes increase
at an increasing rate,

5. For low, average, and high yields, one point of change on the
curve was accompanied by $1, $8, and 823 increases in incomes.? O\

6. The two factors are not closely related. The coeflicicnpaof. deter-
mination, e? = 0.05, indicates that only 5 per cent of, {il?a'ﬁsqua.red
variability in income was explainable by differences in yields.

)

MULTIPLE RELATIONSHIPS, THREE VARIABLES

In analyzing problems involving two or mowd illdel.)ullr_'lf_ent variables,
tabular analysis presents the results in the j'a:gﬁf of two-way, 1hree-way,
and ligher-order tables; and the correlation mcthod, in the form of
multiple correlation coefficients, indeg88¥of multiple corrclation, and
regression cquations and curves, N i

The multiple relation b(:tweenjéizé of farm, crop yields, and income
was used for the comparison ,()flthu two methods of analysis (table 3).

(\TABULAR ANALYSIS

A multiple re]ation\e\xist-nd between size of farm, Xs, crop yields, Xa,
and the dependent’variable, income, X, With yiclds held constant,
incomes incrua%e\d regardiess of whether crop yields wore poor or good
(table 3, tqp’} As yields improved with size of farm held constant,
incomefa@cmased regardless of whether farms woere small or large.

The\net relationship of size of farm to income was linear. As farms
b@c?{h’e larger, incomes increased at an approximately constant rate.

\l‘he linearity of this not relationship was tested in the f ollowing manner:

1. The incomes on small farms averaged —%110, 4831, and +$202
for poor, medium, and good yields, respectively (table 3, top). The
simple average of these three group averages was +-$41. Likewise, the
simple averages for medium and large farms were +$299 and + %857,
respectively.

2. The sizes of small farms averaged 147.5, 155.9, and 150.5 units

-7 According to the curve, incomes rose $1 as vields incressed from 59 to 60; $%
from 99 to 100; and $23, from 139 to 140,



AMULTIPLE RELATIONSHIPS, THREE VARIABLES 271

TABLE 3. —RERULTS OF TABULATION AND CORRELATION ANALYSI3
OF A MULTIPLI RELATIONSHIP INVOLVING THREE VARIABLES -

Siz8 oF FarM AxD CroP YIELDS 1O INCOMER ON .9[]7
New York Famws, 1927

ReLATION OF

Tabulotion analysis

Crop yields, X
Sine of farm, X -
Poor Medium Geod
KaNg
Tncome, X1 Income, X1 Incomby X
B0BIL. e $-110 $+ 31 § . 202
MotditmL . ovveoveee e ‘ 4238 +158 SN 500
TAEC . oo '; +600 - +711 +1,261
I —— |
Correlation analysis
Coofficient of maultiple correlation f1ss = 0,42’5;':\ b
Coctlicient, of determination Rlg =028y
Regression equation X, =\+%2. 12X, + $6.17Xs — $837.
Tndex of multiple correlation, g, 500 difbenlt to work. ' _

for poor, medium, and goq&iﬁelds, respectively.3 The simple average
(151.3. Likewise, the gimple averages for me-

of these three groups wag :
divta and large farms w%n a75.1 and 530.2, respoctively. o
size of farms from amall to medium

Y o -
3. The differencogiirincome and in

and medium {o ,]{'Li;ge’f arms may be caleulated as follows:

\ZZ}JD;;MPLE SIMPLE
S1zE oF 4N N AVERAGE DIFFERENCE AVERAGE Dmm;:mrcm
Farw o8 INCOME 1 INCOME Sz 1IN BB
B\ 151.3
I{m“ 34 5258 ' 123.8
Medi 275.1
edium 299 4558 ) 255.1
La-rge 857 530 . 2
3The averages for size of farms were &5 follows:
S1MPLE
Smr oF (Cror YIELDS
Farm Poor Medium Large AVE?“‘:E
Small 147.5 155.9 150.5 ;75- :
Medium 277.0 a73.1 275.1 530- 2
Large 4800 537.5 573.0 .
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4. By dividing the differences in income by the corresponding differ-
" ences In size, the rate of change in income may be caleulated as follows:

DIFrFERENCES 1IN Bare orF CHaNGE 15 Incomn
CHANGE IN SIZE Income Size rER Univ or Sizk
Small to medium $258 123.8 $2.08
Medium to large 538 255.1 2.19
Small to large 816 - 378.9 2.15

Since the rates of change from small to medium and [rom medium\to
large were practically the same, the relationship may be said to bo liwear.
The average rate of change from small to large would be $2.15 g;(‘s unit
in size. O

The net rclationship of yiclds to Income was r'ululmear As yields
improved, incomes increased at an increasing rate. Bs;s('d on the simple
averages of incomes and vields and their differencess t‘hg ates of change
in income from poor to medium and from medidaidvio good crop yields

were obtained as follows: ) N
SIMPLE Sinrre ‘\ Rare oF CnaNGE IN
AYERACE  AveRAGE DIFFEh},ﬁCE ™ ixcome prr Uwir
Yreros IncouE? YieLpsto anoifgg Yields or Cror Y.1ELD
Poor $243 7.2 W
w7 281 $2.03
Medium 300 ' 99.3
| 354 27.7 12.78
Good 654 ],273]
,\\ N o L L
Poor o good O\ 411 55.8 $7.37

The difference Nfincome belween medium to good crop yields was
more than six? ’c\nes as large as that from poor to medium yiclds. Since
the rates B{{“hange were decidedly different, there ig little question
but that, ‘t}‘ne relationship between yields and income was curvilinear.
The ﬁ{qt inerease in yields raised incomes only $2 per point, whercas
tie second incresse raised incomes over $12. In other words, as yields
inc eased incomes inereased ab an increasing rate.

# Bimple averages of the columns of table 3.
1% The average indexes of crop yiclds were as follows:

BizE ow Cror YimLDs
Farm - Poor Medinm Good
Small B7.6 98.8 129.1
Medium ) 73.5 99.1 126.1
Large 72.6 100.0 125.8

Simple average 71.2 99.3 127.0
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The inerease in income for each unit increage in crop vields depends
on the level of the crop yields. The average rafes of chunge determined
above were +$2.03 and +812.78. In reality, there may be many other
rates of change depending on whether yields were incroasing from very
poor to poer, Poor to fair—or good to execllent, It is doubtful whether
3 single rate of change in income with yields is valid where the relation-
ship is curvilinear. However,.an estimate of this rate of change, $7.37,
could be obtained by dividing the difference in income by that in yields,
as yields improved from poor to good.

CORRELATION ANALYSIS

A multiple relationship existed between size, yields, and ingdnles,
Ris = 048 (table 3, bottom). The linear net regression  €quation
indicales that, on the average, incomes inercased with .si\m’:@nd- with
yiclds, However, it is not known whether ineomes a.l,w?ys.inereased
with size for all levels of yiclds. Neither is it knownw}aether incomes
always increased with yields for all sizes of farms.Jaother words, 16 1s .
not known whether these two relationships arg _:]j:}ear or eurvilinear.

The net linear rates of change were $2.02.pcr unit change in size,
and 86.17 per unit change in yields. The vélidity of these two individual
rates of change is dependent on \vheth(}l"d:hc relatiopships are lincar.

The coefficient of determinationsd R,y = 0.23, based on linear mu.\l-
tiple analysis, measures the pr@ilf}rﬁion of the squared vatdability in
income explained by differeneein gize and yields. _

An index of multiple ivvilincar correlation from mathematica,.lly
determined or freehandsourves could be determined. However, with
907 farms, it is obviglHthat the amounit of work involved in its calcula;
tion is prohibitivgn\¢ '

\\ 3 COMPARISON

Both me’t%’ds indicate: .
1. Thiexistence of a multiple relationship- ' ]
2. Bositive relationships between both independent variables an

- Intgpe.

3. The following approximately similar &Verage rates of change:

ErFEcT OF FFFECT OF
Mernop SE YIELD.S
Tabulation $2.15 35?:. 37
Carrelation 2.12 o 6.37

The tabular analysis indicated the following facts not revealed by

correlation analysis;
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1. Whether the relationships were linear or curvilinear.

2. The nature of the curvilinear relationship between yieclds and
income,

3. The approximate rates of change for this curvilinear relationship
at different levels of yields.

The correlation analysis indieated the following fact not revealed by
tabular analysis: :

1. The exact ameount of the relationship.

INTERSERIAL RELATIONSHIPS ~

One of the troublesome problems of analyzing relationships\arises
when there are interrelationships among independent varighley. Such
interrelationships are called interserial relationships. Fhere was a
moderate amount of interserial relationship between sige\and yields of
New York farms. \:

TABULAR ANALYSIS <

This interrelationship cannot be detected Nt table 8 because only
the average incomos are given. The assumjj’r,ion was made that large
farms were always the same size regafiless of yields, and good yiclds
were equally good regardless of size. GoliSequently, the numerical meas-
ures of size and yields werc not giyént An interrelationship between size
and yields can be seon in either & two-way or a one-way table, provided
that averages for the in dependén‘t variables are given.

For the two-way clas@ﬁ’catiun, the detailed information was given
in table 4, top. From .t}%se’data, an interrelationship might be suspected
for two reasons; N

1. Numbers of fartns in the subgroups indicate that a larger propor-
tion of yields were'poor when farms were small than when large. These
proportions \\{buld be

N\ 139
Sn?ﬁf@%mﬁ m—+§ =045 Large farms: ml-k%l- g6 = 0.35
r}:\lli%\indjcates that yields are poorer on small than on large farms.
}12. The average units for size indicate that, among all large farms,
those with poor yields were smaller than those with good yields (eom-
pare 480.0 with 573.0}.

Interrelationships are probably most easily detected in onc-way
tables. The average sizes and yields for one-way classifications by size
and yield are given in table 4, bottom. Yiclds were higher on large than
on small farms (corapare 98.4 and 93.0). Likewise, farms with good

yields were larger than those with poor yiclds (compare 334.3 with
284.1). :
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TABLE 4. —DETAILED INFORMATION IN TWO-WAY AND ONE-WAY
TABLES NIHCESSARY TO DETECT INTERSERIAL RELATIONSHIPS

RevarioN oF S17E aN» YIELDS 10 INcoME oN 907 New York Farms, 1027

c  Average units for
rap .\ |
Tuo-way table Bize (;g farm yields Number ——————— Income
3 X, of farms Bize | Yields X
X X
Small poor 139 | 147:5 | 67.6 | $— 110a_
” medium 83 155.9 1 08.8 + 3l
" good 84 150.% | 120.1 | <+ .\‘ZQ2
e SN
Medium poer 112 277.0 ) ¥3.5 | N 238
" mediam o7 273.1 1 D9 ¥4+ 158
” good o8 | 275.1) 126> + 500
RN, '
Large poor 100 D 4800NNVI2.8 |+ 600
" . medium 102 5375 100.0 + T
” goud 80 | 6730 | 125.8 | -+1,261
K® |
Small — | se&M10.6| 83.0 | —
One-way tables | Medium — | 8077 |275.1) 98.4 —
TLarge — Jowe2e2 528.4 | 98.4 —
— poor S| 852 |2sa1| TIO | —
— migdium 284 333.0 | 99.3 —
— ~good o7l ]234.3|126.9 —
73 [
\\ o

When interserial ag:c;biaiat-ion is present, independent variables are not
held entirely consthitt in a two-way or higher-order table. For example,
when farms “,R,T'Q\Ia.rgc, an improvement in yiclds from poor to good
raised inconjefrom $600 to 81,261 (table 4,.top). However, this inerease
was due 11'531; only to an increase in yields but also partly to an increase
in sizgc Size was not held constant; in fact, it increased from 480.0 to
5780\ table 4, top). : '

THe rates of change in income by tabular analysis, which were 32:15
PET unit of size and $7.37 per point vf crop index, were calcnlated with
the assumption that in a two-way table the effects of independ{.::ft.
variablos are held constant. When interrelationships arc present, this
i not cp tirely true. In such cases, net rates of echange may be more
aceurately caleulated by a different procedure, 58 follows: ;

L. From simple averages, the differences in size, ylelf]s, and income
resulting from increasing size from small to large and yields from poor .
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to good were caleulated. These averages and differences were caleulated
from table 4, top, and set down in an orderly mannoer as follows:

INDEPENDENT VARIABLES SIMUPLE AVERAGES AND [MFPFERENCES

Bize of farm Size Yields Treome

Small. ... e 151.3 U8 5 $4 41

Large. ... oo 30,2 ol 5 +857

DIfEIOnee. . . ..o vt +378.9 + 1.0 $+516
Crop yields ~

Poor........ e 301.5 712 243

GOO . ot v r e e 332.9 127.0 ()" +654

SR, N\ J—

Liifference. . ....oovve i innnnnnins + 31.4 + 55.8 - +411

P
L

2, Bach group of differences was sct in equation fmm as follows:
~N
Differene fny ¢ Net rate of change in Differeneciny £ Not ghigd of chitnge in Trifierence in
alze ) ineare per wnil + yields ) gt per polat ) = ingome
of size \ Wof wields 91

+378.9b, + 1.0bs O - 1818
+ 81.4b, +55.8bs N — 1411

"

Az

3. These eguations woere solved Csu'_nui’cam ously for the values of b
and by, the net rates of change Mt 8

The net rate of change due *Lo size was +$2.14; and that due to
viclds, 4-$6.18. -

.QO:RRELATION ANALYsIs

The procedure in eofrdlation analysis is the same regardless of whether
interserial relatiunsﬁips are present. The regression cqualion given in
table 3, bot-t-ong, $hows the net effects of size and yiclds on income.

\"i O COMPARTSON

1When \1terrvlat10nsh1pq are present, the subgrouping of the tabular

m‘hud fails to hold constant the effcots of independent variahles.
F“\fth(‘? analysis of averages ix then necessary to determine the real net

écts. On the other hand, correlation analysis indicates the net effect
equally well whether or not these interrelationships are present.

The rates of change in income with size were remarkably similar by
all methods (table 5). The first rate of change with yield by the tabla-
tion method was $7.37, compared with $6.17 by correlation. However,
the sccond rate of chunge, $6.16, dotermined from the averages with

the aid of simultaneous equations, was practically the same as that
from eorrclation.

1 A suitable method for solving these equations is given in table 2, page 147
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TABLE 5—NET RATES OF CHANGE BY TABULATION AND CORRELA-
TION METHODS - '

RenATION OF BizE AND YiRLD T0 IncoME oN 007 New York Farwms, 1927

Moethod Eftect of size Effect of yield
Tabulation
Simple averages only. ... oLl $2.15 $7.37
Simultancous equations. ... ... 2.4 6.16
Correlation. . ... ... ... et 212 6.17
~

MULTIPLE RELATIONSHIPS, FOUR VARIABLES - ()

TABULAR ANALYSIS . O :
The 907 farms were elassified and subclassified by size, X, ields, X,
and efficiency, X, With 907 farms and 27 subgroupsjsome persons
might assume that each group would contain about8Qiarms. The exact
distribution ix shown in table 6. It is obvious tht averages for six of
the subgroups with 0, 0, 1, 6, 6, and & farmso’r@pcetwely{ “i_(_)uld aeither
be lacking or be based on insufficient datad This greatly limits the use-
TABLE 6.~ DISTRIBUTION OF THE{I&{T‘MBER OF FARMS CLASSIFIED
AND SUBCLASSIFIED ACCORDING.TO THREE INDEPENDENT VARI-
ABLIES WITH TI—TREE GROUPS EACH

8178, Crov Yierpg, avp LapéehErrrcEncy, 907 New York EARMS, 1927
T T @O e et
’\\’" Labor efficiency, X«
Size of farm Crop¥iclds
s \ \X s Low Medium High
— 4 ,\\ “.‘
{ \ ) Number Nagmber Number
O ' of farms of farms aof farms
i o 0" 40 0
»S{m:’;}} poor 09 2 o
\ ) medium 62 . » .
" good a0 - .
Medium poor B | 54 gg
i medium 19 i‘f . >
i good 27 .
i 76
La«tge poor B é? . . e
" medium 6 a7
” el 6 36 .
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fulness of the three-way table of averages that might be constructed.
For example, the effect of high over medium efficiency on small farms
could not be observed.

The uncqual distribution of farms in table 6 was due to a marked
interrelationship between size of farm and labor cfficiency. Most small
farms had low ‘cfficiency; and most large farms, high cflicieney. The
diffieulty of unequal distribution arises whenever such interrelationships
are present. This difficulty limits the applicability of tabular analysis
to multiple relationships involving three or more independent variables.
The difficulty may usually he overcome in one of two ways: N\

1. Increasing the total number of obzervations.

2. Deercasing the number of classes for cach 1ndependent‘var1able,
that is, increasing the size of the subgroups. \

In the income problem, the second method was usedy Fen each of the
three independent variables, the farms were div ldE({Lﬂt(} two approxi-
mately equal groups as follows;

Bize oF Farm, X Cror YIELDS, X;{,\\' Errrcieney, X
Small poor ”'x\“ low
Large good/ ™\ high

This reduced the number of subgr{iilpé from 27 to 8, and increased the
numhber of farms™ in the sma.]ls%‘b group from () to 45.

The average incomes werg.obtained for the cight subgroups (table 7).

With size and crop yiglds held constant, incomes were related to
efficiency. The net eﬁbf efficieney may be cbserved by comparing
the corresponding jncomes in the two columns of table 7. On small
farms with poor yields, incomes rose from —$119 to $384 with inereasing
efficiency. Similarly, when size and crop yields were held constant at
other levels,\m ormes also rose with increasing efficiency.

With siwe“and efficiency held constant, incomes were related to erop
yields, The net effect of yiclds may be obsewed by comparing the first
Wlth\the second and the third with the fourth rows of table 7. On small

fatris with low efficiency, incomes increased from —$119 to +3101 a8
erop yields improved.

12 The numbers of farms in subgroups, which were still unequally divided, were a8
follows:

Brze Farm Crop YIELDS Lasor ErrFrciency, X
Xz Xy Low High
“Small poor 181 49
7 good 166 46
'Lﬂ.rge ) pocr 45 173
r

good 08 179
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TABLE 7.-—RESULTS OF TABULATION AND COBRELATION ANALYSIS
OF A MULTIPLE RELATIONSHIP INVOLVING FOUR VARIABLES -

RELATION OF B517E or FarMm, CroP YIELDS, aND Lasor Errrcizvcy to INcome
oN 907 New Yorx Farws, 1027

Tabdation analysis*

Labor efficiency, X,
Size of farm : Crop yields
X X
! ¢ Low ~ High
) Ineome, Xy TIncome, 3 W
Smail poor $-119 . § 1384
" good L1061 AP 361
. ‘al
Large poor —271 5 g" 4+ 592
” good +239 {\ +1,189
Correlation analysis :'\\'
_ &
— — . N

Ceefficient, of multiple correlation, R g2 = 0,53 : >
Coeflicient of determination, RS ., = 0.28, o3 . .
Regression cquation, X; = +$1.32X» 5 §6085X; 4 $2.95X — § /308
Partial coefficients, 712,56 = 0.25; 715,245 0. 20; 1093 = 0.25.

Beta coofficients, gie s = 0.27; f1e.24 00.18; Braza = 0. 27,

*Calculated from data givegri?} Appendix I

With crop yields arﬁ\efﬁciency held eonstant, size was related to
income. The net, efidet of size may be observed by comparing the first
with the third afd the sceond with the fourth rows of table 7. When
vields were pQé} and efficiency low, Jarge farms lost more, —5271:_*3115“1
small farmi™2 5119, However, when yields were.good and efficiency
high, large. Tarms returned more income, +$1,139,.than 'S_In&H farms,
+83610With other combinations of yiclds end- efficiency, SRCOMES 0SS
“{ﬁ-.}‘l;size of farm. : .

Some of the independent variables were JoI
with other independent variables. For example,

45 follows: .
Large Small)_ _ (Eﬁe‘act)
farms/  \farms of size

$_ 271 — (§ ~119) = $-162

ntly related to income
the effect of size varied

i

232 — 101 = +131
592 — 384 = +208
~ 4778

1,139 - 361
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The effeet of size, which varied from —$152 to +%778, depended on
the combination of yields and efficiency (tablc 8). In other words, size
was related to income jointly with some other factors.

TABLE 8 —LFFECTS OF SIZE OI' FARM ON IN-
COME WITH TIIE EFFECTS O OTHELR
VARIABLES HELD COXNSTANT

DirrerENCES 1IN Grour INcomes®*

Efficiency Crop vields . ])1ﬁ‘e1‘elfu:c:-: in ~
X, X, 111(,:011'19, Xy, due to
size of farm, X, N
O\
NS ¢
Luw poor F-152 3 Dy
N good +130,
N
High . poor +'2§}8
” good 2778
. 7R
Average or additive effects of size '\ Vo421
P

N\,

* Caleulated from averages in t:a.b'lc 7, puge 279, or data
in Appendix T). .~.’: »

The net elfect of yiclds, wliiji'.-'h' varied from —823 to +8517, was
probably jointly related with\some other factor (tuble 9, left). The net
effect of cfliciency, whichgraricd from +$260 to 48907, also indicated
the presence of joint relationship.

The average net effects of size, 48241, may be obtained by averaging
the four differencédan income due Lo size (table 8). This average effect
is merely the différence botween incomes on the half of the farms that
were smallerand the half of the farms that were larger, with the effects
of the other variables held constant. The average effect may also be
cal]efi'jt'he “additive” effect of size on income. Stated another way, the
chafige in size “added on the average’ $241 to incomes.

S Similarly, the average nef effect or “additive” effect of good over
poor yields was +$312; and of high over low eficicney, + 8633 (table 9).
The size of the average offects, +$241, +$312, and +$%633, indicates
_t.hc relative importance of the thiee factors in determining income.
However, these average effects are chiefly valuable for further analysis.

The net rate of ehange in income with size of farm may be obtained
by dividing the average effect of large over small size, +§241, by the
corresponding amount of increase in size, 217 units (table 10). The
net rate of change was $1.11 (241 + 217.1 = 1.11). That is, with
efficieney and crop yields held constant, incomes rose $1.11 for cach
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9—1iFFECTS OF (o) YIELDS AND (b) EFFICTENCY WHEN EF-

$7.86 (312 + 39.7

7.86); and Wlthefﬁmency, $5.43 (633.+ 1165 =

5.43). These rates of ChaJlge m]ght be a,rranged in an equation as follows:

X:=1 llX,; + h 86X3 + 5. 43X4+ Constant

These rates of r'hanga\\&nd “ave

They are especially yséful when the relatio

- when relationshjpsCare joint, av
inade quate. y \ -

W

TABLk. % —SUPPLEMENTARY

rage effects’” arc always interesting.
nships are ‘additive. However,
erage rates oOF . a,vcrage effects are

INFORMATION NECESSARY TO

o281

N\

TABLT. 9
FECTS OF OTHER VARIABLES ARE HELD CONSTANT*
(a) Tffects of yields with Xsand X | (b) Effects of efficiency With X, and X, .
held constant held constant
" Sigeof farm Lifficiency | Differences in | Siscof  Crop yields | Differences in
X X income, X1, | farm, Xz X ineome, Xy,
due to yields - | due to efficieney -
Small Jow § 4220 Small ‘poor § 4503
" high — 23 ’* good- + 266
2 AN
Large low +503 Large poor P 37363
" high 4547 " _- good: N 907
Average or additive ef- Average oF a»ddlt,nje‘}f-
feots of yields +312 fects of efﬁciencY ’ +633
* Oalculatcd from avcrages in table 7, page 279, 0 aﬁ in Appendlx D.
unit inerease in size. The net rate of chah.ge in income with yields was

e nEd
QN OBRTAIN RATES OF CHAN GE
.\~ N
& \ L - . .
\ ) Differences in | l Differences in ] ‘-ld D:ifn:::r;:::n
Efficténey  Crop ! units from Gize [Eificiency | units fromOd S;:e Yl; ‘ 4 it
X vields | omnall to large | Xz Xa poar fo B (X . e
Xa farms ) ) yields . i
o —_—
' 95.9
Low poor 194.2 Small low 45.1 Sl.?‘all zsg; B
N kood 196.2 ” high 40.2
; 130.0
High “paor 205.6 Largo low 34.9 La'x;ge 2002:1 P
) good 272.4 " high 38.4
. i nee 116.5
Aversge difference 217.1 Average difference 30.7 Average d.\_ffere ce

* Calouluted from data given in Appendiz D’
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The average cffeet of size was +$241 {table 8). However, the effect
of size with different combinations of yields and efficieney varied from
—~$152 to --8778. The four individual differcnces are more deseriptive
and probably more useful in describing the relation of size to income
than is the average offcet 4-3241.

Likewise, rates of change based on the four individual differences
are probably more useful than the rale based on the average, $1.11.
When efficiency was low and yields poor, the cffect of size, —§152,
-aceompanicd an increase of 194.2 umits in size. The average ratg of
change was —$0.78 (-152+ 194.2 = -0.78). Likewixe, when c&ﬁ-
ciency was high and yields were good, the rate of change wak % $2.86
{4778 + 272.4 = 42.86). Since these two rates of changfyvere very
different, the average rate, +$1.11, has little signiﬁ(-an;w:}"'l"}m AVOrage
riates of change with cfficlency and yields are likewixe ifrfau:léquule.

The tables give no clue fo the closencss of tll,(r}(ﬂationsl]ipa or to

whether the relationships are linear or curvilinear\"”

' ' ANY;
CORRELATION ANA‘]..:{‘SRS

Therc is 1o question but that amwltiple relationship existed,
Ry 24 = 0.53 (table 7, bottom). Furthéxmore, each independent variable
was positively related to income. ThI® is shown by the positive signs of
the three regression coefﬁcien§s:'.:'1’he rates of change were $1.32 for
size, $6.85 for yields, and $285 Tor efficiency.

The multiple correlationfinalysis gives a definite indication of the
closeness of the rel tionship, R?,, = 0.28. The partial correlation
coefficients indicate t-él;}t- there was a relationship between income and
cach iﬂdeptﬁndent\‘\iariable after the effects of the other independent
- variables had ben considered. The beta coefficients indicate the relative
importance ef.the size, yields, and efficiency in determining income.
Size ..&nd\ Qﬁ%ciency were about equally important, and both were more
importdgt than yields.

L With correlation, the assumption is made that the relationships are
Iingar and it is not revealed whether they are curvilincar. With 907
farms, eurvilinear methods of correlation would involve an chormous
amount of work, With correlation, it is also usually assumed that the
effect of one independent variable has no relation to the cffects of the
other independent variables. All relationships arc assumed to be addi-
tive, and it is not learned whether they are joint.

COMPARISON
Both methods indicate:

1. 'The existence of relationships between each independent variable
and income. -




ADDITIVE AND JOINT RELATIONSHIPS 283

2 Whether these average relationships were positive or negative.
3. The relative importance of each independent variable in determin-
ing income. 2 :

4. The average rates of change in income with changes in each -
independent, variable. - . : o
Tabular analysis indicated the following fact not revealed by cor-
relation analysis: whether the effects of each independent variable on
income varied with different combinations of the other two independent
variables; in other words, whether each factor was related to incgtile :
jointly with some other factor.t® : -
Correlation analysis indicated the following facts not reyealed by
tabular analysis: OO :
1. The exact amount of the multiple relationship be‘gwggﬁ the inde-

pendent variables and the ineome. . Ko \ &
2. The amount of relationship between each in@eﬁendcnt variahle
and income, in addition to the effeets of the'other’ independent variables.
Neither correlation nor tabulation .a-na:ly;%' revealed whether the
relationships were linear or curvilinear. Fortabular analysis, there were
not enough observations; and for corrdation, there werc {00 many.

ADDITIVE AND JOINT RELATIONSHIPS

Joint relationships are an “mportant problem that _Pas 1ot been
adequately treated by either method of analyzing rE_IatlonSh'lPS‘ 'Fhe
following dizeussion d\g@‘lg’with the further analysis of joint relationships.

Q - TABULAR ANALYSIS

Rei&tionsh'ﬁos'shown by tabular analysis may be classified as e1t‘her
~ Joint or ‘N{d}h\c Additive relationships are merely average relationships. _
The @dﬂ},i ve offeets of large over small farms were +$241; of good over
pooiyiclds, +$312; and of high over low efficiency, +$633 (tables 8
D). | g L
Joint relationships concern the variability in the _f;}ffect of an inde-
pendent variable on income with different combinations of the _cutl.mr.
independent variables. Stated anotber way, the problem of analyzing
joint relationships is to measure whethet and how the effect of one
independent variable on the dependent changes with different values

of the other independent variables,
: Tevel, the
18 Correlation analysis holds independent varishles constant et one Jevel

?,,.emg ¢. Tabulr anlysis bolds the indcpendent variables constant at fwo (or more)
evels, '
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Joint Effect of Size and Efficiency on Income

Since size of larm, Xs, was probably most jointly related with other
factors, the differences due to X; were chosen for detailed analysis
(table 11). The first threc columns in table 11 arc identical to table 8.
TIn the fourth column, the differcnces in income, Xy, due o size of
farm, X,, are comparcd for low and high labor efficiency, Xy IFor the
first two differences in the third column, labor efficiency was low; and
for the last two, high. The conditions for the first first difference, —-$152,
 were the same as for the third first difference, +$208, except for Jabor
efficiency. Similarly, the second first difference, in the third gelumn,
+8$131, was comparable to the fourth, +$778. The first, 'dinerenee,
—$152, for low efficiency was subtracted from the compatable first
differcnce, +$208, for high cfficiency. The resulting dificrence in fivst
" differences, 43360, was called a second differencg die to size of farm,
X,, and labor efficiency, X, (fourth column, table 1. The other second
difference in income duc to size and efficiency 3 $647, was calculated
- gimilarly from the other two firat dii"fnren(;@{x {778 — 131 = 647).
TABLE 11.—ANALYSIS OF TOIﬁT RELATIONSHIPS

WITH SECOND PRIFFERENCES

Srcowp DirrerENcEs MEasuming rRE Joint Errser
oF Srzs axp Eeprciency oN INcoMEs

Efficiency  Crop yields ?\ First difference® in | Seeond differcnees
X, Xq\< income, X1, due to due to size, X,
\ size of farm, X: and cfficieney, X
PN\
Low Y poor $-152 [7..... % 4360
Lh 4
\:.\ 4 good +131
H'ié«h poar L9208 co. AT
'\f" T good 4778
N/ Additive effect of size +241
Joint effect of size and efficiency +604
* Table 8.

The second differences measure the extent to which the effect of
size of farm is different for high and low efficiency. The average second
difference was +8$504. Size of farm increased income $504 more when
~ efficiency was high than when low. Another interpretation would be
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that efficiency increased income $504 more when farms were large than
when they were small. Either interpretation weuld be correct. Regard-
less of its interprotation, the average second difference-is a measure of
joint relationship between size and efficiency. '

Joint Effect of Size and Yields on Income

Second differences due to size, Xs, and yields, Xy, were calculated by
subtracting the first differences due to yields when farms were smail
from the corresponding first differences duc to yields when {arms were
large. These second differences averaged +§427 (table 12). When grop
yields were good, size of farm inereased incomes $427 more tha\rtyhen
erops were poor. This indicates a joint relation of size andwyaclds to
income. The average second diffcrence, +$427, is a megsitfe of the
amount of this joint relationship. ' "

7

...\" .
TABLE 12—ANALYSIS OF JOINT RELATIONSHIPS
’ WITH SECOND DIFFER_E}@ES '

N\

” {

Secony DiFrErENcEs MEasurING THE Jomtd EFrEcTs OF YIELDS
4N FFFICIENCT AND OF YIELDS MNDB S1zE oN INCOME

o wN " Becond differences in income, X,
First rliﬁ'ere:ﬁt’}m’* due to
Size of farm  BEfficiency - \ %
X, X, in mcqr}-se., 1y
due payields, Xs | Yields, Xs and | Yields, X, and
2\ effeiency, X4 sime, Xz
i\
N\
Srall lmy' N\ $ 1220 ] §-243 . F 283
" bigh ™ -2 "
o\ . 570
Large '..\’;,\low +503 :| + 44
? \,§~ ’ high +547 B
Addi:tiij&.(;i’fe(:m of yiclds +312
-J}mt effects of yields and efficiency —100
+427

Joint effects of yields and size

* Table 9, left.

Joint Effect of YVields and Efficiency on Income
lds and officiency on incomes was —$100

The joint effcct of yie . ;
y was high, the improvement

(table 12). In other words, when efficienc
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from poor to good yiclds raised incomes 8100 less than when efficiency
was low. However, it is doubtful whether this second difference is large
enough to be significant.
TAELE 12—ANALYSIS OF JOINT RELATIONSHIPS
WITH THIRD DIFFERENCE

Tamp DirresENce MEssuriNG THE Joint EFFrcT OF Sian, YIELDS,
AND FFFICIENCY ON INCOME

Second differ- enl(‘l:fﬁ _(Tllli‘?gg
. s First differcnees® | cnees in income, o 183 !
Bize of furm  Iifficiency . . X, dueNo
X X in income, X, Xy, due to ieldst ){\i offi-
: y due to yields, Xz | yields, Xg and | 2 A
efficiency, X c1ezu>y, 4, AT
! A JRze, X
Small low $ +220 ~.;\{
" high — 23 ]3—243 ’ )
) \\ \ L4287
L AN
a.,r,ge lc.w +503 R 44
high +547 'S
Additive effects of yields +312 _°
Joint effects of yields and cfficiencys] :’. - —100
Joint effects of yiclds, etﬁciqr;@y,\and gize 41287
™
* Table 9, left. N D

Joint Eﬁﬂ'éét of Size, Yields, and Efficiency on Income

Sometimed,phere are joint relationships among threc or more inde-
pendent_and the dependent variables. The joint offect of size, yields,
and efﬁf:ieﬂcy is measured by the third difference due to those three
vatjables. The third difference in, income can be caleulated from the
secpid differences in the same wafr that the second were obtained from
the first differences.* Third differences due to size, yields, and efficiency

4 Kach of the three average second differences shown in tables 11 and 12 could
- have been caleulated in another way., Tor example, in table 11, the differences in
income duc bo size of farm, X5, were calculated first; and then the differences in these
differences due te efficiency, X4, were obtained. These second diffcrences could have
been obtained by considering size and cfficiency in the reverse order, beginning with
first d_iﬁer?ﬂc-es_due ta efficicney in table 9, right. The second difference would be
exactly the same, regardiess of whether size or efficiency was considered first.
Likewise, the third difference, +8287, obtained in table 13 eould have becn calcu-
Tated six different ways, depending on the order in which threc independent variables
were congidered.
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were caleulated from sccond difierences due to Xs and X, (table 13). |
The second difference for small farms, —8$243, was subtraeted from

the sccond difference for large farms, -+$44. The resulting third differ- . . .

ence, 43287, moeasures the joint effect of size, yields, and. cfiiciency.
The third difference, +$287, measures the effect of size on the effect
of eflicicney on Lhe effect of yiclds on income. When [arms were large,
inereased labor efficiency increascd the effect of yields on income $287
more than when farms were small. : )
This third difference, +$287, also measures the effect of yields on the
effcct of size on the effect of efficiency on X1, When yields wore good,\-

size of [arm inercased the effect of efficicney $287 miore than when yidlds - '

WCre Poot. o

A third difference may be interpreted as any one of six(different
vombinations of effects on effects on cffects. All six interpretations
would be cqually corrcet and equally confusing. Thej cholee of the
interpretation depends on the student’s interest. The third difference,
+ %287, is a single number which expresses a compheated three-way
joint relationship. Its simplicity is limited by theeapacity of the human
‘mind to coneeive of such relationships. \

Summary of Additive andJ. vint Relationships

Al {he possible additive and joint‘.}'el.:a.tionships in a three-way table
have now heen examined. Addibive relationships were measured by
average first dilferences; andsoint relationships, by average second and
third differences. A summdcy of these measures may give some idea
as to which relationshi sﬂ{vei’e most important (table 14).

However, the firgh, sécond, and third differences are not directly
comparable. The ﬁﬁst difference, +$241, due to gize of farm i.s not,
direeily comparhble to the second difference, +$427, due to size of
farm and qropyyiclds (table 14). Additive and joint effects may be com-
parced dirgé[ﬂjr by converting the differcnces into effects on average
incomex N'he additive effect of large over average-sized farms, +$121
is_onéhalf the effect of large over small farms, $241. The joint effect
of\larze over average-sized farms and good over average yields, $107,
is only one-fourth of the second difference, $427. The first fo thc. third
differences were divided by 2, 4, and &, ‘-respcctive]y,_to obtain the
effeets on average income. The inconsistency in the divisor was neces-
sitated by the peculiaritics of the successive differenecs m'et.hod..

The relative importance of the additive re]ationsl{q;)., size 10 1NCOINE,
and the joint relationships, size and yields to ineome, is in the proportion
of §121 to 8107, not $241 to $427. '

Labor efficiency had-the greatest aGd
followed by yiclds, 48156, and size of farm,

additive effect on income; 44317,
+$121. The additive
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TABLE 14 —SUMMARY OF ADDITIVE AND JOIXT RELATTONSHIPS
FROM THREE-WAY TABULAR ANALYSIS

RELATIONSHIPS OF SizE oF Famm, CRoP Yisips, aNn Lasor EFviCimNCY

ro IncomE oN 907 NEw Yorx Farws,

1927

Independent variables

Average
difierences

Additive relationships
Size of farm, X,
Crop yields, X3
Labor efficiency, X4

Joind relationships, two-way
Size of farm and erop yields, XXz
Size of farm and efficiency, X:X,
Crop yields and efficiency, XX,

Joint relationships, three-way
Bizc of farm, crop yields, and efli-
cienecy, XXX,

First differences
$+241
+312
+633

Second differences
+427
+504
—100
Third differenctn]
\ ;
+287

Fiffect on Listimated
averige degree of
income* | relationshipt
3 +121 Markdd\
+ 156 Marked
+317 Marked
v\
+1 (45; 1 Marked
{126 Marked
~”}25 Doubtful
+ 36 Doubtful

—1

* The first, diffcrences are twice the devmmm f rom the average; second differences
bused on first differences were four tlmesthe deviation from the average; and the

third diffcrenees, eight times.

1 The amount of the difference due to random fiuctuation was not studied af this
point. If was arbitrarily deudec\ﬂmt when effecls were $100 or more, the relation-
ghipe were “marked”; when $80 %o $100, “definite’; $20 to 330, “doubtiul”; and less

than %20, *
come will be discussed O, page 386,

A\

none.”” A cute}k{}r of reliability of differences based on variability in in-

effects of efficipney, yields, and size were great enough to be considered

marked, )"

Among\t\he two-way joint relationships, two were marked and the
thlrd Was doubtful. The largest joint cffect, +$126, indicated that.
l{r;he: size: of farm or labor efficiency 1110roaqod income more when the
obher was large than when small. Likewise, size of farm and erop yiclds
had & definite joint effect in addition to their additive effects. The three-
way joint relationship was doubtful.

Apparently, tho additive effects were somewhat more impertant than

the joint effects.

Rates of Change

The foregoiilg analysis of additive and joint effects is simple and i8 -
satisfactory for most purposes. However, the effects of interserial rela-
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tionships have not been taken into account with this inet-hod: In
caleulating additive and joint rates of change in income, more accurate
results may be obtained by a different procedure as follows:

1. For each subgroup in table 7, income was expressed in terms of
the three independent variables in an equation. -

. Net Tate Net rate I Net, r.s,t.e Net rate’
Fizc of Crop Eih- :
( fi}gm )(deﬁ?ﬂge) +(*’i§gd5)(°fdf£ut%ge) +(=iwCY)(°‘d32“JL ) +‘X‘X3)( OFdT}I?; Fo. ¢
: size : yiclds X efficiency X; and Xa

Net rale Net rate Net rate
e o chanee Yoy o7 chanse Y cnaaxg| RS | +Constant ~Invome -
1t '\ .

Xoand X Xaand X« 7 Ka,and Xy
For small [arms with poor crops and low efficiency, this equatiodSvas

15766, 4 73165 + 125,70 -+ (157.6)(73.1)bus + (157.6)(125:7)bag +
(T3.1)(125.7) by + (1576)(731)(1257) bzag + C=411‘9 o

PP

. N
or, more simply, N\

157.60, + 78.1bs + 12570, 4 11,621bs + 19,\%%0!@; + 9,189bs +

1)‘148,1346234 + C = —119 '\2.

Seven similar equations were made for gl of the other combinations
of size, yields, and efficiency shown ini;{kp"pendix D. _

2. The eight equations werr selyed simultancously for the seven
unknown rates of change and the constant.'® These values were

Additive effect of siz ',‘“ b, = — 5.480

” 7] -”’y"fe;l 5, . bs = —[—16643

” ” \’\eﬂicieney, By, = +18.9%0

Joint cffect.bBize and yields, by = +0.02565

2 M sine and efficiency, by = —0.01456

” .’\"3' 4 yields and cfficlericy, ba = '_0'17221‘
il 9 e, vields, and efficiency, bas = +0.00026223

. ¢= —1,608

18tant
Thxg;’e:"values established the following equation of relatio_nship:

X L - 5480, + 16.643X, + 18.990%: + 0.02865X:X; — 0.01456X X
— 0.17221 XX, + 0.00026223X:X:X, — 1,698

ghowing jeint relationships, the

caningless. They take on

dent variables are held

ffect of size, if the

In this equation, as in any equation 8
mdividual rates of change are practical}y m
meaning only when the levels at which indepen

constant are given. For example, in-studying the e

18 The values of the independent variables needed for this equation are given in

Appendix D, page 433. :

% A suitable method for solving these equations is given, on Page 174,
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“index of yields is assumed to be good, 120, and cflicieney 1s assumed
to be high, 350, the equation simplifiex to

X1 = ~5.480X: + 1,897 + 6,647 + 3.438X, — 5.096X. — 7,233 +
11.014X; — 1,698
X1 = +3.88X, - 287

.On the other hand, if yields are poor, 80, and efficieney is low, 150,
the equation simplifies to

Xy = —5.480X, + 1,331 + 2,840 4 2.202X, — 2.181X, — 2,067 +
3.147X, — 1,698 Q
X, =-223X:+ 415 A\

’lhe net effect of sive, Xy, is different for different levels ofy }\1( ldq and
cfficiency. When efficiency and yields are high, large, ,E"alms returi
mere income than small farms, When efficiency and }’1("1(1‘« dre low, the
" reverse is true. m\

The various additive and joint rclationships arc most easily stucdied by
converting the cquation into terms of dev1at10Qk from the averages of
size, yields, and cfficiency, as follows: ,,\

X1 = —5.480(x + AX) + - + 0. 02865(:::2 + AX) (s + AXy) + -
+ 0.00026223(z: -+ AX,) (xa + AXS) (2, + AXs) — 1,698

Colleeting terms, A\

X1 = —0.5122; 4 6.8506x; £ 5, 62 Lz, 4+ 0.081572sm; + 0.010862:24
— 0.091952z24 + 0. 0(@20223:&&“@4 + 222

This equalion gives ra’a{\of oha.ngo comparable to the additive and joint
effects on average inkome given in table 14. These rates of change are
those which hold for any independent variable or variables when the
remaining indep nd( ni variables are held constant at their averages.
According_te~this equation, the average or additive rate of change in
income \HQ\ Size, Xz, was —80.51 per unit. This indicates that, if yields
and Lﬂic},ency were average, an increase of 1 unit in size would reduce
111;,@111& by 80.51, This change does not hold if yields or efficiency or
k‘@i;h change simultaneously with size. For example, if efliciency, Xy
wore held constant at its average, and size increased 50 units above
average, and yields increased 10 points above average, income would
increase $84. The increase roight be allocated to the additive and joint
effcets as follows:'7

- 17 The validity of subdividing the total effcet into various additive and joint effecta
is questionable. The edditive effect of size, —$25.80, iz that which would have held
for & change of 50 units in sive with yields and efficiency held constant. However,
yields were not held eonstant. Many persons prefer to consider $84 the juint affect
of size and yields. With such a {crminology, cficets may be either joint or additive,
but not partly hoth,



ADDITIVE AND JOINT RELATIONSHPS ~ 201 -

Additive effect of size, X2 =$—-25.60 {60 X —0.512 = —25.60)
Additive offect of vields, X; = -+68.56 (10X +6.856 — 1-68.56)

Juint effect of size and yields,
X:and A, = +40.79 (_50 X 10 %X 40.08157 = +40.79)
Total +83.75 . -

However, the total effect of size would not be —$25.60, but this amount
plus an indeterminate part of the joint cifect, +$40.79. _
Bquations of relationship are often usctul in estimating incomes for
different combinations of independent variables, Either cquations in
terms of actual values or those in terms of deviations can be uscd.
However, those in terms of actual values are the more useful far this
purpose, because deviations need not be caleulated. The det-gar\riﬁn?i-t.ion '
of the estimated income consists of substituting the given\wvalnes of
size, vields, and efficiency in the equation and simplifying and collecting
the resulting terms. The estimated income for sma,ll aprns (200 units),
good vields (125 points), and average efficiency {200 units) would be

caleulated as follows: RN

R 7, | e o
X, = -5ASO(200) + 16.643(125) + 18.990{200) + 0.02865(200 X 125)

_ 0.01456(200 X 200) — 0.17221(128 200) -+ 0.0026223(200.
% 125 < 2000 — 1,698 ‘,,’; -
_ 1,096 + 2,080 + 3,798 + A6 582 - 4,306 + 1,311 - 1,608
Xl = +22‘1 ) ,j:o ». :
CORRELATION ANALYSIS

The usual method o if'a“.ﬁ:zmlyzing multiple relationships by correlation
is to caleulate some “additive’” measure of corrclation, such as the
multiple correlation-coefficient, R, or quch gs the indexes of eurvilinear
multiple correl:si‘r?fon, g, by the Tizekiel or short-cut methods.® When
all l"cla-tionsh'if:; are additive only and not joint, tl_le.se IDeasures are
SatiSfaCtQ‘jP: ‘Howoever, when some relationships -arc Jomt-', the addlt.3ve
measur’g:s are inadequate. The most disturbing factor in colrrelat.-lon
analysls is the analyst’s ignorance of the nature of t..h_e relationships.

fher having ealculated a multiple corrclation CDt_éfﬁClcnjﬂg_t-he analyst- -
still does not know whether relationships are additive or joint.

The multiple correlation coefficient for the relation of size, yields,
"~ and efficiency to income was found te be Ryt = 0.53 (table 15, top).
The partial regression coefficients in the multiple regression .e_quatl_l.lm
indicated the average rates of change in'_incomc_ w.l’rl{ un{t- c}Tanges ]1171
each of the ind[-:fjendent variables. There was nothing in either t1 e
corrclation or regression coefficients which indicated whether the re_:,-
tionships were additive or joint. The ordinary pmc.edure would be 0

15 Discussed on pagesl 217 anc} 230,
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igniore the possibility of joint relationships, unless the analyst has some
logical basis to assume that they exist. In the present example, the
authors knew from the tabular analysis that joint relationships were
present. Tf they had not known his, they might have euessed it from
the many studics in farm management.

TABLE 15—RESULTR OF CORRELATION ANALYSIS OF JOINT
MULTIPLE RELATIONSHIPS INVOLVING FOUR VARTABLLS

RELATION OF Sk oF FasM, X, Cror YIELDS, X5 aND

Lasor Errciency, X, To Ixcowg, X, O
' . . ) AN
Additive anafysis A\ ¢
Coefficient of multiple eorrelation Coeflicient of determinat.ion
B2 =053 Rl = 0 ?8
'Mlﬂtiple regresuion equation \
= +$1.32X, + $6.85X; 4+ $2.95X, — §1,309 O
e\
- Joint analysis _ ¢*¢
Index of joint correlation N Y Coefficient of determination
By 324rlivesr Joing) = 0.61 o 3 p‘;,zuflinear st T 0.38

Multiple regression equation N
In terms of original values of X, X'a, and X

X, = —3585X, + §7.10X A4-$12.08X, + $0.0515X. Xy — $0.0031 XX
— $0.0987.4.X, + BO.H00070X,X X, — 3951

In terms of deviatior{sbfbfh X, and X, from their averages

X, = -f%ﬂ.ﬂﬁxg.\’—f—:%.OSxa + $3.972, + 80.0677222; + $0.00452524
- 30.073;9\m;x, 4 $0.00007925202; + $279

:“\s.

When dhere arc three or more independent variables, correlation
methﬂdﬂ ‘of analyzing joint relationships are very laborious and almost
WE.}’E» ‘impractical. Probably the simplest measure of joint correlation
Iﬂ_ng three independent variables is the mathematical index of
lincar joint correlation.'® This index is caleulated as follows:
1. From the three independent variables, four new independent vari-
ables were calculated to represent all the joint cffects. These were

X; = XX, = Joint cffect of X, and X3

= XX, = Joint effeet of Xy and X,
X:= XXy = Joint offeet of X, and X,
X = Xp XX, = Joint effect of X,, X5, and X,

¥ Described on pages 246 to 250. The work required to caleulate even this simplest
megsure is enormous,
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9. Using all eight variables, the usual Jeast-squares methods®® were
employed to caleulate the multiple correlation eoefficient By ssuos- This
coefficient is really the index of linear joint correlation, £ ssiginear joint)-
The incdex of linear joint corrclation for the relationship of size,
viclds, and cfliclency to income was pisuinesr jomy = 0.61 (table 15,
hottom). The cocfficient of determination, o}y, = 0.38, indicates that
joint relationships explained part of the squared variability in income
not explained by the additive relationships, Bf ;, = 0.28 (table 15, top,.
Two multiple joint regression equations ‘were calenlated (table 15,
bottom). One was in terms of the original values of Xz, X, and X,
This was useful only in estimating the income for a given set of eondi-
tions. The other cquation, which was in terms of deviatiopg from
averages, was useful chiefly lor studying the effect of each independent
variable with the others held eonstant at their a‘vurage.’T}_:lé “equation
indicates that the rates of change for additive and joi}lf;:.éﬂ’eéts were 85

follows: : AN\
ADDITIVE Two-Way JoINT T;mEE—WAY JomNT
X $4+0.06 X, X = $40.0677 (XXX, = § +{1.000079
X, +8.03 XoXa= 4000458 o
X, +3.97 XX = -_0.0’_7'393 o

Numecrous partial correlaiion or bétﬁ. coefhicients could be caleulated
to show the relative importance af-ghe various joint and additive effects
of the three independent variables. : '

£\ COMPARISON

Both tabulation and'correlation methods will show: -

1. Whether joint@dlationships are prosent. However, ta.?)ular analysis
shows this almeb st a glance of the usual averages obtained, Whe?cas
correlation ’igai«éatcs joint relationships only after a very laborious

process. \\ W

* Thewaethod for caleulating multiple correlation coefficients-is given on pages 1%8
t‘lﬂﬁ-\ﬁ'here is one important pitfall away from which the stuc!ent should be stee{;eX .
ge}p"mduct moments and squared standard deviations invul\.fmg X X X ;ﬂ ;
aré’nol, caleulated in cxactly the same manner as if those v?-m:.a,bles were not ?r;v;r
from X, X, and X 4. For example, the squared gtandard deviation of X;is not Lz;]/j };
but rather Zzlx/N. The two quantities are ot the same because AX, about whic
the deviation, m:, is taken, is not the same a8 the produc’o of A?I gvﬁ.ﬂd AXs Ir:ll tdenzm;s3
of original values of X, X, and X, the squared standard deviation of X; would no

he
ol = AXE — (AXy)
but ' _ N
6w AXE - PAXAXX, - FAKAX X + 44K ATATE (AX:pAX
+ (AXPAX: — BAXJHAX) . i
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9. The rate of change in income with unit changes in the independent
" variables.

3. The relative importahce of each additive and joint effect in deter-
mining income.

Tabulation immediately sho“b the following fact not readily indi-
cated by correlation: incomes for various combinations of the indepen-
dent variables. :

- Correlation shows the following faet not indicated ly tabulalion:
the degree of relationship between the independent variables and.@e
dependent variable.

The only comparable measures from tabulation and correlativ ‘analy—
" sis were the rates of change. These were not in completef (apiecment.

The average rates of change were as follows: N
Appirive EFFrers J om%}s‘.ﬁ‘mfrs
Variables Tabulation  Correlotion Variables Faklation Correlation
X $-0.51 §+0.06 XX ,{&—PO.(}SlG % 4+0.0677
X 46.86 48.05 X X7 \ +0.0109 +0.0045
X +5.62 +3.97 XX N —0.0920 —0.0739

X.XXT  40.000262  +0.000079

The digerepancics were due to diﬁele:f:[c’é;: between the averaging methods
of tabulation and correlation analqu

In the equations of 1e1aL1onshlp by the two methods, many of the
above discrepancies seem tﬂ\bo compensating, Tiased on these (‘qu%ttIODm :
estimates of income fok¥atues of the independent variables well within
the range of maost Qf the actual data were as follows:

C \ INcowE ESTIMATED FROM
" ’;.\“ Favarions DEirTRMINED BY
\1 ?owmmﬂmms : Tabulalion® Correlation®
Size, X gz\'\ Yields, X, Efficiency, X, analysis analysis
Small, 200 poor, 80 low, 140 $— 96 $— 51
Small, 200 good, 120 low, 140 +130 +180
Spall, 200 avorage, 100 average, 200 +264 +256
- LaFge, 400 poor, 80 . high, 260 +381 345
Large, 400 good, 120 high, 260 +805 +758

The differences in lhe incomes cstimated by the two methods for the
five ecombinations of independent variables were small, ranging from
88 to §50. For combinations of the independent variables not commonly
existing in this community, the two cquations give widely different
cstimates ol income, as follows:

% Pagc 289. % Page 202,
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Income EgrIMATED FROM
Eguarrong DETERMINED BY

CoOMBINATIONS : Palndation - Correlation
Size, X Yields, Xa Efficiency, X4 anolysis analysis
Very large, 1,000 very poor, 80  verylow, 100  §-— 3,477 892,500
Very large, 1,000 very good, 200 - very high, 400 410,885 +6,922

A combination of very large farms with very poor yiclds and very low
efficicncy is & Very uneommon- OGCUrrence. Both methods gave the
expected negative estimated incomes, but the differenee between the -
two estimates was $977. A combination of very large farms, very gobly
crop yields, and very high efficiency is also an uncommon occuprende.
Both methods gave the expected high positive incomes. Hmyeérér,\ the
differcnce, $3,933, was rather large. Neither cquation of relatienship is
accurate in cstimating incomes on farms with characj;.éﬁétics widely
diffevent from those of the main body of the farms studied.

When rclationships arc jeint, correlation analygis is much more .
laborious than tabular analysis. This is t-rqe\lzegardless of whether .
tabulating and caleulating machines arc «fai)ﬂble. This fact can be
appreciated only by those who have applied both methods. In this
chapter, much more space has been"élefrtjted- to tabulation than to
eorrclation analysis of joint relatiopships. This is not indicative of the
- relative work involved in the t’var(; thethods. Two things must be kept

in mind: N - i -

1. Practically all the wark of tabular analysis was shown in_detaﬂ,
while practically none¢of ‘he extensive and intricate caleulations of
correlation analysisyyere shown. . ' .

2. The tabular-gndlysis was earricd farther than necessary, merely
to show that redults could be obtained which were comparable to the
results of pqﬁr\eiat-ion. For practical purposes, the simpler steps of
tabular analysis are sufficient.

Theis?:h{

~ ¢

involved in correlation analysis of joint relationships 13 80

la,'smriijué that this type of approach is usually ruled out z.ms_imprgctical?le.
of} the analyst, the choice usually lies between zftddntl‘ve corrclamfn
analysis, which does not take info aeco_uut joint relatlonshlp, and tabular

analysis, which does.

SIMPLICITY OF ‘METHODS

From the standpoint of simplicity of _f-hé method of analysis, tabula-

tion has the overwhelming advantage over €0 o .
all the ealeulations are simple, consisting of only a few ad(]:1.t.10ns, divi-
sions, and subtractions of relatively simple numbe%‘s. In' linear corre-
lation, the calculations are long and involved, dgah_ng with numerous

rrelation. In tabulation, - ’
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products, squares, simultaneous equations, square roots, and the like.
Tn curvilinear correlation, the amount of work is still greater. In analyz-
ing joint relationships, the work involved in correlation is tremendous,
- and the advantage of tabular analysis is overwhelming.

Simplicity of method is extremely important for at least two reasons:

1. It means a great saving of time.
. 2. Tt makes possible the analysis of relationships by the great mass
of research workers. The analyst can visualize a simple process, and,
because he understands it, he has confidenee in it and therefore usgi it.

. FLEXIBILITY OF METHODS A\

Tabulation is the more flexible type of analysis. The neslre” of the
. relationship is not sssumed at the outset. For this 1‘eq5;§n‘,’ the nature
‘of the relationship need not be known prior to thf{ afva,iyain With
tabular analysis; the technique is the same w hethm the relationships
are linear or curvilinear, additive or joint. Theévdiscovery of these
characteristics comes in the interpretation aftet the tabulations have
“been made. With correlation analysis, the\téchmqum depend dircetly
on whether the rclationships are lingdovor curvilinear and whether
additive or joint. A differcnt m{,thod \is‘used for each diffcrent type of
relationship. However, the real dlfﬁculty lies in the worker’s ignorance
of the relationship prior to makmg the analysis. For this rcason, the
worker who uses correlationymay make many false starts before finding
the correct method. P\

I\N}M}ERS OF OBSERVATIONS

In dealing w1th a+arge number of observations, tabulation is usually
preferable to eorr(‘latlon because of its simplicity and flexibility. For
small numbers’of observations, the usefulness of both methods is some-
what limited, but tabular analysis becomes less useful than correlation.

Tabular analysis is “wasteful”’ of data. In comparing the group
. yeragcs of a table, the reliability of the comparison is hmited by the
smbllest group. Bince the subgroups in a table are rarely equal, some
information is almost always wasted. On the other hand, correlation
analysis does not “waste” any data. In averaging a relationship, it
makes more efficient use of all the items. In correlation analysis,
nothing is wasted by comparing unequal groups. Average relationships
are approximated by comparing cach item with each other item.

When the number of observations is large, the greatest advantages
lic with the tabular method. When the number of items is small, this
disadvantage of tabulation outweighs all its advantages.
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NON-NUMERICAL VARTABLES

When one or more independent variables: are cxprossed in hon-
numerical terms, relationships cannot be analyzed with the usual
methods of correlation, On the other hand, tabular methods are just.
as simple and effective for non-numerieal as for numerieal independent
variables. '

SIMPLICITY OF RESULTS

From the standpoint of simplicity of presentation and interpretation .
- of the results by the layman, tabulation again has the overwhelmiggy -
advantage. The results of tabulation are usually simple averages widely
understood. The results of corrclation are abstract .correlatiQn‘"n%ef— _
ficients and the equally perplexing concrete rates of change. Tt is true
that a regression equation may be a concisc descﬁption,h‘f “the nature
of the relationship and that a correlation eocfficient ig & ‘toneise meas- .
ure of the degree of relationship. However, suckiLoncise descriptions
are useless to those who do not understand i;h‘qip meaning. The rank
and file of rescarch workers and the laym@ ;?rnderstg,n_d a table but
arc confused by coefficlents. O '
Since relationships are often very chﬁpleX, a large amount of judg-
ment and common gensc is requil-ed.jﬁj $heir analysis and interpretation,
This applies equally well whe{'ihe;'f tabulation or correlation methods
arc used. o ' : )

o

N\ SUMMARY

The rclative useful ‘5g0f tabulation and corrclation analysis lies in
the ad(}q“ﬂl(gy of resultg and the ease \\"ith W'}]jCh those I'_ESlllt-S may be -
obtained, interpydiée, and presented. ' _ -

On the basfzgz of adequacy of results, each _method has its peculiar
advantages@nd disadvantages, as follows: S

1. Sing&\abular analysis makes 10 agsumptions a8 _to the nature of .
relatiofiships, it usually shows relationships as they exist. On. the .other a
ha“nﬂ;\‘lincar correlation methods show gurvilinear _correlat-l_() o :}ncor- '
regtly, and additive correlation methods shiow joint correlation incor-
rectly. i | .
2. When there are marked interrelations
variables, tabular analysis may lead to Somew .
concerning the relative effects of the interrelated Varlfj‘bl.es' th

3. Correlation methods show the degree of association betwees o
independent, and dependent variables, whereas tabular apalysis gives
ho answer to this question. : :

Other types of results, such as direction ‘?f rcla

hips -among independent
hat erroneous conelusions

tionship and rates of
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.change are obtained with about equal accuracy by cither methad,
provided that the correct procedurc has been chosen.

There are greater differences between tabulation and correlation from
the standpoint of the ecasc ol obtaining, interproting, and presenting
the results than from the standpoint of the results themselves. Tabular
* analysis requires much less time than correlation. The results are in
" more simple terms and are more easily understood than the results of
eorrelation. The results of tabulation are usually in a form in which
the layman can understand them. This cannot be saild of the results
of corrclation analysis. O

Tabular anglysis has such important advantages over correlation’that
it is by far the more desirable method when the number of olscFvations
is large. Simplicity of technique and simplicity of interprefation are of
greatest practical importance and explain the almost amiversal accept-
ance of tabular analysis as a tool for scientific 1(,5(.&;11.‘11.’

When the number of observations is small, taliular analysis has an
1mp0rtant defect. The amount of data repres&pted by group averages
i3 too zmall to give reliable results. ¢4

Correlation is merely a substitute for {abulation when the number
of observations is too small to give l(‘llabll'-‘ group averages, Correlation,
like tabulation, is an averaging pm((‘ss Correlation legically applies
to relationships which cannot the studied by tabulation because of
insufficient observations. Itg r(‘af service to the research worker is in
using all the items to rev€dl relationships which otherwise could not
be observed, ¢(\J

The choice of tabu%r or correlation analysis is usually detcrmined
by the quantity ef-data svailable. Ordinarily, the two methods do
‘not compete, ét the dividing Jine, where the data are ncither scanty
NOr NUMCTOUS, the student must make the ¢hoice. The dividing line is
ot dJS‘rler Tt depends on the number of groups in the tabulation, the
dlStl‘lblItxon of the observations, the degree of relationship, the amount
of, meablll’f)’ in the data, intcrrelationships among independent vari-
%bles, whether relations are joint or additive, and the like. When in
doubt, the student might employ both methods. Experience is the best
teacher in sclecting the more suitable method for a problem to which
neither method is unquestionably adapted.

The relative importance of tabulation and correlation methods is
highly distorted in statistical courses and textbooks. Much is said
about correlation, but tabulation scldom receives even passing mention.
One measure of relative importance is the number of studics in which
the two methods were used. Research literature overwhelmingly em-
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phasizes the tabulation approach. Textbooks, howcver, emphasize
correlation, more because of its diffieulty and its mathematical preeision
“than becausc of its importance. Tabulation, as a method of analyzing

relationships, is omitted from textbooks beeause it is so simple, although /-

its simplicity is the chief reason for its importance.
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CHAPTER 16
MEASURES OF RELIABILITY

Many of the doctrines in this world are not truc. Whether a belief
_ ig true or untrue depends partly on the method by which that beligl was
developed. Most persons arrive at a given conviction by theory, (rlm‘rva-
~ tion, or measurement. Of all the doctrines developed by thécyy, only
g small pereentage proves to be true. Of all the things obs@‘rwd a high
pereentage proves to be fact. An even higher proporthn of doctrines
based on measurement proves to be true. §

Since time and expense restrict the applicationof Hu‘af:moment to
an insignificant pereentage of the world’s problefits, observation is man’s
- primary method of determining truths, N\ -

Most accepted beliefs are products of{@eincidences of cvents. The
establishment of truth by (:Oin(':idencg,’ié. tomplicated by man’s ability
to distinguish between usual and apusual, that is, recurring or non-

- recurting coineidenecs. The obsum?gitibn of usual, recurring coincidences

* - ordinarily resulls in convictigfis of which a high pereentage is true.
Superstition develops from Dh\vrva,hon and generalization from unusual
and rarcly recurring coit Sdences. “Coineidenees, in general, are great
stumnbling-blocks in the, way of that class of thinkers who have been
educated to knowynothing of the theory of probabilities.”

The subject Of\btaflRthS concerns measuremeni—{he measurement of
various cha, a¢teristics of phenomena, sueh as central tendeney, disper-
sion, and yelationships. The principles developed by measurement are
more offen torrect than those synthesized by other methods, However,
in the s}lar(,h for truth, perfection is not attained ¢ven in measurement.
Co\umdenc,v is the curse of measurcment as well ag of observation. The
- difference i only in degree,

A fact is what it is for several different reasons. The force or condition
being studied may or may not be one of those reagons, There may be
& coincidence due to chance alone. “ Chance” includes the effects of all
the factors not considered. (f the many factors not considered, some
may operate in such a way that the fact appears to be the result of
‘the force being studied. This is what happens when a coincidence

! The Murders in the Rue Morgue.
300




MEASURES OF RELIABIGITY - . ° - 301

occurs. One of the important problems of measurement, is to determine
how much of the measure is due to the factors under consideration
and how much is due to chance or the factors not considered.

The need for measures of reliability arises from lack of complote
information. One coincidence is almost meaningless. After a few repe-
titions, convictions are formed. If the coincidences become numerous,
the convictions become accepted facts. Part way between the éingle
coincidence and the established fact lies a field of doubt with varying
degrees of uncertainty. Determining the point at which an “apparent’’
fact becomes a “frue” fact is the statistical problem of measuting
reliability. . IR & N

In the measurement of phenomena, information is almest\never
complete. The statistician is forced to work with samples. The collection
and analysis of complete data are almost always physically impossible.
The statistician must use the sample, a small numbed of obscrvaticns,
with which to generalize about a “universe,” all\the ‘possible observa~
tions, ' A :

N

"'\ i . . ’ e
This process of estimating the characteristies of the universe from -

those of a sample is called statistieal induf;tifm ar il_ﬁerénce‘. It is one of K

the most important but most da.ngafqug steps in ctatistical analysis.

Mills likens this step Lo a leap in the dark: I
Because data vary, it is knoﬁﬁ;ﬁ “n advance that the apparent facts

about the universe shown Jigthe sample are pro_babljr not absolutely . |

truc, Measures of reliabilify indicate the range fwithin which the ob-
served and true factg }i‘a&é‘a given probabi!ity of agreement. Conversely,
they also indicate Ghe probability that the. observed and true facts
agree within a gbrtain range. : - '

A sample shonild be representative of the universe whieh 1t‘ describes.
The DTOC@séBf statistical inference is, of course, based on this assump-
tion, ()b‘tﬁiuing a representative sample almost always' meets W"l'th
pragtizal difficulties in the form of biases. A bias i8 some kind of preju-
dicd Gperating in such a way that the sample does not show Fhe 8ame
chéracteristics as the universe. When a sample i biased, the differences -
between sample and universe are not all 'du_e fo .chancelﬂ_uctuatlons.
Bias may be of many types. Tixamples of biases are tendeneles 130_0"@1" :
state yields or understate assessments; 10 interview the more desirable
families, farms, or stores. The degree of bias depends on the degree t0
which the sample is a random selection.
representative sample simmers down 0 3
of selection, :

Approximately random samples, let alone

sufficiently random method

purely random samples, :

The problem of obtaining a - "
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are rarely, if ever, obtained in researeh work. “Random sample” is a
fascinating expression with which statistical theorists love to play. Tt
has relatively little practical significance.
Tf a sample is known to be hiased, correction should be made for the
. hias. If it is not known whether bias is present, thad. bits i=ell beeomes
a chance fluctuation, and there is nothing to do about it except to
conclude that the sample is representative,
Some rescarch workers do not use measures of relinhility, contending
that they are not applicable to their problems. These measwres are not
necessary when no generalizations arce to be made or when thespdsan

. infinite number of observations. The latter condition never exists; and

the former, rarely, Measurement is worthless unless genernligitions are
made from the results. L

Some workers ignorc measures of reliability bocmise St hey assume
that their data include the whole population or unifedse. Measurement
of the whole possible population is almost neveisaecomplished. Data
which seem to include a universe actually uglide only a part of a
larger universe. All the farms in Webster Clounty, Town, are “all the
farms,” “the universe,” “the total population.” They are only a part,
however, of a larger population, Iow‘a,’w'hi(*h, in turn, iz only a part of
a still larger universe, the Corn Belt’. Since Webster County is a popula-
tion in itself, no generalization\¢dncerning Webster County would be
needed. The facts about Webster County would be at hand. However,
the one universe, Wcbster County, would probably be used to generalize
concerning other part{\'df’ Towa or the Corn Belt. In that case, Webster
County is a samplerom a universe or population.

A universe or population is all the things within any presc ribed limits.
Nearly everygroup of data with which the student works 18 ustally
thought\{f:}gg & sample. In anather sense, it is a universe.

Somé workers do not use measurcs of roliability for time series. They
claimithat the Chicago price of No. 3 oats from 1920 to 1940, for ex-
(ample, is a total population and that the measures of rcliability do

Wat apply. In a sense, this period of time is a small sample ol 2 universe,
“gternity,” A population whose individuals arce different units of time
is subjeet to clements of change that are not present among data all
relating to the same period of time, These disturbing clements probably
increase the unreliability of time series. The usual measures of reliability
often overstate the significance of the conclusions drawn [rom time
serics. Another difference in time serics is that the ohservations usually
follow in definite sequence and are sometimes dependent on those
preceding. Whatever the difforences betwcon time series and other
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gamples, the measures of reliability for the latter should also be used
for the former in the absence of more suitable measures.

In the scheme of determining what are facts, measures of reliability
supplement the measures of description. Measures of reliability indicate
the dogree of certainty to be attached to the description.

o)
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CHAPTIR 17
STANDARD ERRORS

‘All things fluctuate from a multiplicity of causes. Some of these
fluctuations are so small that they are not visible to the naked £¥e;
for example, the length of a ruler, which 1s assumed to be fixedy in
-reality varies from time to time. Other fluetuations are \-'r_}l:ﬁ \vi\olent,
for example, size of profits and numbers of bacteria. W M

The degree of variability among observations has l{@'f.ﬁﬂ universally
measured by the standard deviation.! RS

NORMAL FREQUENCY CURVES

The nature of variability is indicated by f -eii&ir'my curves, I'requency
curves tend to bell shapes, indicating azdohcentration of observations
at a central point, with diminishing . fwthbers on cither side. When
the distribution is “normal,” theresaie definite relationships between
the standard deviation and the fr,tzi[ﬁiency curve. A range of one stand-
ard deviation either side of theiincan, the high point on the curve,
includes 68.27 per cent of thed observations. Ranges of two and three
standard deviations include ¥5.45 and 99.73 per cent of the observations,
respectively. Howevcy,\}ost distributions of observations are not 1or-
mal, and these peredntages do not apply. The difference between these
percentages and;t‘l}oée that do apply depends on the degrees of skewness
- and kurtosis."\{'\"

\\ VARIABILITY IN AVERAGES

Up toithis point, only the variability in individual chgervations Las
boert dtudied.t A statistical measure such as the arithmetic mean also
fugtuates. A large body of data, such as a “population,” has only one
arithmetie mean. When it is assumed that 1,000 cases of cggs In New
York City arc a universe or population, the arithmetic mean of the
weights for that population is 40.31 pounds (table 1). However, if the
population is divided into & number of samples, the arithmetic means
of those samples will not be the same as the mean of the population, or

! The standard deviation is sometimes called the standard error of an observation:
2 The standard deviation, $1,245, measured the variability in incomes on individual
farms about the arithmetic mean of incomes, $1,212 (table 6, page 46).

304
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the same as one another. The 1,000 cases of cggs were divided into 20
lote or samples of 60, cases each. The average weights of the 20 lots
ranged from 38.80 to 41.94 pounds (table 1). Only 2 lots (8 and 15)
averaged the same, and no one lot averaged exactly the same as the
whole population of 1,000 cases. : '

TABLE 1.-—THE ST)\NDARD DEVIATION IN A “«POPULATION” AND .
IN IT8 “SAMPLE" MEANS S

Wetenrs oF Fags PER CASE FOR 20 Lors oF 50 Cases EacH

New Yorg Crry, Jawuary 1931 C LN\
Sample | Number | Average ' . 2 O\ ’ :
number of cases weight, pounds Population of mdw‘d';la\l G ,
: Ma = 40313
1 50 41.14 .= gz,Z_?g
2 50 ©47.50 o ;’1'00
3 50 - 39.32 N4
4 50 39.88 N
5 50 39.80 Saﬁmles of 50 cases each
6 50 40.58 A\
7 50 4031 NV  Ma=4031 __
8 50 41.94 AP B 11.2788
9 50 38800 7= 20
10 50 40098 = 0.75 _
1 50 3962 o
12 50 IN39.68 o __
13 50 AN 40,32 Sample 1: 50 individual cases h
14 50 \’\’~ S 40.44 Ma = 41.14 :
15 50, 30.80 . 371 s
0 _ 1,171
16 0 40.42 o= 4§ %5
17 M50 39.72 484
1% /0 50 40.64 :
19 \\ 50 41.32 . —
Vs 40.62 - 1/_%171_
20;.‘\ ‘ B ] 8 KO - 1
SNl ' — 489 N
~Tophl or average 1,000 40.31 o

z . _,_.—_,_,_._.—-—-—'—_‘_'_-_-—_

The variability in the sarple means can be measured by the standard

deviation in thoge means. This standard deviation is caleulated in the
t;on in individual chserva-

same gencral manner as the standard devia
tions.

For individual chservations, For arithmetic means,

s - o/ AT < i TR
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where ¢ = standard deviation in indi- where gy, = standard deviation in arith-
vidual observations. metic means of samples,
X = individual observations. X = arithmetic mesn of 4 sam-
. ple.
AX = average of individual ob- AX = arithmetic mean of all sam-
servalionsa. e,
N = number of observations. N — number of shmples,

To find the standard deviation in the individual observations, the
deviation of the weight of cach of the 1,000 cases from their mean,
40.31 pounds, was calculated and squared. The sum of the 1,000 squased
deviations, 27,457, was divided by the number of individual obsevya-
tions, 1,000. The quotient, 27.457, is the squared standard dosaytion,
and its squarc root, 5.24, is the standard deviation i the {Obpulation
of 1,000 individual eases of cggs. N

To find the standard deviation in the means of the ;2(} samples, the
deviation of cach sample mean from the mean of th?’z??() SAMpLE MCATES,
40.31 pounds, was caleulated and squared. The stuh of the 20 souared
deviations, 11.2788, was divided by 20. Thfuotient, (1564, is Lthe
‘squared standard deviation, and its squm;e'}dél, 0.75, i the standard
deviation in the 20 sample means. O

To distinguish between the standard deviation in observations,
o = 524, and the standard deviaizléri in the means, oy, = 0.73, the
former is commonly called plaingbandard deviation; and the latter, the
standard error of the mean. \

ne.
STANQ}ARD ERROR OF THE MEAN

The standard arnor:of the arithraetic mean has a definite relationship
to the standard d¢%iation. Because of this relationship, the variability
in means can boestimated from the variability in individual observa-
tions. \ D

N\

2 13
™ Opfg = — 7=

whete ¢, is the standard error of the mean, ¢ is the standard deviation
of the population, and N is the number of observations in the samples.
The standard deviation in the sample means was 0.75 by calculation;
and by estimation,
524 524
Trfe = —= = 5o = Ui4

The standard error of the mean, oy, = 0.75 or 0.74, has the samé
relationship to a normal distribution of means that the standard devia-
tion, ¢ = 5.24, has to a normal distribution of individual observations:
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A range of 1 standard error either side of the mean of sample means
includes 68.27 per cent of the sample means. Ranges of 2 and 3 standard
errors include 95.45 and 99.73 per cent, respectively.

There is an important difference between distributions of series of
individual observations and distributions of sample means. Distributions
of individual observations arc rarely near normal. They are usually
either badly skewed or too peaked or flat-topped. They may cven be
U-shaped or J-shaped. On the other hand, distributions of means tend
to normality quite closcly. Even when the distribution of individual
jtems is U-shaped, the distribution of the means of samples from €uc
a series will tend to be normal. o O\

‘Fhe use of the standard deviation in describing distributiong o¥indi-
vidual items is limiled by the failure of such distributions, 0 approxi-
mmate normal curves, Standard errors of the means, o’_m,fca.ﬁ be used to
interpret a distribution of means because these dis@rifnitions are almost
always approximately normal. ’ _

Tf one knew the average weight of the 1',({{;)0. cases of eges, 40.31
pounds, and the standard error of the meafs {of samples with 50 cases
cach, oy, = 0.75, one could predict, withigl certain limits, the weight
of a saraple of 50 cases. About hvo-t-hi;dé;‘ﬁ&% per cent;, of such suanples
would weigh within 0.75 pound 0% the population average weight,
40.31 pounds. This range would\be “from 39.56 to 41.06 pounds {40.31
4 0.75). The probability that any one sample would weigh within this
runge would be 0.6827, or.2 thiances out of 3. Fourtcen of the 20 sample
means of egyg wcighb‘k’\‘ZOt per cent, actually were within this range
{table 1). Likewise the probability that the sample would weigh within
2 standard crrore from the mean, Ma == 204, Would be 0.9545; and
within 8a ., 00073, However, this use of the standard crror is of little
value in pragfical problems becaust:

{a) \Tb%'fveragc weight for the population is rarcly known.

(?))“I'f, the average weight for the population were known, there
wodld be no object in examining samples from that population.

fﬂ) H a sample were examined, its average weight could be determined
" more accurately and easily by direct caleulation from the sample than

by estimation from the population.

GENERALIZING FROM A SAMPLE

The problem of statistical inference 18 generalizing from the sample o
the population. The standard error of the mean is not valuable for
eslimating the mean of the sumple from {he population, but s valuable
in estimating the mean of the population from the sample. The prob-
ability was 0.68 that the mean of a sample of 80 cases of eggs would
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fall within a range of 1 standard error either gide of the population
mean. It follows that the probability is 0.68 that the mean of the
- population would fall within a range of 1 standard error cither side of
the mean of that sample. For cgg weights, 14, or 70 per cent, of thesample
means were within 1 standard crror of the population mean. It follows
that the population mean was within 1 standard error of the means
of 14 samples.

. If a person wished to examine the weights of eggs in the population
of 1,000 cases, he might weigh only the first 50 eases. The average
weight, 41.14 pounds per casc, would be the best estimate of the ayérage
weight of the whole population. However, it would not be anacxactly
correct cstimate. The differcnces which might oceur between Luesmple
and population means and the chances of the differences oreurring
would be indicated by the standard crror of the mca.u."'jalin stumlling-
block here is that onc would not know the standard girer of the mean of
a sample without first having obtained the statidapd deviation of the
population. In the formula oar, = o/+/N, thegtahdard deviation, o, is
for the population rather than for the s nple. The impossibility or
impracticability of calculating ¢ from slie, population is circumvented
by estimating it from the sample as fe,ll'o'\i's:

T (population) f‘f N 1 T {gamnlo)

where o (sample} is the st‘&@dard deviation in the individual observations
in the sample calculafed it the usual manner according to the formula
¢ =vVI(X — AX)PA. The standard error of the mean based on fthe
standard deviatigd;in the observations of a sample® would be ous =
N — L (VW
The gé%ate of the standard deviation of the population from the
san‘lp\lfe;is usually denoted by s and calculated as follows:

N\ N

\V s= VIX — AXE(N = 1).

In terms of this population estimate, the standard error of the meal
8

would be ealculated as follows: o4, =

3

. T i i
F] - fpopulation) N
Since Fuy = " and  Fipopuiation) = 1/ T Cemsio. then %ae =

i‘f N T
N-1 (anmple) _ ¥(pample)

VN TVFST
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The standard doviation of sample 1 of the egg weights was 4.84
pounds (table 1). The standard deviation of the population estimated
from sample 1 was 4.89 pounds (table 1), Bascd on sample 1, the stand-
ard error of the mean was . '

o= — L = — B4 0,69 pound
MeT N1 Vo1 T
or
s 4.8%
Gyge = —— = 222 _ 0.69 pound .
o= N /50 pomn \

If it iz assumed that o, = 0.75 for the populat.ioh, thg.\'eﬁti}:ﬂate
from sample 1, o3a = 0.69, I8 fairly accurate. Of course, in this'particular
example, the estimate is rather useless becauge the “,&,‘t’éf‘rdard error
from the population is known.! However, in most pl-gbil{ﬁﬁs of gampling,
the characteristics of the population are not known)

Knowing only the average weight for sumpléyl and the standard
error of the mean estimated from sample [ MWa = 41.14 pounds and
e, = 0.69, onc can guess the average ford{he population. The chanees
* are 68 out of 100 that the population Gakan lics within a range of 1

*

standard error, 0.69, of the sample mean, 41.14. This range is from 40.45
to 41.83. The chances are :9:3#;»0}}.&v 0% out of 100 that the population
mean lies within a range of 2 statidard errors, 39.76 to 42.52. Actually,
the range of 1 standard error did not include the population mean,
40.31, but a range of 2 &tandard errors did include it. If the student
had deduced that the population mean was within 1 standard error of
the sample mean.,..he'would have been wrong, even though the odds
would have beaiNi8 to 32 in his favor. '

Any estirp@iés" coneerning a population that are made from a sample
can be stated only in terms of probebilities. There is always some
chance of being wrong. When a person states that the population mean
is within 1 standard error of the sample mean, there are 32 chances
quty 6f 100 that he is wrong. As the range of the estimate increases,
thé chances of being wrong decrease. If the population mean is estimated
to be within 3 standard errors of the sample mean, the chances of being
wrong arc less than 1 per cent.

The use of the standard error of the mean is illustrated by the esti-
mation of milk production in Wisconsin, Canvassing the state to obtain
the production of every herd would be impracticable. However, it would
be fairly casy to visit a few herds, say 300. Assume that the 300 herds

iz itself a sample of a larger uni-

4 Strictly speaking, the population, 1,000 cases,
1d be calculated.

- verse. The standard error of the means of samples of 1,000 cagses coul
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.averaged 5,500 pounds of milk per cow, and the standarvd deviation

among these herds was 1,000 pounds. The standard error of the mean
’ Id b _ Lo 1,000 5% pourls per cow. The range of 3
would be NI p 51 R ’ ge 0
standard errors from the mean, 5,500, would be 5,326 to 5,674 pounds.
The chances would be 99.7 out of 100 that production for the state of
Wisconsin was within this range. Likewise, the ¢hanees would be 95.45
out of 100 that the average for Wisconsin was between 5,384 and 5,616,
& range of 2 standard errors either side of the mean, . 00,
These estimates with the accompanying probabilities would begralid
only provided that the assumptions in samphng were fulfilled™ "The
sample of 300 herds must be representative of Wiseonsin glgii‘yt\fal'ms. .

N\

TABLE 2—A COMPARISON OF STAXDARD ERROE’AND
PROBABLE ERROR

at & i

N —
| < )
Amounts | Probability of population mean . Approxin¥te Degrees
of foceurring within range of the| chandes of Jof
error error of sample mean Q’qc rrence prohbahility
- Standard errors R \J
+0.6745 o €. 5000 &N 1to 1 : Equal, fifty-fifty
+1.0000 & 0.6827 3% 2tol | Favorable
+2.0000 & 0.95458 N ‘ 21 ta 1 | High
£3.0000 & 0. 9973 369 to1  Practical certainty
N\
Probable errors ¢ &\J
+1 P.E, _"\h0.5000 ltol | Equal, fifty-fifty
+2 P.E, W) 0.8227 5to1 | Favorable
=3 P.E. PN/ 0. 9570 22t01 . High
+4 P.E. 4 -’ 0.9930 142 to 1 | Practical certainty
=5 P.E. ¢ 0.9993 1,340 to 1 ° Pructical certainty
N 1 —
7N : . -
\\, STANDARD ERROR AND PROBABLE ERROR

A
%Soﬁle statisticians like to think in terms of probable errors rather
than standard errors. A probable error is 0.6745 times the standard
crror. One probable error cither side of the arithmetic mean of the
population includes one-half the means of the samples. There are 50
chances out of 100 that the mean of the population will be within 1
probable error of the sample mean. Likewise, there are 50 chanees that
it will fall outside this range. Roughly, 3 probable crrors equal 2 stand-
ard errors (table 2).

Since probsahle and standard errors have a constant relationship,
their interpretation is essentially the samc. The student may use which-
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ever meagure appeals to him. However, the probable error has been
passing out of general use.

STANDARD ERROR OF THE DIFFERENCE BETWEEN TWO MEANS

The standard error of the difference between two means is very
important. Means, or simple averages, are the most widely used statis-
tical lools. Comparing one average with others is the most common
method of using such averages. The comparison of averages is the basis
of the tabular method of analyzing relationships. A

Comparison of averages is equivalent to observing diffcrences hetween
averages. One of the most bothersome problems of comparison ig whether
. differences ave large encugh to be significant, that is, large gzﬁoﬁgh to be
considered not due to chance. Most persons guess whetlter ‘differences
are significant. Statistical technique has been developed to test aceu-
rately the significance of differcnces. The standard ur"fg} of the difference

between two means is given by O
- . \ 4

2 4

O'ana = '\/{T‘\f'ﬂl +’,ﬂ:$‘;%

where Dy, = difference between M. an and Mas, o, = standard error
of the mean of one series, and oas= Standard error of the mean of a
second series. R ) '

The average viclds of 1wg Yarieties of corn on 10 and on 20 farms
in the same locality were 454 and 54.7 bushels per acre, respectively.
The diffcrence in the, y«iélids was 10.3 bushels. The problem is to test
the likelihood and améunt of the difference between these two varieties
for the whole locality. For this purpose, the standard error of the dif-
ference is nbt{xine?l. Where o2 = 2.69 and o35, = 1.91,

';;}:': A/2.69 + 1.81 = /4,60 = 2.1 bushels of corn

O\

The idterpretation of the standard error of the difference between the -
g micans is the same as for the standard error of the mean. A range of
Petundard error, 2.1, on either side of the actual difference, 10.3 bushels,
would be from 8.2 to 12.4. The probability is 0.68 that the difference
between the yields of the {wo varicties would be hetween 8.2 and 12.4
on all farms in this locality with the same conditions. Likewise, the
probubility is 0.997 that the differcnee lies between 4.0 and 16.6, a
range of 3 standard errors on cither side of the cbserved difference, 10.3.

Another method of interpreting the standard error of the difference
between two means is: _

1. Assume that no difference existed between the two varieties on
all farms in the locality.
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9. Cgleulate the deviation of tho observed difference from zero in
terma of standard errors,

3 The closer the obscrved difference to zevo, that is, the smaller
the deviation in terms of standard errors, the less lHkelibood there s
that a difference did cxist in the two varictics for the whale locality.

The difference, 10.3, for the 30 farms was a deviation of 4.9 standard
errors from zero [(10.3 — 0) + 2.1 = 4.9]. The probability would be very
high that the difference between the two varieties in the whole locality
would be between 0 and 20.6, a range of 4.9 standard errors cilher side
of 10.3 bushels. Stated another way, it would be practically corgain
that some difference did exist between the two variclies throighout
the whole locality. N\

_ The standard error of the difierence may also be calcu[ut&l from the
standard deviations of the two scries. 3

7N
< 3

71 o8 Y
D, = i H v

Ma /t/}\"l‘—l N, <V
where o, and ¢, are the standard d{:\-‘iatiunﬁj&"tho individual observa-
tions in the first and second scrics, respeghively, and Ay and A arc the
numbers of observations in those two éowits. The standard error of the

difference by this method would be_identical to that determined above,
2.1, oy

In the above formula, t-heffﬁt-a:nda.rd deviations of yiclds of both
varieties arc used. Often, Alte two standard deviations are pooled mto
one estimate of the population standard deviation according to the

' following formulas; *\ -

A B .
s, = @/m e Ex>1
\ Ni+ N - 2 L N1+ N, —2

Forztl%éorn-yield problem, the following facts are known:
oolfay = 44.4 Mua, = 547 Dya=103

QY k=10 Ny =20 2 =212 o =363
Iz) = 242 Zal = 726 P = 260 Ghae = 191

The pooled estimate of the standard deviation may be obtained a8
follows:

A B
o/ OX AT 35 X363) /B L7206
» 10+20-2 =4 10+20 -2

_ /968 968
Y 8 = A 38

= 5.88 5.88
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When the pooled sfandard deviation is used, the standard error of the
difference is

/T
ue = S MW,

opyy, = 588 4/ b o = 5.88/DTF 0.05 — 5.88(0.387)
=23 '

The standard error of the difference using the pooled standard deviation,
2.3, was slightly larger than that using the standard errors of thetwo
means, 2.1. The advantage of using the pooled standard dewa‘qon is
that it weights the two scries according to the number of observatlons
There were more farms with varicty two than with vanc’qy ené. Further-
mor(, yields for varicty two were more variable thaw; for variety one,
o2 = 36.3 and o = 24.2. Consequently, the standard\&r‘mr of the diffcr-
enec was greater when the variability was “ughted than when un-
weighted. e\

Standard errors can be applied to mny\ather statistical measures.
Howcver, because these measures are of lesser importance, the formulas
for their standard errors are set { orth ’wif-h little explanation.

 STANDARD ERROR OF SECOND DIFFERENCES
The standard error of the dlfferem( between differences botween
means can be calculated ~E@r instance, if four means are 1, 3, 6, and 11,
two differences, 2 an%k\% may be compared (3 — 1 and 11 — 6). The
standard error of t‘hP second difference, 8, may be calculated. The

formula is ,’\ }
/ a2 z
Ty—-Dy = T + Dy

O
~C

where m\lk the standard error of one difference between means; and
oDy the standard error of the other difference between means; or

u\\'
\ O'D;—m = '\/UMm + O—Mdz + U'Mm + Jum
oF

' 1, 1 1, 1.
GD‘_D“:S‘”‘/W;_]—N;—FA_%—FE

where s, is the pooled estimate of the standard deviation of the popula~
tion. ’

An applieation of standard errors of second differences is given on
pages 332 and 335. '
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STANDARD ERRORS OF FREQUENCIES AND PROPORTIONS

The standard error of a class frequency is given by

7o N
e 1/ Pg_{ or f'(N - f)'

" where f = the frequency, and N = the number of obscrvations in the

total distributien. The standard error of the differcnce hetween two
class frequencies® is

2 2
p; = ‘\/aﬁ + %

or more accurately from a sample, £\

JD_,, = N — 1 ’\\
where f, = &-—;—fz: and N = the observations in ihevlotal distribution.

- When there arc only two frequencies in the total ’gh\rsf..l'iblltion, the standard
error of their difference is ?)

N2
on, = ALF 1

where N = the observations in ‘tjli’e’ total distribution.

An application of standard errors of frequencies and ditferences be-
tween frequencies is giveryo)q pages 339 to 341.

The standard error 0(\:@ “proportion is given by

o=y T, 0
NV v -1 1/N—1

where f = t-ﬁ??.‘frequcncy from which the proportion is calenlated, N =
the obser fions in the total distribution, p = the proportion, and
0= 18,

A %e testing of differcnces between proportions is really two problems.
i‘hém are differences: (a) between two proportions in the same distri-
bution, and (b) between two proportions in two dificrent distributions.
The student must distinguish between the two types of diffcrences
because their standard errors are not the same.

(g) The standard error of the difference between two proportions in
the same frequency distribution is given by

B 2P0
90, = 4/ N_-1

5 Agsuming that the two frequencies are in the same total distribution containitg
three or more frequencies.
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where p, is the average of the two proportions, ¢, is 1-— p,, and N is
the number of observations in the total distribution. When there are
only two preportions in the whole distribution, the standard error of

their differenee is simply
—
2. = 1/ N-1

(b) The standard error of the differcnce between two proportions in
two different frequeney distributions is given by '

. ( 1 . N\
Dy = A PARNTZ .Nz—- 1 \

A
where p, = the weighted average of the two proportions, g¢=\ Z p,,
N1 = the observations in one distribution, and N = the obsar}ations in
the other distribution, o\

Standard errors of proportions and their dlff(\rence&é,re not reliable
when the proportions are very small, near 0, o pery large, near 1.0.
The interpretation of these standard crrors for, @9 extreme proportions
is the same asg for averages. A

Applications of the standard crror to (a) differences between propor-
tions in the same distribution and (b} defel ences between proportions in
different distribufions are given on ,pzz:ges 340 and 34%.

STANDARD ERRORS OF d'f'HER STATISTICAL MFEASURES
The standard error of the\medlan is greater than that for the mean,

pe =1 333 g or 12533 —=
\Q \/N 1 \/

Apparently, the c‘hanves of estimating the median within a ecertain
range are le 'fha;n for the arithmetic average. The standard error of
the diffc rc;Qqe betwaen two medians may be obtained by two methods:

N\ NS UDMG = \/JMGI + O'Mez
N
OLr\./

\V i 1
opyy, = 1.20335; 1\_?1 + Vs

where s, is the peoled estimate of the standard deviation for the population
caleulated according to the formula, s, = v (Zad + Zad) /(Ni+ N2 — 2).
The interpretation of standard errors of medians and dlfferences between
medians is the same as for arithmetic means.

The standard errors of the first and third quartﬂes are

ag, = 0g, = 1.3{?26_w—___1 or L. ‘\/N




316 STANDARD ERRORS

The standard error of the difference between two firat quartiles® {or two
third quartiles) is

2 2
Upg = \/901 + og

- 1.36263p,‘/ e ?—\1,
1 iV

In general, the standard errers of measures of dispersion are less
accurate than those of central tendency. When the parent population
is normally distributed, the standard error of the standard deviation
is given by O

p N SUSS—S 0007, 07071 QY
CTAN2N 1) VN -1 VN e

A more aceurate formula for all types of distribul.iqﬁ.ﬁ"ﬁs given by

— ot Tt +* )
o, = B2 9, where ps = 5 The standard (.‘rrmﬁ)\f the <ifference
4Ng* N v

between two standard deviations may be ol).t{kiyed by two methods:

2 4 2N
Fn, = '\v/cr‘n -|—‘5,3‘,

or, using pooled standard deviation, A}

AN
Fhnge = 070718;,1/&-1 + A_Tz
The standard crrors pf.zfjfv\erage deviations and differences between
average deviations are A
U50280 06028

o=

ST or =
VN -1 VN

N Ty
\/ 1 |
.s’§SDAD = Voip + o4p, Or 0.6028s, /‘/W—l + N,
'Aﬁj},:ﬁrobable error may be obtained by multiplying the corresponding
stapdard error by 0.6745.
The application of the standard error to correlation statistics is

discussed on pages 405 to 420.

7- THE NUMBER OF STANDARD ERRORS

For brevity, a deviation from any statistical measure in terms of its

_ standard error is called 7'. The deviations are always considered posi-
tive. This definition may be written diagrammatically as follows:

% The quartiles @, and @) are both first quartiles, but in two different samples.

+
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A deviation of any number
A from the arithmetie mean
of & sample—or any other measure
Standard error of that
sample mean—or of that measure

T = positive =
number

and algebraically as follows:

T JMG—?_I_

where X is any value. .

For example, il an arithmetic mean is 60 pounds and its sf'an‘dard
error i3 5 pounds, the deviation of 55 pounds from 60 pounds is { 3tandard
error and is called T =1 [(60 — 558) + 5 = 1], The dQij;lon of 50
frome 60 pounds is called T = 2 [(60 — 50) + 5 = 2], Tﬁe deviation of
81 from 60 is called T = 4.2 [(81 — 60) = 5 = 42N\

The values T=1, T=2, and T=42 hawp deﬁmte meanings.
When F = 1, there are 68,27 chances in 100 ’Bhﬁ the population mean
lies within a range of 5 from the sample me\n 60. When T = 2, there
are 95.45 chances in 100 that the populgtftmn mean lies within 10 of
the sample mean; 60. When T’ = 4.2, $herc arc more than 99.73 chances
in 100 that the population mean liég%within 21 of the sample mean, 60.
It will be noted that these probabilities are the same as those for 1, 2,
or 3 standard errors (table 2}

i x
\fI*YPOTHETICAL MEANS

Up to this pm'nt,.thc population mean has been estimated by consider-
ing the probabilitie¥ of deviations from the sample mean. Another ap-
proach can be\rﬁﬁﬁe. The population mean can be assumed. For example,
when the, gample mean is 60, the population mean might be assumed
to be 50} In this case, 50 is the hypothetical mean or assumed population
mean: \Inst( :ad of testing the deviation of 50 from 60, onc might test

hq Jeviation of 60 from 50. Tt may be more logical to consider a popu-
lation mean rather than a sample mean as the base of deviations, even
though the population mean is hypothetical. Regardless of which is
the base for measuring deviation, the size of that deviation and the
size of T are no different. )

The validity of a hypothetical mean is tested with the use of T.
When a hypothetical moean is chosen to represent the population mean,
T may be defined as the positive difference between the hypothetical
and sample means in terms of the standard error of the mean:

‘
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. Difference between hypothetical

T = (Positive) B and sample means )
numboer Standard error of the sample
mean

Ma - Ma’\

CrMa |

T:

where Me is the sample mean and Me' is the hypothetieal mean.
*Certain arbitrary rules have been set up for the Interpretation of 7.
If T = 2.0 or more, that is, if the difference belween the hypothetical
and sample means is 2 or more standard errors, the difference is sapd o
be significant. In terms of probabilitics, such significance may doJnter-
Jpreted in two ways: {2} The ehances are 95.45 or more Out.;thf 100 that
the mean of any random sample would deviate less from the\hry pothetical
mean than did the mean of the sample studied. () “Bhe’chances are
only 4.55 or less that such a large deviation from\?;he hypothetical
mean could be expected in any random sample) Sinee the chances of
obtaining such a sample from this populatiqm’,% so small, the conclu-
sion might be that the sample is not frem.this population. However,
the assumption was made that the safriple was representative of the
population. If the difference betweefiisample and hypothetical means
is too great to be explained by efiznce, it follows that the population
mean is not so far from the sample mean as was the hypothetical mean.
~ When 7' = 2, the differemed™is said to be significant, and the degree
" of certainty is indicated{};}r the probability 0.9545. When 7 = 3, the
difference is said to b§§ery significant, and the probability is (.9973.
Some statisticiang.préfer to speak of the probability of the population
mean being farthér away from the sample mean than the hypothetical
mean is. If Qé& there is very little chance that the population mean
does not falnearer the sample than the hypothetical mean does. This
proba}:)iﬁty is only 0.0455. When 7" = 3, the corresponding probability
is 00027.
\Uﬁ to this peint, only the probabilities of integral values of T have
been considered. It is just as logical to speak of the valucs of T’ for
convenient probabilities, such as 4 out of 5 or 9 out of 10. When T =
1.64, the chances are 9 out of 10, or 0.90, that the population mean I8
no farther away from the sample mean than is the hypothetical mean’
(table 3). Table 3, to the left, gives the probabilitics for integral values
1, 2, and 3. These are the same as the probabilities for 1, 2, and 3 stand-
ard errors given in table 2. Table 3, center and right, gives the values

T Likewisc, there is 1 chatee in 10 that it is further away.
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of T for convenient probabilities such as 0.50, 0.60, and so on. When
T = 1.960, the corresponding probability is 95 per cent; and T = 2.576,
49 per cent.

TABLE 3—VALUE OF T FOR DIFFERENT FROBABILITIES*

|

Probubility T | ' Probubility T Probability T

0.6827 1.000 0.50 0.674 0.90 1.64,
0.9545 2.000 . 0.60 0.842 0.9 1°.960
0.9973 3.000 (.70 1.036 (.08 4 2.326
0.80 - 1.282 0.99 \g576

#* From the normal frequency curve, 4 ( N
NULL HYPOTHESIS S\

The use of 7' is more important for testing differcnces between two
sample population means than for festing t.l;:(e\\n'leans themselves. The
difference between the population means jstas‘siumed to be zero; that is,
the hypothetical difference is zero, Fhis ifvculled the null Aypothesis—the
hypothesis that there is no difference. “Assume that average weights
of samples of hogs in Illinois and Towa were 239 and 242 pounds,
respectively, and the standard exyor of the ditference between these two
means was 0.8 pound. Theyalﬁé of T based on the diffcrence would be

”‘\T _ 2}1’11 - D;m:
\\ D—D.MG

The aetual diffepéﬁéia’, Dira, was 3 pounds, and the hypothetical differ-
ence, 1y, wag\0! Then,
:"\1. _ _
07 g Dw=0_30-0 g

A\ Dy, 0.8

*

o'«Tl:,l\é'value of T = 3.75 corresponds t0 a probability of more than
‘0&9\973, which is the probability for 3.0 standard errors (table 3).

If there were no difference between the two population mcans, the
average weights of all hogs in 1llinois and Towa, the differences between
sample means would be less than 3 pounds in more than 99.73 per cent
of such samples. The diffcrence would be greater than § pounds in &
very small proportion of the cases. Since such a large difference could
not be expected due to chanee alone; there must be scme other reason
for the difference. Towa hogs must really be heavier than Illinois hogs.
The difference in the samples is large enough to enable one to state
conclusively that the hogs in Iowa are Jarger than the hogs in Hinois.
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~ Differences are generally said to be significant when 7' = 19060 or more,
and very significant when T = 2.676 or more.

SMALL SAMFLES

All probabilitios stated thus far have been based on the normal
frequency curve, which assumes that the number of observations in
samples is large. This assumption is rarcly fulfilled. The object of
gampling is to reduce the number of observations necessary for the
desired information. Strictly speaking, no distribution s quite normal
beeause the number of observations is always limited. With & afnall
number of observations, the distribution may depart greatly frgy nor-
mal. As already stated, the value of 7 for a probability of 9& per cent
iz 1.960. However, thlS is true only for samples of 500 oz, ’mmo When
the sample is 20 itcms, the value of ¢ for a probabilityy bf 0.95 is 2.09;

A\
TABLE 4.—VALUES OF t CORRESPONDINGTO VARIOUS
PROBABILITIES AND DERGRIIES OF K liT*T'D()\I’“

’\

Degreeg Probabiliky? Degrees,“,\ “ Probabilityt
of ofZ™
freedom | 50 |0 ar 10} 95005 | 99 0r1 freoddm | 55 o0 or 10| A or 5 | 890l
" DeT cent | per cent | per cent | per cent ’ ," per cent | per ccnt.lper centiper cent
1 1.000 | &.34 | 1271 | 63%6" 24 | poass . 1.71 2.06 2.80
2 0.816 | 2.52 4.30 |79 92 25 | 0.684 1.71 2.06 2.78
3 0.765 | 2.35 3.18 {{\5 8¢ 26 | 0684 1.71 2.08 2.78
4 0.741 | 213 2, T8N\ 4.60 27 | D.684 | 1.70 2.05 2.77
5 0.727 | z.02 67 403 28 | 0.G83 1.70 2.05 2.76
[ 0.718 | 1.04 49 .71 20 | 0.A83 1.70 2.04 2.76
7 0.711 1.904[»2.36 3.50 30 | 0.683 1.70 2,04 2.75
8 0.706 1.{?‘.‘ 2,51 4.36 35 | 0.682 1.69 2.08 2.72
8 0.708 | 48 2.26 3.25 40 | 0.881 1.6% 2.02 .71
10 U700 NIBL | 2.23 | 5.7 45 | o.680 | 1.68 | 2.02 | 2.69
11 0,647\V1.80 2.20 3.11 50 | 0.67% 1.68 2.01 2.68
12 n\sQ 1.78 2.18 3.06 60 | 0.578 1.87 2.00 3.66
13 U804 1.77 2.18 3.01 70 | 0.G78 1.67 2,00 2.65
14 plesz | 1.76 2.14 2.9% 80 | 0.677 | 1.66 199 | 2.68¢
151 0591 1.75 2.13 2.05 o0 | 0.677 1.G6 1.99 2.83
1657 | 0.690 § 1.75 2.12 2,02 100 [ 0.677 1.66 1.08 2.68
\;7‘ 0.689 1.74 2.31 2,90 150 | 0.676 1.66 1.48 2.61
18 0.688 | 1.73 2.10 2.88 200 | 0.673 1.6 1.97 2.60
19 0.688 | 1.73 2.08 2.86 300 | 0.675 1.65 1.97 2,50
20 U.6ET 1.72 2.09 2.84 40 | 0.678 1.65 1.97 2.59
21 0.686 | 1.72 2.08 2.8 00| 0.674 1.65 L. 2.59
22 0.686 .0 1.72 2.07 2.82 1,000 | 0.674 1.65 1.96 2.58
23 0. (85 1.71 2.07 2.81 @ 0.674 1.64 1.66 2.58
|

#t distribution was first published in Tisher, R. A., Statistieal Methods for Rmearch Workers,
p. 137, 1925. The values of t which appear here wore tnken from Goulden, C. H., Methoda of Stutistieal
Amnalysis, p. 287, 1439,

t The larger probabilities which ate piven first, D0 per cent, 95 per cenft, or 80 per cent, are the
probabilities that ¢ i not due to chance alone. The smaller probabilities, 10 per cent, 5 per cent, and
1 per cent, are the probubilities thut £ &2 due to chanee nlone,
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and when 10, &= 2.26. This indicates that, with the same probability,
0.95, the size of T incrcuses as the size of the sample decreases.

For large samples, thc number of standard crrors has been called
T, and for small samples, the number of standard errors has been
called £,

Yor any given probability, say 95 per cent, £ has a dilferent value
for sbout every size of sample. Values of ¢ for samples ranging in size
from 2 to 1,000 observations are given in table 4. The values of ¢ for
four probabilities are included. Each of the four is cxpressed in two
ways. The probabilities thaf ¢ is not due fo chanee are 50, 90, 95, 4xd, 99
per ccnt. The probabilitics that ¢ ¢s due to chanee are 50, 10, &\and 1
per cent, A\

The size of the sample is indicated in the first column™headed n
{(table 4). The number of cbservations, N, in the sample I proctically
the same as = in the table. However, n refers to the ‘de’grees of freedom
rather than to the number of observations. \Y%

DEGREES OF FREEDQD}'

The degrees of freedem are the nur;;bép of obscrvations which are
freo to vary after certain restrictions, sxe’imposed. In testing the relia-
bility of an arithmetic mean, the degrees of freedom arc one less than the
number of observations. Since phé ‘Palculated arithmetic mean is a fixed
value, all the observations carmot fluctuate freely and independently of
one another. All the observations but one may have any values regardless
of the size of their averdgd. However, after all the observations but one
are determined, the Tast one is automatically fixed. It is fixed becausc
1t must be such an:{,umbcr‘ that all the numbers will average the arith-
metic mean. N

In festing/gingle means, medians, quartiles, standard deviations, and
the like, 'e‘a(egrees of frecdom are always onc less than the number of
obsorvations, that is n = N — 1. The values of ¢ for N and for N — 1
are, p;é;étically the same for 20 or more observations. The differences
4&iasmnall for samples of 15 or even 10. : _

n testing differcnces between two arithmetic averages and the like,
the degrees of frecdom are usually two less than the total number of
observations in the two groups.

A summary of the degrees of fresdom which should be used for
various ¢ tests is given in table 5. The number of degrees of free(‘iom,
N — 1, for individual means holds for the -arith.met_ic average, {ned;ans,
quartiles, average deviations, standard devistions, and the like. The
number of degrees of freedom for differences between two means hglds
for differences between arithmetic means, medians, quartiles, and the like.
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TABLLE 5—DE

STANDARD ERRORS

GREES OF FREEDOM FOR VARIOUS ¢ TESTS

—_ R — —
Meaunves Diegrecs Standard crror Measures | Dranes i Stundard error
teatad l freedom, 7 teated froedom,
Individual N1 [ S Differenees
weane VE—1 F hetween twa .
frequeneies N—1 | 4/%_\_*\ o f3)
Differences (M — 1 (Ne—1) 3 bor s div- ‘ N—1
between or e tritnition |
two means Nt N2 LR ‘ —
’ Propurtivos N—1 ?’Eﬁ_‘l )
Second (M= D4 (N U4 o ¥=1L N
difforencen | (Na—THH{N—T} 1 +_ 1,1 +_1__ Differences \
between or Y FITNT N NG between two ‘ 55N
means Mt Np N N4 peporlions | N—1 4/\,\{’ ""-1!
o in aumne itis- | \
Frequencles N—1 ,\‘\{:11'2 teibulian ‘ N
Bifferences ! ¢/
hetween dwa | .“’W
proportions | (8RR = T
indifferent | ¥as™) oo 4.—"’ p..-“,(—-}-
R B M—1 ¥
J diglribmtiong” &'I—Ng—E | M-l
L& I .
TN
) ¢ 3
P
USES | ™

Standard crrors and tdistribu‘rip'li;'ftﬁ small samples wore developed
to test the reliability of statistieal Measures and their diffexences. The
fechnique in festing arithmetic “averages and differences between two
averages can be applied withha little modification to almost any measure
whose standard error o r'\Lbé calculated. '

Standard errors argmore important for small samples than for large
samples. Facts arémiore doubtful when based on small than on large
samples. Stangi{r.d errors are valuable in clearing up doubts bub add
little to praetigal certainties,

Bince thgﬂost important statistical measure is the arithmetic average,
most,_ofthe application of standard errors is to averages and their
diﬁe\i’(}hées. The application te differcnces among averages is probably
maré important than to the averages themselves. Averages arc used
to measurc central tendency; differcnces between averages arc widely
used to show relationships. Analyzing relationships is by far the more
important problem of statistics.

The application of standard errors to the tabular method of analyzing
relationship is discussed in detail in the next chapter. Sinee the most
important statistical measure in tabular analysis is the arithmetic mean
and relationships are shown by differences in these averages, the em-
phasis is on standard errors of differences betwecn means.

The application of standard errors to correlation analysis i3 discussed
on pages 405 to 420.



CHAPTER 18
APPLICATION OF STANDARD ERRORS TO TABULAR ANALYSIS

The results of tabular analysis are usually in the form of averages.
They are simple and easy to understand. For these reasons, too mfish
dependence is frequently placed on them. Most persons forget that,
although an average is based on all the chservations in &, \g?oﬁp, it
may be greatly dilferent from most of the observations in that group.
The reliability of an average depends on (¢) the number &ff observations
and (b) the variability among the observations. An a%erage made up
of only a fow highly variable items is of little valuéf{shiereas an average
including a large number of rclatively homog@eous items is reliable,
Most persons recognize the limitations of dyerages based on only a
few items. However, {ew persons l'ecogrr'r.v}) the effect of variability
among the items on the reliability of thv average. The standard errors
of moans, proportions, and other gtatistical measures take into con-
sideration both the size of and va;m‘i;ibﬂity within the groups from which
the averages are calculated. Inltesting avcrages, small standard errors
indicate high degrees of reliability. Small standard errors reflect large
numbers and/or low yariability within groups. :

The problem of testing the reliability of the results of tabular analysis
was outlined as follows:

1. Reliability*ofh single mean.

2. Reliabj{i}}'bf differences between two means.

3. Reliability of paired differences.

4. Relability of differences in frequencies and proportions.

Singe differences betwcen means are the tools with which tabular

gﬂj’r&sis shows relationships, the reliability of these differences is by
far the most important.

. RELIABILITY OF A SINGLE MEAN

Families with less than $1,000 incomes paid 2.45 cents per pound for
potatoes during the winter of 1936-1937 in Rochester, New York
{table 1), This average, 2,45 cents, was hased on only 38 purchases.
The problem is to determine the reliability of 2.45 cents as an average
price for all people with like incomes in Rochester. Some indication of
the reliability of the average can be obtained from its standard error.

323



324 STANDARD ERRORS AND TABULAR ANALYSIS

In order to calculate the standard error, the standard deviation of the
38 prices must first be determined:

) 4/2){2 AKXV~ Vw — (245)% = V/0.1368 = 0.37

N 38

The standard error is

v 0.37 0.37 o
OMg = ——F——— = —— = (.061 e
VN -1 ~/38-1 6l '
N\
TABLE 1.—TESTING RELTABILITY OF AVERAGES A
IN A ONE-WAY TABLE A

RELATTON BETWEEY FawiLy INcoMmE AND rHE Hmrain Prices eF ‘PoraToss,
RocuusTER, NBW YORK, JANTARY-FERRUARY LO87

i {F
95 per ornt probabiility™) 99 per cent probubility
Aver |Btend- .IStand— y

N age ard | [| T . i
. ber price, d?"'m error, |[TLoe t bﬁange [ i I Range
Family fncome | of | Lot tion, | o g ool Giged ) ikely  [Vedue times | likely
puI- pet ceTitE per | o af\[ita to of .Istnnd- .
chases, pound| P L poundg ™ N[ Nrd | include | ard | include
poun |  Merror | avernge error | average
Al

[ °

Fessthan $1,000 38 | 243 | 0.37 | 0.061 27 | 2.037| 0.12¢2.33-2.574 271 | 027 i2.28—2.32f.

$1,000-1,999..... 138 | 2,65 ] 0.22 | 0.018| 137 | 1.98 | 0.04 |2.61-269 [ 261 | 0.05 (2.60-2.70

2000-2099. ., .. 100 | 273§ 0.25 | D025 991198 | 0.05 |2.68-2.78 | 2.63 | 0.07 266-2.80

3,000 and over. .| TR | .09 1 68077 | 771998 | 0.15 )204-324 | 284 | 020 :2_59--3.29
N

- L . —

* Table 4, page 320, AN N

§For n=35, t=2.08; and Jor w40, £=2.02, Tor =137, the valuc of { was satimated to be 2.03.

The values of { for 35 to 40 Hegrees of freedom and 95 per cent probability runge [tom 2,03 to 2,02
Sinece 37 is nesrer 33 than @B was assumed to be 2,03,

Udually the differen?es ?re so small that sueh linesr interpolations can be used.

O
A range\éf\f}'ﬂﬁ cent either side of the average, 2.45, would be 2.39
to 2.51. ‘I‘\he chances are, roughly, 2 out of 3 that Tho average retail
-prme fer petatoes of all the low-income groups was between about 2.4
~2 5 eents per pound. This is a preliminary conclusion.

'\Iore definite information conecerning the reliability of this average
may be obtained. The dogrees of freedom, =, in the 38 purchases were
N — 1, or 37, With a probability of 95 per cent, the value of £ for n = 37
is 2.03 (table 4, page 320). The value of {, 2.03, is merely a number of
standard errors. Since 0.061 is 1 standard error, 2.03 standard errors
is 0.124 eent (2,03 X 0.061 = 0.124). The range of 0.12 cent either
side of the mean is from 2.38 to 2.57 (table 1). The chances are 95 out
of 100 that the average retail price paid for potatoes by all families
with low incomes was between 2.33 and 2.57 cents per pound.
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With a probability of 99 per cent, { = 2.71; and 2.71 standard errors
were 0.17 cent per pound. The chances are 99 out of 100 that the average
price was between 2.28 and 2.62 cents, a range of 0.17 cent on either
side of the mean, 2.45 cents per pound (table 1}.

The reliability of the other three averages in fable 1 was tested in
the sume manner. '

One can be practically certain that the average price for the lowest-
income group is within the limits 2.28 and 2.62.cents. However, this
range, 0.34 cent, is considerable, about 14 per cent of the average prige.
"This uncertainty in the average is due to the small number of purchagss,
N = 38, and to the variability in the price, o = 0.37. O\

This uncertainty in the average cannot be reduced by chahging the
variability in the individual priees because the cause of that variability
is not known. The average may be made more accurp’qe? by increasing
the size of the sample. Assume that there were 200'pi'1~r?:hascs and that
the arithmetic average and the standard deviationof the prices were
not changed, Ma= 245 and o= (.37. ‘Thelstandard error would
then be x\

0.37 0.37\" .
e it T 0.026 cent

N

instead of 0.061 cent (table 1}, 8% _

For 99 per cent probability and 199 degrees of freedom, n = 199,
the value of £ is 2.60. Sinee'0.026 would be 1 standard error, 2.60 stand-
ard errors would be ()Q(JS (2.60 x 0.026 = 0.068). The (:hances. would
then he 99 out of 140\that the average vetail price paid by all low-income
families would & between 2.38 and 2.52 cents per pound. The range,
0.14 cent, anid “hen be less than one-half that for the 38 actual pur-
chases, 0s 4£\This demonstrates the importance of the size of a sample
in affecfil the reliability of its average.

e

o DIFFERENCES BETWEEN TWO MEANS

-\ ) ONE-WaY TABLE

In the snalysis of a one-way table, there is alway_s the questiqn of
whether the difference between two averages I8 sigmﬁcam:,. Can .1{: he
said that there was a significant! difference hetween the prices paid for
gipnificant’” and “yery significant’” differences.
Tn their broad sense, these terms ave menningless beeause the degrefi of certainty is
not stated. Pra,cbicaily speaking, signifiewnt differences are those differences which

are greaf enough so that the chances are 95 out of 100 against their ocourtence due ;‘;
charce alone, The corresponding probability for very significant differences 18

per cent.

' Research workers speak freely of
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potatoes by the medium-income group, 2.65; and the low-income group,
9.45 cents (table 1)? The reliability of the diffcrence between these
two average prices, 0.20 cent per pound, can be tested by comparing
this difference to the standard error of this differcnce {table 2). The
standard error of the difference may be ealeulated from the weighted or
pooled standard deviation of the prices in the two groups. The weighted
standard deviation may be obtained as follows:

- 1/ Nol + Nyt
5= A NN, -2 ~
. /38(0.37) + 138(0.22)* _ 1/5.._20’22 T 66792 gmmmon
= 4/ 138 -2 174 A
= 0.26 A\
"The standard error of the difference is: 7\ 3
[ — »‘\\
171 O\
e =Y TR, N
1 1 K ¢\ —
= 0.264/ 2o+ 55 0:?9‘:\/0.0263 T 0.0072
— 0.048 O

The caleulated value of ¢ may be y:}ei:'érmined by dividing the difference
between the two means by its gfandard error:

My — Man

{ =
:‘..t\ O-kafa
(_265—245 _ 020
0.048  0.048

i
P
(%Y

P2,

A\ STWEEN AVERAGES IN A ONE-WAY TABLL IN
.'s'\ WIHICH THE RELATIONSHIP IS CONSISTENT

REDATION BETWEEN FawiLy INCOME AND THEE RETAIL Pricms oF PoTaroBs,

TABLQééLTESTL\'G THF. SIGNTFICANCE OF DIFFERENCES
B

\™ RocHESTER, NEw Yorg, Janusry-Fesruary 1937
]
Walue of £
N Average TCooled | Btand- .
Inmber z : stund- d .
o price, | Diffor- ar Significanee of
Family income of pur- cents ances ard error Table, gdiﬁ‘erenc o
chasns per devin- | of dif- | Culeu- G99
pound tion* |ference | Iated per
cant
I I | ,
i‘;sgn?f;“gﬁg“m 38| 245 o0 | oo jo.0ss) 4z | zel Ve signifiennt
2,000-2,990. . ...\ 100 ' 2'7;} 008 ‘ p.2d | 0.030| 2.7 | 2.60 |Verysignificant
, 141 B . . 3 ignificant
3,000 wnd over. .. 78 2ol | 036 | 0.9 jo07E| L9 2.60 | Very sigmifica
—

* Standard deviation of the priec paid for each class was omitted as it was given in table 1,
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Since ¢ = 4.2, the difference, 0.20.cent, is greater than 4 standard
errors. The significance of such a difference can be interpreted from a
table of ¢ distribution (table 4, page 320). The degrees of freedom are
the number of purchases in the two groups minus 2:

=N+ N;—2=2388+4138-2= 174

For 174 degrees of freedoin and a probability of 99 per eent, the table
value of ¢ is approximately 2.61. It is evident that the caleulated value
of £, 4.2, is greater than the table value of { and correspunds to a prob--
ability even higher than 99 per cent. The chances are greater than 99
out of 100 that such a large difference as 0.20 cent could not jpecur
because of chance alone. In the words of the usual research worker,
the difference is very significant.” :"::«.

The other differences in table 2 were tested in the sarpe manover and
found to be very significant. From the averages, th&;\e\diﬂerences, and
tosts of significance, the following generalizationg WweéTe made.

As income increased, the price paid for p@@d}s also increased. The
relationship was consistent. The increa&qii} Price for each successive
income group was positive and very sighificant. The significance of the
individual differcnces is indicated h¥ $he ¢ test. The significance of
the relationship 18 even gi'eater.jzv}ia’ri indieated by the i test because

the differences wore always in the same directior.

CoNSISTENCY IN RELATIONSHIPS
{ $

The application of "gﬂaﬁdard errors to tabular analysis is }i:mited }Jy
the inability to cémupare more than two averages at & time. With
standard errorg;,’ﬁn("z can test the differences between the first group
and the sccandy between the gecond and the third, between the first
and the 1fﬁ;‘[, or for any other desired eombination of two averages.
Howevet,the consistency in the relationship of the first to the sec.ond
and t\liei'Second to the third is not directly tested. In gen_era'l, the relation-
sHipds significant if the individual differences are gignificant. If lthe
ihdividual differences are both significant and consistent, the relation-

me differcnce between the two groups. The next

2 Tt is quite certain that there is 50 e
e ) ean one be vertain {95 per gent probability}?

question is; Of how much difference
Let A be this unknown difference. Then

Mn"‘A

t=— i DM'&" A= tUD.Ha; A = Dya — io’_[}Ma

TDarq
The 95 per cent value of ¢ for » = 174 is 1.95.

A = 0.20 — 1.98(0.048) = 0.20 — 0.095 = 0.105 cent.

The chances are 95 out of 100 that the difference between the two income groups ia

a3 great as 0.105 cent per pound.
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ship is even more significant. Sometimes, the differcnces hetween
averages are not reliable, and the relationship is not wholly consislent.
Yet, the relationship may be significant. The relationship in table 3is g
case in point. The 354 retail sales of potatoes which were grouped into
only 4 classes in table 2 were grouped into 14 income classes in table 3.

TABLE 3.—TESTING THE SIGNIFICANCE OF DIFFERTINCES
BETWEEN AVERAGES IN A ONE-WAY TABLLE IN
WHICH THE RELATIONSHIP 18 NOT CONSISTENT 2N

RELATION BETWEEN FaMiLY INCOME AND THE RETain Pricms oF PorarOes,
N
Rocusster, NEW York, Jaxvany-FErnuary, 1937 28 N

| |
Dif- | Valuoofy A\
' Aver- Stand- Ponled Stand- fer- N .
‘ Num- e llTT_l Stlll'ld- ﬁl'd ENrEs | "" W ll&‘th(!‘l'
Family | her price devia- © T error |7 ! Tnbch\Eigniﬁvancc relation-
. of | tion . of Cul-, N of whip is
Ineoine rents de\-’]l\- - tween " N .
pur- of . differ- i cu- | differance yonaiat-
chases| T 3 price, Hot, 4 ee, | 2V Hated! f{ Gt rnt*
pound cents centa conts nEos, 7per per
cents '\ ‘ent| cent
F 4 . T -
;‘efnzh_“"é;m ; igg gfﬁi} 055 | 0227 | 20.35] 15 | 2.14| 208! Not significant ! No
750- 599 a9z | 248 0‘34} 041 |0.162440.18 1.1 - 2.04| 2.76; Not signifieant,  Yes
1,000-1,240 ag 257 0‘25} 0.29 Q.D?S: 4011 L4 200! 244] Not signiticant;  Yea
12501 459 a6 | 280 0_365 051 0072 |+0.23) 3.2 200 265 ery significant|  Yes
1 A00-1.719 a1 | 2o 0115} 0,28 “N.067 | —0.19] 2.8 | 2.00; 2.63 ssignifieant|  No
17501990 an | 263 u.1s} ofI%, | 0.043 | 4002 0.5 | 2.00| 2.66) Not shenifieant | Yes
2.700-2.240 50 | 278 0_27}. 024 | 0055 |05 27 | 1.99] 2.64| Very significant  Yes
suinzaes | 16 | zye 2@ 028 | 0,080 |+0.013 0.1 | 200 2 66! Not significant | Yes
2 A00_2.74D ug 262 & 0,25 10078 | =017 2.2 | 2.02] 2.70 Significont i\'o
2750- 2,999 6 | o7q 0_22; 0,22 | 0.099 [+0.08| 8 2.04| 2.74| Not vignifiennt &'es
30063000 18 2_71',0'14} 017 | 0.080 |+001: 0.1 | 2.07| 2.81 Nok signifieaut Yes
4000-1099 | 17 e oagl | 0-22 | 0073 | +118155 | 2.08) 275, Very significant) 1 e3
5,000 and o N\ } 042 | 0121 [—087! 7.2 | 2,00 2.67| Very significant Ne
more 420 287 fuds | ‘ | |
A 3
A\ N\ * Azquming that relationship is positive.

T,
g

'}.he\ price tended to increase slightly with income, but the relation-
shiy was inconsistent (table 3). Families with less than $500 income paid
a higher price for potatoes than those in the 3 income classes from $500
to $1,249. Likewise, those with incomes from $1,250 to $1,499 paid more
than the farilies in the 7 income classes from $1,500 to $3,999. Semc
persons would probably conclude that, with increasing income, families
purchased potatoes of higher quality. After the determination of the
increase in prices paid by each successively higher income group and
the ealeulation of ¢, there was considerable variation in the degrec of
signifieance of these differences. Of the 13 differences, 7 were not sig-
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nificant, and 6 were either significant or very significant {table 3, next
to last. eolumn). '

The eonsistency of a relationship is shown by whather the differences
between successive averages are all in the same direction. If il had been
positive, there would have been no question but that [amilies with
higher incomes paid a higher price. However, 4 of the differences were
negative and 9 were positive. When the price declined and the differ-
ence was negative, the relationship was said to be not consistent (table 3,
lagt column).

Of the six differences which proved to be signifieant, 3 were consisteAb;
and 3 were not eonsisten$. In other words, there were only 3 outef-13
differences which were both significant and consistent. Therefore; the 14
averages do not definitely indicate the presence of a relationship. Con-
gequently, it cannot be generalized from table 3 that thé, retail prices
paid for potatoes rise with increasing family inc.ome.“"\i’

When this problem was studicd with only fouf\ndome groups, the
relalionship was consistent and signifieant (table\2). In testing tables
with standard errors of differcnces, the st-ud{f];t,\cannot be eertain that
he has obtained all the possible informatién until he has rcduced the
table to & small number of classes. Some tables show no significant
relationships until reduced to only t,yv’(};c]asses. If the relationship does
not prove to be significant witl};ti#’f) classcs, one can be certain that
evidence of a relationship is not-present.’

. i?TkVOHW.A.Y TABLES

In a two-way ta.ble,%ere are two relationships that can be studied
with standard crropeand differences. The complexity of tests of signif-
icance depends icin\ fhe number of averages in the table. The simplest
two-way tablelivith two classifications for gach independent variable
has four foup averages.

The éi;?\.?fg of Iéjmall algld large production of flaxseed, X», and high
and 16w price of cottonsecd meal, X, on the price of linseed meal, X,
fbr 42 years illustrates the simplest form of two-way table (table 4).
The lowest price of linsecd meal oceurred when there was a large crop
of flaxseed and a-low price of cottonsced meal; anc! th'e highest price,
when ihe opposite conditions existed. This would indicate that some
relationship existed between the price of linseed mea!, X3, and both
the produetion of flaxseed, X,, and the price of cottonseed meal, X.'a.

The signifieance of any effects of X and X, on X; may be tested in

4 This is assuming that a significant curvilinear relationahip has not already been
found. '
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TABLE 4—TESTING SIGNTFICANCE OF DIFFERENCES BETWLEN
AVERAGES IN A TWO-WAY TABLE
ReLaTiON oF THE UNITED StarEs PropucrioN*® oF FLAXSEED AND THE PORCHas-
m¢ Powert oF g Urtca Prics or CorronsEEn Mran 10 THE
PurcuasiNg Powert oF THE Urica PRICE oF LiNseED MEeaL,§

18971938
Price of cottonseed meal, X;
Production of i Weighted
flaxseed, X, AverTages
k Low High <
. ‘ )
Price Price A Kice
linseed meal, X linseed meal, X, lingeed/meal, X,
Bmall............ B 102.1 104.8 1088
Larpe............. ... 1.9 102.0 . : 87.0
Weighted averages. ... 96.8 - 1038\ 100.0
* In per cent of trend. o ".\\'

t Index numbers in termg of prices of 30 basic qor%r;bdit-ies.
§ Bennett, K.R., The Price of Fecd, unpublished"manuscript, Cornell University,
1940. 3\

the usual manner by obtainingdiﬁ‘érences in X; and using the { test
(tables 5 and 6). The average®™to be compared were arranged in an
orderly manner aceording y{‘the effects of X, and X, (table 6).

The effect of X; on X, ahay be examined by comparing 102.1 and 91.9,
which appear in the ﬁ}s} column of table 4. In this comparison, the
price of cottonseed\Xs, is held constant at a “low” price. Casual

R\
TABLE 5.-——SUI{I{L’EMENTARY DATA NECFSSARY FOR THE CALCULA-
\:\‘ TION QF t IN TADLE b6
KA —

Production of cottonseed meal, X;

Prpdi}cﬁon of
'"ﬂﬁ}xseed, X,

N\ Low | High | Al Low | High | Al
Number | Number | Number | o, price | o, price | o, price
of of of linseed linseed | linseed
years years years | meal, X1 | meal, X, | meal, Xa
Small............ i0 10 20 9.0 1.1 10.2
Large. ....... . ... 11 11 22 9.6 12.5 12.2
T\ | 21 21 42 10.6 120 | *
F ) ‘ P

* Not caleulated, not used,
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examination might Jead to the belief that this differcnce in the price
of linseed meal due to the size of the fiaxseed crop was significant. With
the t test, the difference, —10.2, was found to be significant (tables 4
and 6). '

TABLE 6.—DETERMINATION OF ¢ FOR SLVEN DIFFERENCES BE-
TWEEN AVERAGES

(RDERLY ARBRANGEMENT OF AVERAGES 10 Be CoMPARED AND RBLATIONSHIPS
1o Br StupiEp 1N Tasme 4

| AL
. Value of £
Differ- | Toaled Szﬁd' o
. ) 2\
Averagcs Relation- Variahle held emeet stand- | o Signkﬁmie of
eomparad shipa constant betwora| ard of Table, ‘difference
gwerage | devis- | . Crleu-{ 95 | §
N y differ- |
priecs | tion* lated | perd [N
ence
cEnt,
&
N
1021 and 9Ly Effcetof X3 Xaat*low prices —wz| 08| 42 [NNMY 2.1 | Sigaificant
104.8 and 1020 on X1 Xpathigh' prices — 2.8 | 125 515\‘ 0.5 3.1 | Kot sigoificant
105.5 and  97.0 X, b “avorage” prices | — 0.5 | 106 | FBY1E [.2.0 Almast sigalficant

102.4 and 1048  Effectof Xy Xpab'‘amall” ecops 27| W0 [p48 | 08 | 21 Not siguificant
91.4 and 102.0 on Ky Keat “large” crops +10.1 | AR | bo | 20 2.1 | Almoat slgoificant

6.8 and 163,3 Xy at “average” erupe | 4+ 6.4 e 36| 18 | 20 Almeet significant
UL.9 and 1048 Effcot of Xs None Jiho| 100 | &6 | 2.7 | 21 |Sgifoant
and o™\ )
Tyon Xy ™

74\

#The pooled standard devlation for the'fgﬁi- §;bgroupa was caloulated ag follows:
_ 4/ Nyt Nyt Nkt Nl

2= N1+st"\t§ + Ny —4 -
- /mﬁﬁ(mnuglﬁm%11(12,5)=

N0+ 10T+ 4

=11.2¥
'S M

Reading down the second column, one can observe the effect of X
on Xy,.when Xs the price of cottonsced, is held constant at a “high”’
leyeh(thble 4). The difference, —2.8 (1020 — 104.8 = —2.8), was not
Sigﬁﬁca.rlt- (table 6).

Reading down the third column, one can observe the average effect
of X, on X, for both high and low prices of cottonseed meal, Xs. The
difference, —6.5, between 97.0 and 103.5 was almost significant (table 6).

In common parlance, the effect of the size of the ﬂa,x'seed crop on
the price of linsced meal was significant only when the price of cotton-
seed meal was low. :

Likewise, the effect of X, .
averages 102.1 with 104.8 when Xs i8 gmall; 91.9 wit

on X 1. may be examined by comparing the
h 102.0 when X, ig
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large; and 96.8 with 103.3 for all values of X None of the dilferonces-
were significant although two were almost signilicant (table 6,

The combined effects of X, and X3 on X, wre measured by the dif-
ference between 91.9 when Xy was large and Vi wns low, and 1048
when Xz was small and X; was high.* The dilicrenec, E20, was signifi-
cant {table 6). Although there is some doubt as to the significance of
the effect of either X, or X5 on X\, their combined effects were signif-
icant.

The produetion of flaxsced and the price of cottonseed menlnay
have been jointly related to the price of linsced meal. The pice of
linseed meal was lower when production of flaxseed wis larged bl when
it was small, This was true regardless of whether the priee Svo! tonseed
meal was low or high. However, when the price of cott@idged neal was
low, the effect of large over small cropx of flaxsced WA — 1102, whereas,
when cottonseed meal was high, the correspahifgle effvel wasx —238
(tables 4 and 6). A joint relationship may be sl o exist beeause the
effect of the flaxseed crop on the price {_)I'\’lins:wl ment wox different
when the priee of cottonsecd meal was ltm from thal when it was high.

Sinee a joint relationship cexists \’\'lu’-n' there is o ditferenee hetween
the differences, ~10.2 and -2.8, ,tf}I::'joint relationship miay be tested
by testing this sceond diﬂcrclice;l‘ﬁe seeond difference was 7.4 [-2.8 -
(—10.2) = 7.4]. The standard étror of a sccond difference is as follows:

NN y————7—;— -

S N 2 TR A Y
o\ T |
NO e/ Ly L L
N, 1/1[}+1(}+ it
\C 11.214/0.3818 = 11.21 X 0.6179
,'\'\ = 6.9

Il

Wl\th\ the null hypothesis, the hypothetical difference ix zero, and £ 18
“ealeulated as follows:

i Di-D) -0 _T74-0

TD,—p, 6.9
= 1.1

4 ; -

The combined effects of X, and X5 on X, are not measured by the difference be-
bween the two averages, 102.1 and 102.0. Since the effects of X, were negative o0
those of X'; were positive, simultaneous inerenses in buth X, and X would tend both

to lower and raise the price of linsced meal, X.. The cffects would tend to balance
each other. e
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In this case,

=N+ Not+ No+ N — 4
=104+ 10+ 11+11-4=238
or ' n=N-4
=42 4=38

With 38 degrees of freedom, the 95 per cent table value of ¢ was 2.02,
Since the caleulated value of ¢, 1.1, was much less than the 95 per cent
table value, the second difference was not significant. Since this second
difierence was not significant, it is dangerous to assume that a joint
relstionship exists. = : O\
The relationships shown by table 4 and tested in table 6 gre Iﬁgical.
As the production of flaxseed increases, the price of lir{sged’meal de-
cresses.® As the price of cottonseed meal increases, the@rié‘é of linseed
meal also increases.® When the production of ﬁaxsge(’}\decreases at the
samo time as the price of cottonsced meal inereages,the increase in the
prico of linseed meal is considerable. Hoquezs,.‘there is doubt as to
the significance of some of these relationships, ‘This does not necessarily
mean that the existence of 2 relationship.is disproved. Lack of gignif-
jcance mercly indicates that the evidege of a relationship is insufficient.

With data for only 42 years, thereyCre only 10 to 11 prices of linseed
meal in each group average (table B},

Discyosts oF A Two-Way TABLE

Most two-way tables contain more than 4 averages. As many as
25 or 30 averages.ai‘e not uncommon. When there are 3 classifications
for each indepeﬁ'deﬁt yariable, there are 9 subgm.up averages, exclusive
of 6 weigh‘pe\d;}a:oup averages. This 1s {linstrated in table 7. Each of the
9 subgro@idverages may be compared with cach of the other 8. "1here
are 36 '.}:Jossible comparisons of the 9 subgroup averages alone. To test
thel Sighificance of every possible difference would involve a great de‘al

\f\’ﬁ;ork,_much of which would be seless, The problem 1s to obtain
the desired information with & minimum of effort. The studen_t can
save much time and labor by detailed examination of tables prior to
caloulating any standard errors. ' ' . _

In & problem such as the relation of crop yields a:nd size [Jf. business
to income, it is generally advisable firsi to examine the differences

§ Shown by the weighted sverages 103.5 and 97.0 (table i)-
¢ Shown by the weighted averages 96.8 and 103.3 (table ).

7 Shown by comparison of the diagonal subgronp averages 91.0 and 104.8 {table 4).
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between the averages for the highest and lowest groups for each inde-
pendent varisble? (table 7).

TABLE 7.—A TWO-WAY TABLE WHICH MIGHT BE TESTED BY STAND-
ARD ERRORS OF DIFFERENCES

RevatioNn oF YIELDG AND SizE oF Business 1o Income oN 620 Tomacco Farus,
VirGiNia,* 1933

Bize of business, total productive man-work units, X, N
Crop yields, index,
X a | N
Less than 350 350-599 600 oc more © Aversget
| NS T
Tneome, X, Income, X1 | Imcome, _X*1< Ineome, X,
Tessthan85........... $ 254 $-329 $ —H62 $ 356
R5t0 109, ... ......... -126 —135 ~M8 —127
il0ormore. .......... — 83 i14 ‘474 +235
N\ T
Averagef.............. — 189 _145.\‘; > + 38 — 92

* Underwood, F. L., Flue-Cured Tobaceo Fgrm® Managoment Virginia Agricul-
tural Experiment Statlen, Technical Bulletlu ’64, p. 222, January 1939.
T Weighted averages.

The difference duc to erop yie‘l&é is very large, +$591 [235 — (—356)
= +591]. There is no quoaan but that it should be tested? {test 1).
If this proves to be sigpifigant, the difference due to size of business,
$207 [4-38 — (—169) i 07], which is not so large, should also be
tested! (test 2). o \J

These two teghs measure the significance of the effect of: (1) Xs on
X, without rcga\*a to Xi; and (2) X3 on X; without regard to X,.

The ncft\sﬁep is to examine the subgroups in table 7 to ascertain
whethersthe relationships are additive or joint. This can be approxi-
mat-§d§b';§f eomparing the differences in the averages for the subgroups

ith ‘the corresponding differences between groups. For instance, for

© ¢roD yields, the difference in the group averages was +8591; and in the
subgroup averages, the differences were 4-$171, +$443, and +$1,038.

t When the difference between the averages for the highest and lowest groups is
signifieant, the sverages for any groups in between usually fall withjn the range of
the highest and lowest. When the range between the averages of the two extreme
groups does not include all the averages, the relationship is not consistent and usually
not significant.

¢ Agsuming that nothing js known of the variability in X..

10 Tf the difference $591 is not significant, there is no value in testing the difference
due to size.
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The differences among these differences indicate clearly the presenee
of a joint relationship. Good crop yields raise income much more on
large than on small farms. If the group difference, +$591, was signifi-
cant,! then each of the subgroup differences might be tested (tests 3,
4, and 5). Assume that all the differcndes are significant; then good crops
raise incomes™ regardless of size of business.

Similarly, for size of business, X;; the difference between the group
averages was +5207, and the three differences between subgroup aver-
ages were —$310, 58, and -+8557. These differences confirm the
presence of joint relationship. Large farms refurn more income than
small farms when yields are high, but less when yields are low. Regard-
less of whether the average difference, +$207, was signiﬁcant‘,’ﬂ;he two
larger subgroup differences, —3$310 and +-$557, should be tedted™ (tests
6 and 7). : . 7

When a joint relationship appears to be presert,\its signifieance
should be tested. This can be done by testing the” difference in the
differences, ibat is, testing the second differengesy

The three first differences measuring the'}eﬂect of size of business
for different erop yields were —$310, +§3 and +$557 (reading across
the rows of table 7). Since the diffcrence +88 for medium yields was
between the differences —$310 andy8557 for poor and good yields, only
the latler two differences nced be ‘considered. The difference between
—~8310 and --$557 is +$867.and is called the seeond difference.! Becond
difforences may be testddyin the usual manner by calculating their
standard errors and u?:&ﬁg the £ test (test 8). If the second difference,
+$867, proves to Be significant, there is Jittle question but that crop
vields and size of Fdsiness were jointly related to the income of Virginia
tobacco far];ng,j‘ff 1933.

nIf thg@d\i‘ﬁérence +§591 was not significant, only- the one large subgroup differ~
ence, $1 hould be tested.

. iﬂt’rﬁ;?férf if a giﬁerence as small ag +-$171 is significant, the difference bgtween
e W¥est and greatest difforences, +8867 (171 ~ 1,038 = 867), would probably be
Signi’ﬁcant. This would prove the prescnce of joint relationships. ‘ .

The second differences may be used to messure the presence of joint relationships
{puges 284 and 332). 6. i fsiguificant

u ious .mall difference, +$3, is Mg .

14 'g}l:i‘;u;l;zln};;; %ﬁﬁﬁzjnce wag determined by caleulating the eﬁcctis of large over
small businesses for poor and good yields, —$310 and +8557, respectliely, ;?d then
obtaining the diffcrence hetween these two numbers .I+5a7 .—(-—310) = :—18 ; 1 st

Likewise, this second difference eould have been determined by {Elallt; ating 511;51
the effects of good over poor yields when businesses were small gs ;g;;, -+867)
snd +$1,038, respectively. The second difference w83 +§867 (1,038 — = ..
This is the same as the second difference previously caleulated.
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In testing differcnees between averages or between differences, it is
necessary to calculate:

1. The standard deviation for each group that is compared.

2. The pooled standard deviation for each combination of two groups
comparcd.

3. The standard error of each difference.

All these caleulations are laborious, bui they must be made before
the relatively simple ¢ test ean be applicd. Therefore, before malang
any detatled calculations, one should do some such “seouting’’, to
determine which diffcrences are worth festing. In the present problem,
out of a large number of possible tests, & maximum of cigh€ would
verify all the relationships. If some ol the eight tests prove(differences
to be not significant, some of the succceding tests would nQI, bo p01f01mcd
at all.

The general order of testing differences is about a%)\:ﬂlm\q

1. Test the differences in the group averages hitause these group
averages (@) have the largest number of obauvstbmm and (b) are likely
10 be most typical. \

2. Test the largest differences first. Ifhe largest differences do not
prove to be significant, there would ,b( Little point in testing smaller
differences. N z

In general, only differences w hlr‘ﬁ appear consistent should be tested.

It is ordinarily uscless to tva‘g‘dlﬂerences which do not represent definite
relationships. ~A
3

7

\L\’AIRED DIFFERENCES

The testing of dzﬁcrences between two means divides itself into two
parts. )
The first m\tho tosting of the averages of two series which do not
contain thelsam( chservations but which measure the same phenomenon.
This 1b~111ustlat(d by the average price paid for putatm s by different
lng,gme groups (table 2). The familics in the first income group were
rig, the same observations as the families in the next higher group.
However, the same phenomenon, the price of potatoes, was measured for
each group.
The second part is the testing of averages of two series which contain
- the same observations and which measure the same phenomenon, but
under different conditions. This is the problem of paired differences. It
is illustrated by the average amounts of hay fed to dairy cows in 20
herds in March and April. The 20 herds were the same ohscrvations for’

~both March and April (table 8). The same phenomenon, pounds of hay,
was measured for both March and April. The only difference in the
averages was the condition, whether March or April.
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TABLE 8—TESTING THE SIGNIFICANCE OF DIFFERENCES BETWEEN
AVERAGES FOR PAIRED OBSERVATIONS

AwmoonTs or Hay Fep Dairy Cows PER HUNDREDWEIGHT oF Mk PropucED IN
20 Herps Durig MarcH aND APRIL

N\

Pounds of hay | Diffcrence in N = Number herds =20
fed daring pounds | yiffar
Herd cnees | op = Standard ﬂ_devia-
. tion of difference
| March minus | 8quared i
March | April April . = 4/32.05 - (3.1 = 483
"N\
= d
1 62 60 + 2 g | m = Desegsiresdom A oo
2 58 52 + 6 a6 - 2N\ ¢

‘sars = Btandar 'ei:'rpr of
mean difference = 111

.

19 75 70 +5 25 NS
20 b 7. =1 1 t =2 {calculated value)
- A\ .
Total 11,344 1,282 +62 659 i,'\’:.= 209 (05 per cent table
Average 67.2 64.1 + 3.1 32.95N 3 value)

The obscrvations are said to, be paired because the hay fed to a
herd in March may be comparéd'to the hay fed to the same herd in
April. AN : .

IIn testing paired differaiiécs, the first step is to caleulate the diﬁerex}ce
for each pair of obse 4tions. Tor herd 1, the amount of hay fe':.i during
March was 62 poumds; and during April, 60 pounds. The dlﬁerta:r}ce
in the hay fed @i, March over April was +2 'poun(.is (table 8). The
average difiprente, +3.1 pounds, can be obtained in two ways: (a)
averagi #he/individual differences (+62+ 20 = —I—3.1_); or (b) finding
the dﬂ:si%w between the averages for Mareh and April (67.2 — 64.1 =

3.1 )
+ 'Ill\r);e next steps are to calculate the stendard deviation in the 20

Sodividual differences, ¢ = 4.83, and to obtain the standard error of

the mean.!® The standard error is

PO _ 48 48 _ 11 pounds
Me= 1 V-1 436

The next step is to set up the null hyp
is no difference between the a.mounti o

. o . . N o
1 This mesn, 3.1, is really a mean of differences, & .mea'ﬂ‘ﬂljﬁél'eqce, ogd a t[;llllﬁ’-nel;
ence between two means.” It ig called a mean because its reliability is tested w1 e

standard error of the mean. -

kS

othesis. It is assumed that there
f hay fed for the two months.
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In other words, the hypothetical mean of the differences is zero. The
value of ¢ is
Ma-0 31-0 31
L 15 S R 0 Rt

In the table of { whore n = 19, and the probability is 99 per cend, t =
2.86; and for a probability of @5 per cent, £ = 2.00 {table 4, puge 320,
Since the caleulated value of ¢, 2.79, is greater than 2.00 and less than
2.86, the difference'® between March and April is said to be significant,
but not quite very significant. A~

The student may raise the question as to why the prou'durefs in
testing the differences between the averages of paired observatibne and
unpoired differences arc not the same. It is obvious that{tht method
for patred diffcrences cannot be used on wnpaired datas "Hov. over, the
method for unpaired data could have been used on pamd data.

If that procedure had been followed for the iy r,m}sumptmn problem,
the standard crror of the difference between thesaverages for March
and April would have been 2.7 pounds;*7 a‘nﬁ‘{he ealeulated value of
t, 1.15. The table value of ¢ for a plobablht)c of 95 per cent and n = 38

16 The research worker is usually most ;nte.rested in whether the difference is
significant, as given above. SBome may als@aish to know whether the difference is
significantly greater than a given amount,

After finding that there is & slgnlﬁmnt difference between the hay fed in the two
months, one could test the' hypothealq' that there was a diffen ence of, say, 1.0 pound
of hay.

MQ—&\IO 31-—10 2.1

t = =i =
\\O'H'a 1.11 11 1.89

In the table of 4, wherg = 19 and the probability iz 95 per cent, ¢ = 2.09, The cal-
culated ¢, 1.89, is hg.rdly significant. There is not conclusive proof that the difference
is ag great as 1.0.poind.

How large sndifference could one be certain (95 per cent certainty) exists between
the two mrﬁs{hs?

t= Ma s Ma—-4 = toysand A = Ma — oy, where A is that difference.

\ rI'Id’ﬂ
_ ﬁ“?:u — 2,09(1.11) = 8.1 — 2.32 = 0.78

One would be 95 per cent certain that the diffcrence is as lurge as 0.78 pound.
17 The standard deviations for March and April were 8.4 and 8.1 pounds, respec-
tively. The standard errors were:

Ma.reh, TiMa = 87 L = 1,93 April, TMa = \}-gl— =1.86

V20— 1

The standard error of the difference was

Ty, = A/(1.93) + (1.86)2 = 2.7

The value of ¢ was

’%’7_0=1?’_1=115

=
IDyrg 2
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is 2.02 (table 4, page 320). The diffcrence would not have appeared sig-
nificant with this test. However, by the method of padred differences,
the difference was decidedly significant (¢ = 2.79, table 8).

When the data are paired, the method for umpaired differences is
inefficient: that is, differcnces may appear to be not significant when
they really arc significant. In ealculating ¢ by the method of paired
differences, the average difference is coinpared to a standard error
which moeasures the variability in the individual differences. That vari-
ability is entirely due to errors of measurement, chance, and the like.
None is due to differences between herds, because cach difference coff
pares one herd in March with the same herd in April. In calculating
t by the method of unpatred differences, the same average diffeteriee is
compared to a standard error of the diffcrence which is\ultimately
based on the standard deviations of the two groups. These standard
deviations measure not only the variability due to Q;‘r’gré and chance,
but also that due to differences in herds. Hence, théwstandard error of
(he difference between two means of unpaired items'ls greater than the
standard error of the mean differcnces betawee paired items. As &
result, ¢ is smaller for the unpaired than fgr the paired method.

In short, when observations can be paired, more definite information
is obtained. The method of testing paired differences takes advantage
of this, while the method for unpaired differences does not.

RELIABILITY OF DIFFERENCES IN FREQUENCIES AND PROPORTIONS
ONE-.&W}Y FuequeNct TasLEs

Frequency distribu'tiﬁl\s are very common in tabular analysis. These
distributions may/pe-n terms of absolute numbers, or percentages, or
both. Since distribiitions in absolute numbers are the most common,
attention Wiﬂ:ﬁrét be foeused on testing the significance of differences

between a}\&nﬂ frequencies.'® y . . -
The ~di:st1'ibut-ion of 84 farms by the type of lease illustrates this

prohlém (table 9). The 84 [arms indicate that crop share leases were by
fhr Fhe most important, more than {wice as numerous as stock share

leages. The question is whether the indicated difference was significant.
. The standard error of the difference befwecn two

frequencies in the
same distribution is given by .

| [N =D
=Y TN-L

13 The standard error of & single class froquency which is TJ'T‘;; so importdnt as the
) . . . . — - - . t
standard error between two froquencies is gIVER by e; = N1 where  is tha

i atl nd the
drequency. T dom are n = N — 1. The interpretation of a7 &
requency. The dogroes of (e hat for the reliability of a single mean.

value of ¢ derived from it is the same a8 1.
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hih and N =

) all farms. For the crop and stock share

where f, =

leases,
57 3 80
2

Ll A

f o= 2 -

and the standard error of the difference between erop and stock share
leascs was

_ z (
o, = ‘/ [(sxxgj(gl (@0y7] _ 2><81_7,n VI - gl

With the null hypothesis, the differenee is assumed to be zere‘,\zmd

. P -
(67 -23) -0 34 >

- 6.51 =51 02

\
TABLE 9.—TESTING THE SIGNIFICANCE OFCPHE  DIFFLRENCE
BETWELEN TWO FREQUENGIES

DIgTRIBUTION OF NON-RELATER TENANT Farms, ACEORDING To TYPE oF LEASEY
) ¥

Le Number of J Difference be- {| o’y = Btandard error of dif-
ase CNPTE
farms tween frequencies ference between first
ma and second frequencies = 6.5
Crop share. . 57 : “3;;. ’ n = Degrees freedom
Btock share. 23 ~N =N-1 =53
Cash....... 4 NN { = 5.2 {caleulated value)
Total | 84 \{\ ; [ = 2.64 (09 per cent table value)
| N -

* Behickele, 1. an Himmel, J. P., Bocio-Eeonomic Phases of Seil Conservation in
the Tarkio Cree Area Towa Agruultur&l Experiment Station, Rescarch Bulletin 241,
p- 373, Ovtohp\

Since" for a probability of 99 per cent and 83 degrces of frecdom,
N ~H the table value is { = 2.64, the difference is very significant.

then, the number of observations in a frequency table is expressed
af a percentage or proportion (table 10). The difference between the
percentages of farms with different types of leases may be tested. The
standard error of the difference is

2 aya
p, = 'N.P_Ll

o E_pg and N = all farms. For crops and livestock leases

~ 4/@'@6}{0.524
70, = 84— 1)

where @, =
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0.678 + 0.274 .
where p, = }—7 = 0.476.

o5y A/ Ve = VO00G012
= 0.0775

The difference between the proportions, 0.404, was divided by the
standard crror, op, = 0.0775, to obtain the caleulated value of {, 5.2.
The differcnee, between the proportion of farms under erop and stock
share leases was very significant. The caleulated value of { for the, pre:
portions, 5.2, was the same as for the frequencies'® (tables 9 and 10).

2\
TABLE 10—TESTING DIFFERENCE BETWEEN TWO PROEORTIONS
{After table 9) R N\
l (O
: oo Differ- jop, = Standafd}rror of dif-
Number | Percent- | ence ferenge, Between firat
Lense of age betwesn ) Jsecond propor-
farms | propor- \ { tions = 0.0775
- tions \ ;: 3
—” = Degrees freedom
Crop share. ...| 57 87.8 w;{ﬁi" ' =N-1 =8
Btock share.... 23 274 | &N
Cash. . ....... 4 4.8 89 ¢t =052 (caleulated value)
Total 84_'_1&0 l : i =264 (99 per cent table value)
+8 3} . |
—%iv‘*'—

o T'wo-Way FREQUENCY TaBLES

A% .
The differgq{ces between the frequencies m & two-way tfa,ble can be
 tested in<th® Same manner as in one-way tables. The relation of years
of schaaling to the residence of farm-reared children is & case 1 point

(table{1). When the standard errors of the differences between group

ﬁo‘tg‘al% are used, certain facts can be observed and verified.

56§ OF proportions, the studént must

1 i i hetween pereent: udent
In testing e O on i same or different frequency distribu-

note whether the proportions pértain ¢ the
tions. The formula sn, = Ni’ﬂfi spplies to proportions in the same frequency
. ) —
diatributions,
The erop and livestock shar v
bution, When the propourtions are not in

o tio:
an, = /l/ p"q“(}\il_l—ﬁl —+ = 1 ), where N1 and Ns refer to the total observations

Ng -1 . . - . N
. in twa different distributions. This formula would be apphefi ]in testl:f a::{ieﬁesrence
between the percentage of farms in Illinois and in Iowa with erep -

e leases were twe propertions of the same distr}—
the same digtribution, the formuts is
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TABLE 11,—TESTING THE SIGNIFICANCE OF DIFFERENCES BE-
TWEEN FREQUENCIES IN A TWO-WAY TABLE

ReLatioN oF Fpucation To PrEsENT Prace or REsipENcE, Apurr OFFsPrING OF
ArxaNsas FarM Famiies*

Number of former | Schooling ~
farm children now _ N ! (9§_2)_. 933
Total living 5, m¥ N1 541 ‘
Years in school zhil- : n o= N 1= 541
TENl H
i On farms | In towns 174 N\
tGo& 184 = m 7 5
2 AN
100rless....... 358 171 187 | Residence W~
Over 10........ 184 65 119 TR o AeRdone
. oy = N = /G 23.3
! N -1 W 541
Total 542 236 306 g

_ n =N-1 <¢§'{41

* Rearranged from MeCormick, T. C,, 7{} . teulated

Rural Social Organization in South-Central | %-23\Ng33 = 3.0 (ealculate
- . . A, value)

Arkansas, Arkansar Agrieultural xporiment '::.\

Btation, Bulletin No. 313, p. 18, December ~t~:\= 2.59 (99 per cent tuble value)

1634, A\

The difference between 358 and 184 was very significant (s 1a4 = 7.5},
indicating that a majority of Lhe, children attended school 10 years or
less. .

The difference betw een, 236 and 306 was also significant (é_se = 3.0),
indicating that the ma{&nty of farm children lived in town after they
grew up.

The subgroup tqtals indicate that, regardless of cduecation, a majority
of the childrenMived in town, and, regardless of where the children
lived late ﬂle majority attended school 10 years or less,

According to the subtitle of table 11, there was a relation between
eduqatio'n and residenee. Nonc of the differences tested or mentioned
fe;lb far show any such relationship. Tt is true that children with much

chooling fended to live in town rather than on farms, but so did the

children with little schooling. It is true that those living on farms
tended to have little schooling, but so did those living in towns. The
facts observed and verified thus far could have becn obtained from
two very simple one-way tables of the two sets of group totals. The
subgrouping in table 11 contributes very little and does not describe
the relationship which is supposed to exist.

The rclationship could be shown clearly by changing the subgroup
totals or frequencies to percentages (table 12). Of the 358 children
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with 10 years or less schooling, 48 per cent lived on farms. Of the 184
with over ten years of schooling, only .35 per cent lived on farms. The
48 und 35 percentages are dircetly comparable, whereas the numbers
171 and 65 are not direetly comparable. This is the advantage of pro-
portions,

TABLE 12.--TESTING THE SIGNIFICANCE OF THE DIFFERENCE BE-
TWELEN PERCENTAGES TN A TWO-WAY TABLE

{After table 11)

. A
}
. Percentage of farm | Testing difference between the propor-
Years in Num- | hildren now living tions living on farms, 0.48 and §.35/
) ber of AN
school Wil \, T e S
chul- on = y (,—— X
dren On In e PANN, — 1 :'—(N‘!‘.—' 1
farms | towns | Total _ \/ ALe: 1 )
O‘Mxnﬁ.&(‘%s—ﬁma

= /52468 0.00%266

10 or less 3568 48 52 100 \/m
0 7 = 0.045

1

Over 10 18¢ | 35 | 65 | 100 =V
— n = -’N’l\i_ Ny —2
Total | 542 ;| 44 ‘ 56 | 100 368 + 184 — 2 = 540
L L e\ 013

o ':ﬁg;‘% = 0046 = 2.9 (caleulated value)

The difference hetween 48 a.nd “t _ 559 (99 per cent table value)

35 percent was tested and found to :

be very significant (t;a,'aﬁm-\”‘z.g).

The more schooling facm'children received, the fewer of them remained
on farms.2¢ The relagionship is significant. '

There is a differénce between the two approaches to the schooling
and residence Zﬁr\oblem other than between totals and percentages
(tables 11 an'd~\l2). In the first approach, one frequency was compared
with anqth'f frequency in the same distribution. In the second approach,
the pe}‘;mnta.ges wore caleulated so that the totals for both the “10 or
luss?’:f and “over 107 groups were 100. The percentage on farms ﬁYas
o compared with the percentage in towns. This comparison, which
would have been between two groups in the same classification, would
only have shown that there were more in towns than on farms. It would
not have shown the relationship hetween schooling and residence.

The comparison of 35 and 48 per cent involved the difference between

¢ schooling farm children received, the more of
ween 0.52 and 0.65 is the same as the diﬂ"er-
be tested in exactly the same manner with

20 Stated another way, the mor
them moved to town. The diference bet
ence between 0.48 and 0.35 and would
the same results,
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two comparable frequencies in two separale dislributions, “10 or less”
and “more than 10" ycars of school®

One-way frequency tables merely describe observations all in the
same distribution. Two-way frequency tables also deseribe 1wo indi-
vidual distributions, but their primary purpose is to show relation-
ships. In showing relationships, the frequencies must usually be pre-
sented as percentages or proportions.

The differences tested in a one-way table are between aciual or
percentage frequencies in the same distribution. They involve thg\relia-
hility of a description.

The differences tested in a two-way table are bctweeni})’sfceniage
frequencies in different distributions. They invalve th(:'r'(::ﬁi\l-bﬁity of &
relationship. N

2L This relationship could have bheen studicd equally well b f‘Sa,Tculating for children
on farms and for those in towns the proportions receivin\g‘;}}i erent amounts of edu-
cation. Then the relationship would have been tested\by comparing percentages
herizontally in the table, rather than vertically. x:\\w‘

¢ \

N



CHAPTER 19
THE ANALYSIS. OF VARIANCE

The analysiz of variance is another method of testing signifieance,
The general objectives of the analysis of variance are the same as f
standard errors.! However, the analysis of variance may be applled to
a wider range of pmblems The techniques are diffcrent in pra\s,twe
though somewhat similar in theory. >

Variance is merely another name for squarcd standard dgwatlon,
It is the average of the squared deviations about the al‘lthmctlc TMean.
2 S(X - AX) 2X?-3XAX ~\X2 (=X)2/N
N N a N N

p §

Yariance =

\/
In estimafing the universe or populatlun variance from a sample,
the sum of the squared deviations is ordigs }ly divided by the degrees
of {reedorn which are one less than the fuinber of obscrvations, and the

formula for variance is: .;. N
.. Zx? 2( AX) Y X - ZXAX X2 - (ZX)W/N
Vaﬂance;N—lz—N—I Z_T—l =T N -1

sunm\qsxon OF VARIABILITY

The analysis of v :mhn\co is based on the ability to divide the v: ariability
into two or morc parks.

The total vahgnte in the cmt per hour of horse labor is caleulated
from the qum\of squared deviations for 15 {arms and the degrees of
freedom. he sums of -squared deviations may be ealeulated from the

costs an&qu&n .g of costs given in table 1.

¢ '\‘ ' SUM OF Squaxep DuvIATIONS

\1* or the 15 farms, the sum of the squared deviations® in costs waa

4 4
EX?_ g 135 - 2
N

Zrf = =X — 15

= 6,136 — 5,377 = 759
This sum of the squared deviations for all farms may be broken down
eded analysis of variance.

1 The development of the standard-error theory prec
* A method ff calculating sums of SOUATCS and sums of products with tabulating

equipment is given in Appendix B, page 425,
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TABLLE 1.—CALCULATION OF BUMS OF SQUARLED DEVIATIONS
AND VARIANCE

Cost pErR Hour or Honse Lanor on 15 New Youxk Farws, 1937

2 4 » X
Farm Costs Xt | Sumsquared deviations = Z2° = 2X* — )f)
number X A
i : !
FFor all farms, 2zt = 6,136 — (2?:}— =759
1 244 576 g
2 25 625 ¢ 170}
3 13 16{; ¥ For odd furms = 4,132 — ( 8)_ = 51\9
4 9 81 (114},
5 3l - 961 | For even farms = 2,004 —~ AR 147
6 19 361 NS ¢
7 0 %1 j Between odd and g &
g 14 L1906 even farms = [8(22525_;’12 - T(16.286)% —
9 34 1,158 ’L\_f;*j: =93
0 14 198 O
11 P4 576 , Xzt
12 1% 256 | Varianee = o7 ) \:= N_1
13 17 230 : '\‘;.\ 50
14 17 289 | For all farm8{s% 15 —1 = ph4.2
15 18 324 O v
: \ ¢ 519
T = M 14
Totalall | 21 | 6,136 | Lo oddifarms 8- 1
Total, odd 170 4,132 N N 147
Total, even 114 2,004 | Bor‘even farms ~w3 = 24.5
Average, all 18.933 L
Average, odd | 21.250 } Betweert% odd and e a3
Average, ever 16,285\'\" even tarms T2l T
i

into several parts“ Assume that the 15 farms are divided into two
groups on thn'basis of whether the farm number was odd or cven. The
sum of sg{ﬁﬁr(‘d deviations was

If‘é'r odd farms, Zx? = X2 — (2X)2/N = 4,132 — (170)*/8 = 519
o For even farms, — 2,004 — (114)2/7 = 147

) 3
\The total of these two sums of squarcs is 666 (519 4 147 = 666).
This is not so great as the sum of the squares of the deviations for all
the 15 farms, 759. The 759 represents the variability about the average
cost for all farms, while the 666 ropresents the variability within each
group about the average for the particular group. The differcrce between
759 and 666 can be explained by the differcnce between the averages,
21.250 and 16.286 cents per hour.
The sum of the squared deviations between the two averages is cal-
culated by assuming that each average represents all the items in that
group and proceeding in the usual way to obtain the sums of the squared
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deviations for all 15 farms. There were § farms averaging 21.25 and 7
farms averaging 16.286 cents per hour. The sum of the squared devia-
tions is:

Sum of squared deviations - Zxt = 2X¥ - (ZX)YN = [8(21.25)2
1 7(16.286)] — (284)1/15 = 3,613 + 1,857 — 5,377 = 93

This quantily, 93, is also the difference belween 759 and 666. Appar-
ently, the sum of squared deviations about the average for all 15 farms -
ray be divided into ithree parts: :

1. Sum of squared deviations in individual odd farms about the
mean of odd {farms. .

2. Sum of squarcd deviations in individual even farms about the
mean of even farms. O

3. Sum of squared deviations in averages for odd and fonéven farms

about the average of all farms. D
: ¥

DEGREES 0F FREEDOM
After the sums of sguares have been obt;ﬁhéd, it is necessary to
determine the degrees of freedom. The degteck of freedom are one less
than the number of obscrvations.? ThataWere 15 farms, and the total
dogrees of freedom were N — 1= 165~ 1 = 14. Like the total sum of
squarcg, the total degrees of f;gedbm may be divided into paris as
follows: N
For 8 gdd farms, N —1=7
Forfeven farms, N - 1=16
Within the two mdiﬁﬁﬁal' groups, there were 13 degrees of freedom.
However, the total Was 14. The missing degree of freedom was between
the two avcrage$s The average for all 15 farms was considered fized,
18.9 cents. I¥yélation to the average for all farms, the averages for the
odd and\\w\n groups may vary. However, there is only one degree {flf
fr(;&edqm\m their variability because, as soon a5 one group average 1s
dct-e@i'm—zd, the ofher is also automatically fixed.
“I'He total degrees of freedom in the variability for 15 farms may be
Evided into these parts:
1. Degrees of freedom in indivi
odd farms.
2. Degrees of {recdom in individual even farms about the average
of even farms. _ o
3. Degrees of frecdom in the avera
about the average for all farms.

dual odd farms about the average of

ges for odd and for even farms

e less than the total observations are free

3 W . : 3 ; nly on
With s given arithmetio meas, O3 last chservation must be such tl\m.t the

to vary. After these are determined, the
4VEerage is as given.
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VARIANCE
Variance may be shown diagrammatically as follows:

Variance Sum of squared deviations
rit =
Degrees of frocdom

and algebraieally as follows:

=xt
o =
TN -1
The total variance for all farms was O
759 , ‘O
02=15_1=54.2 AN

Ny
This total variance, 54.2, deseribes the variability ingeest per hour
of horse Iabor. From the three component sums of squAges of deviations
and the corresponding degrees of freedom, threc3{hel variances could
be ealculated.

. 519
1. For odd farms, varianee = ¢? = M
14"
2. For even farms, variance = o* —,—h—"= 24,
3. Between averages for odd gu;d for even farms, variance = ¢* =
93 N\
T

~ Four differcnt t.zstimat-e&n{‘varia,nce were obtained. When the estimate
is based on a part of fhe variability, it is not kely to be exactly the
same as when basedy o0 all the variability, The variances ranged from
24.5 to 93. The threa variahces measure the variability in costs:

1. Among odc{farms (74.1).

2. Amouii\fen farms (24.5).

3. Betaten average odd and average cven farms (93.0).

The drffvrenceq in the varianees could be duc to chance fluctuations
1notshc data or to the factor by which the farms were classified into
gﬁmps In this particular case, the differences were probably all due Lo
chance because the odd and even grouping is a chance classification.*

RATIO OF TWO VARIANCES

With the analysis-of-variance method of testing significance, one
tests the difference between two variances. For example, with the
analysis of variance, one might test whether the variance in costs of

* Instead of sorting the costs on the basis of odd- and even-numbered farms, one
might have divided the costs of borse lahor according to old and young horses, large
and small farms, livestock and grain farms, amount of work performed, or the like.
The method of ealeulating variances would have been the same,
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horse labor on odd farms, 74.1, was significantly greater than the
variance on even farms, 24.5. The differences between variances are
expressed as ratios, rather than arithmetic differences. Such a ratio
might be written as follows:

O—?Jdd . 74.1

St = oy = 302

Yariance ratio =

Whether this ratio is significantly greater than 1.0, which would indicate
no differcnce, might be tested by calculating the standard error of the

ratic and applying the { test. ~
The standard ervor of the ratio of two variances is most accurately
stated in terms of logarithms as follows: N\

. 7'\
: /ot 1 O\
‘710;:,(:;;) - 2 a-i— 1@) “.( N
2" & ?
when 5, and ny are the degrees of freedom corre"é;\)onding to the two
variances. The significance of 2 variance ratiosiay be determined by
comparing the logarithm of the ratio wi’gh’,{he standard error of the
logarithm of the ratio. The value of £ 18 galeulated in the usual manner.
The null hypothesis is set up as follpw@:ﬁ’
R Y.
e Ak
. 91y _ 0
; 10 gf(ag)
= '—_'_',__
~ ’ o'loge (%)
From the table of £ rﬁsfz%ut-ion, the corresponding 95 and 99 per cgnt
values of ¢ can be read. By comparing the calculated value of ¢ with

these table valuds,the significance in the va,ria.nc.e ratio can be deter-
mined.® In plzaé‘tiée, the ratios are not tested in this manner.

X4 2 ) ot
A hyp{'i;"ﬁetical leg, (%) = {) is the same 88 ;lg =10
i,

¢ Wﬁ({ﬂ\thc variuhces f:}r odd and even farms are wsed, the standard error of

the\lbgarithm of their ratio is: . —

' n =g/ 2 s+g) =0.787
\ dlog.(i‘zﬂ = l'rloge(ii) / (7 + 6)

Fevan L)

and

q 74.1
. lUgs(a__';) -0 lUgc(zTﬁ_) -0 _ lng¢_3_-02 -0 - }ﬂ? = 1.40
.

o =T 0.787 0787 0.787
]Ogs(' ;;)
oz

. is 2.16
For 13 degrees of freedomi and & probability of 95 per cent, the value of tis 2

(table 4, page 320). The difference between the two variances is not ‘SJgII:‘filE;ng ,u zh::
ir, a greater differcnce than that which existed. could have beeﬂdtxsl?v jahility
chanve alone in more than & per cent: of the samples. In other words, fe ar
in costs on odd farms Was hot significantly greater than that on even farms.
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TABLT 2.—

5% or $9% v Licur-Faen Tres,

e deprees of frecdom

1 2 3 4 & i} 7 3 o 10 11 12

1 161 200 216 225 Zsn M 237 w0 241 mi2 43 244
4,052 4,999 5,403 5,625 5764 5,830 5028 598l 6,022 6,056 6,082 6,106
2 1851 INUD 1908 1925 1930 1033 1048 107 1uB% 108 10 14l
DE.49 00,01 0017 99.25 0930 99.33 9034 6036 99.38 99.40 99.41{ Bo.42
3 1013 085 028 D12 001 S84 K88 ENE S8l BTy 8TNYATL
3412 30.81 20,46 2871 28.24 27.91 27.67 27.40 2734 27.23 '2\?.&3 27.08
£ T7L 654 609 630 626 616 609 604 600 59\ %4 5ol
2120 1800 16.69 15.08 1552 1521 14.98 1480 14,66 14.54)14.45 1437
5 661 579 541 519 505 405 488 482 478 A 40 448
1626 13.27 12,06 1139 10.97 1067 1045 10.27 1015 1005 098 9.80
6 599 514 476 4533 430 428 4231 415 440 40m 403 400
13.74 1092 978 9.5 875 B.47 826 810 .98 7.87 T.79 T.72
70559 474 433 412 397 AT 370 sJ3NB08  we3 20 257

D 12.25 9.55 845 7.85 746 7.9 700 684N 671 6.62 654 64T
e B 532 446 407 384 3.460 8538 350 .0MJd% 339 334 231 329
& 1126 865 7.59 701 663 637 6197603 501 582 574 5.67
[:] 9 5.12 4.20 3.86 3.63 348 3.37 32\3 423 315 3.13 310 aor
e 10.56 802 690 642 606 S80N562 547 535 526 518 51l
8 10 49 410 371 348 333 3.22N,3J4 307 302 297 244 291

10.04 7.56 635 599 564 539° 521 506 495 485 478 47l
£ 11 481 398 359 336 320 TSy 20l 205 200 285 282 270
: 965 7.20 622 567 SIRUVS.07 488 474 463 454 446 440
13 12 4755 3.88 3.49 3.26 2l 3.00 2.2 285 280 270 272 2./9
d 933 603 595 541 506 4.8 465 450 430 430 422 4l6
™ 13 467 380 341 328 N302 202 284 277 272 267 243 240

.07 670 574 .5?30 4.86 4.62 444  4.30 4.19 4.10 402 3.96
, 14 480 37¢ 334,\2M1 2068 285 277 270 263 260 2.6 253
e 886 651 536\\ 5.63 4.60 4.46 4,28 4.14 4.03 3.94 3.86 380
» 15 454 368 JB20 306 290 270 270 2064 250 255 250 248
& 8.68 6.36.,\542 4.89 4,56  4.32 4,14 400 3.80 3.80 ENE] 3.07
; 16 449 e/ 3.2¢ 301 285 274 266 259 254 249 245 242

8.53 623 520 477 444 420 403 380 375 369 36l 355
. 17 445¢ \s:.q 3.20 296 28l 270 262 2556 280 245 241 238
a 20% 611 5.18 4.67 4,34 4.10  3.93 3.7 3.68 3.59 a5z 3.45
r 18 4l 856 216 293 277 266 258 251 246 241 247 234
L JANBZB 601 509 458 425 401 3.85 3.1 3.60 351 344 337
n MU 433 552 213 290 274 263 255 248 243 238 234 231
c () 818 505 501 450 417 394 377 3.63 352 343 336 330

20 435 345 310 287 271 280 252 245 240 235 231 228
810 585 404 4.43 410 387 371 356 3.45 3.37 330 323
21 482 247 307 284 265 257 249 242 237 232 228 2.5
802 578 487 437 404 3.81 365 351 340 331 324 317
22 430 344 300 282 266 255 247 240 235 230 226 2.3
794 572 482 4381 309 376 350 345 335 326 318 312
23 428 342 303 280 264 233 245 238 232 228 224 220
7.88 566 476 426 3904 371 354 341 330 321 314 307
24 426 340 301 278 262 251 248 456 230 226 222 218
782 561 472 422 390 36Y 350 336 3.25 317 3.0 303
25 424 348 200 276 260 249 241 234 228 204 220 206
777 557 468 418 3.86 3.63 346 332 321 3.3 305 299
26 422 337 208 T4 250 247 230 23z 2@y 223 208 206
772 553 464 414 382 359 342 320 317 3.0 302 296

V&
P

* Buedecor, 1. W, Btutisticn]l Mothods, pp. 184187, 1940,
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VALUES OF F*
19 or 999 m BoLp-Face Tyem
for gregler variance

11 16 20 24 30 40 B T3 100 200 500 2o ns
045 246 248 248 250 251 232 253 253 204 234 254 1
6,142 6,160 6,208 6234 6258 6,286 6,302 6323 6334 6352 6361 6,306

1042 1043 1044 1945 1946 1047 1947 1048 1940 1949 1950 19.50 2
00.43 00,44 00.45 00,46 99.47 90,48 0048 99.49 00.49 9940 90,50 U9.50 e
w7l RG60 866 Bl 862 860 858 B3 856 B85 854 843 3
2602 26.83 26.60 26,60 2650 2641 20635 2627 2623 2518 2614 26.12 A
587 584 580 577 674 571 . BT 668 AG6 585 564 568 gN\.A
14.24 4.5 1402 13.03 1383 1374 13.60 13.61 1357 1352 1348 13469\ ©
164 460 456 453 450 446 444 £42 440 438 437 436 5
oF7 0.8 ©55 047 938 029 024 047 013 907 0.04,002

395 302 S.87 881 881 877 875 3v@ 2Tl 360 3 &s 3.67 i
760 7.8z T30 731 723 W14 708 702 699 694 6907 688

5.52 340 =244 541 338 334 532 320 328 B2§ w?m 3.23 7
535 627 615 607 598 5050 585 578 575 HJON\AB.67 5.5 )
493 320 315 412 308 305 303 300 298 266 294 2 8 E
556 548 536 528 520 311 506 500 48640 N4p1 488 486 T
B0z 2,08 203 200 286 282 230 297 ?a‘. 27s 272 471 g e
500 492 480 473 464 456 4351 448N i}x 436 433 431 :
omg  oDR2 27T 274 270 24T 25t 260N\ L9 256 255 254 10
160 452 441 433 425 417 412 405 401 386 393 381

a4 570 265 261 257 258 280 N2d7 245 242 241 240 11 i
420 421 410 402 304 3.86 3.80\ 374 370 366 362 3560 .
064 S0 254 260 9246 243 _9dp° 236 235 232 231 230 12 ¢
405 308 3.86 348 390 - 3.6L%s6 349 jac a4 3.8 3.36 f,
oss ol 946 942 258 2de 232 228 226 22 222 221 12 o
385 348 367 ase 351 {342 337 asu 3w 32 318 316

248 244 230 235 23\ 227 2p4 221 219 246 204 213 14 .
370 3.62 3.51 xa\4~ 326 321 314 &Il 306 302 300 "
243 239 233 229 \N g91 218 215 21z 210 208 207 15 2
356 343 336 3205320 31z 307 300 207 282 280 2.87 s
sur  mas  2om. G847 220 216 213 200 207 204 202 201 8 3
345 147 3250318 410 301 296 280 280 280 277 278

233 229 ofmW2is 215 211 208 20 202 199 197 196 7
335 a7 /ale¢ 308 300 202 28 279 276 250 267 265 M
280 s23\Mghe 213 211 207 206 200 188 195 163 182 18 r
327 319N 307 300 291 283 278 271 288 262 259 257 !
226 gl 215 211 207 202 00D 106 194 -L81 100 188 19 5
3.19" \ 312 300 292 28 276 270 208 260 254 251 249 °
'2\15.. 218 21z 208 204 199 196 182 190 187 185 182 20

33 305 204 236 277 269 263 286 253 247 244 242

220 9215 208 205 200 196 183 18 187 184 182 181 21
307 200 288 280 272 2063 258 251 247 242 238 235 "
518 213 207 203 198 183 191 187 181 1.8 1.80 1;51‘

302 204 283 275 267 258 253 246 242 237 233 27 v
214 210 o4 200 1986 161 L8818 182 1ye 177 ;‘22

207 289 278 270 262 253 248 2.41 _2.31’ 232 228 1,73 o
512 00 202 198’ Le4 189 186 182 "180 178 1‘7: 2.21

203 285 274 266 258 249 244 236 233 227 ﬁz 17t %
511 son 00 1o 102 187 18 180 LIT 1I4 o oo

289 2.8 270 2.62 254 245 3240 232 220 2.2 219 27
210 205 180 1es 150 185 .18 L78 176 172 215 213

286 277 266 258 250 241 230 228 228 219 2 -

_ﬁ________._._.—_-———-—-_—-_'_'___-_-—-_-_
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TABLIL 2.—VATUES

£ % = en . P T
5% or 9% v lacor-Face Tveg,

o degrees of froedom
iz 1 2 3 4 5 33 7 8 ] UL 11 12
27 4.21 4.35 2.06 273 2457 246 207 2.0 25 R son 213
7.68 549 460 4.11 3.7% .56 3.39 3.26 14 3.06 2498 2,93 .
28 4.20 334 2,55 271 20 244 e 1] Y] B L ) 215 2’& L
7.64 545 457 407 376 353 3356 3.23 311 303 7e5 ¢ 4 '
29 418 333 294 2.70 254 2.0 245 &nh P . 2.11\ A1l
7.60 542 454 404 373 350 333 320 308 300 2,92 N 2.87
30 4.17 332 292 240 2.33 242 284 2,27 2k 24 '{.12 o 204

7.56 539 451 402 370 347 3130 317 3.06 208 \2.90  2.84
32 415 330 200 2467 241 240 232 225 214 2ok ¢ 210 207
750 534 446 3.97 366 342 325 312 301 . 204} 2.86 .80
34 433 228 288 26d 240 238 230 223 21307B1 208 208
744 529 442 393 361 338 321 .08 2:9?\ 2.89 232 276
36 411 3826 28BG 243 2428 246 2w 4 26 210 246 202

D 7.39 525 438 389 358 335 318 A.04\\2Wa 2.6 298 272
° 38 410 325 285 262 248 235 2.6 zgx 214 20y 245 202
r 7.35 521 434 386 354 332 315 gM0Z 291 282 275 2.6
€ 40 408 323 284 26D 245 234 283N\WIS 212 2047 24 200
.f "3l 518 431 383 351 320 M2V 200 288 2.80 273 260
42 407 322 2HZ 250 244 282 dwa 2317 211 206 2402 149
7.27 55 439 3.80 349 22600310 206 286 2.97 270 2.64
fr 44 406 321 282 258 243 230% 223 216 210 o8 2Ol 198
e 724 512 4.26 378 346 (\4 307 294 284 275 268 262
¢ 46 2405 320 281 257 24208230 222 2 2O 204 200 197
g 721 510 424 376 3440 322 3.05 202 282 273 2.66 2.60 .
o 48 4.0¢ 319 280 236242M1 230 221 214 208 203 190 108 .
719 508 422 3:{4‘\3.42 3.20 304 290 280 271 254 258
: 50 403 318 270 Qa 7240 220 220 212 207 202 198 195
M 7.17 506 4.20 \5 2 341 318 3.0z 288 298 270 2.62 2.50
s 55 402 317 278, 254 238 227 218 211 205 2.00 Lo7 193
: 712 501 06/ 368 337 315 208 285 275 2.66 259 2.58
I 60 400 BISNRF6 252 237 225 2a7 210 204 190 195 102
T.08 498, 413  3.65 334 342 2.95 282 291 2.63 256 250
v 63 390 84& 275 251 236 234 215 208 202 108 1o4 180
a 7.04 § }.95 4100 362 331 309 203 299 270 261 2.5¢ 247
H TO o 3MENRIL 274 250 235 293 204 207 201 LOY 143 1RO
! WAl 492 408 360 320 307 291 2.7 267 250 251 245
n BONG306 311 272 248 233 221 212 205 199 145 191 188
° ) 690 488 4.0¢ 356 325 3.04 287 274 2.64 255 248 24l

\ma 384 308 270 246 230 219 210 203 197 192 1.88 185
690 482 398 351 320 200 282 260 259 251 243 236

125 892 307 268 244 220 217 208 201 1.95 190 1.8 183

. 6.B4 478 3.0¢ 347 307 2035 279 2.65 2.56 247 240 2.33

150 891 308 287 243 237 218 207 200 194 180 185 182
48l 475 301 344 3.4 292 276 2462 253 244 237 230

200 280 304 265 241 226 214 205 198 192 1.87 183 150
6.76 471 3.88 341 331 290 273 260 250 241 234 228

400 286 302 282 239 223 2J2 203 L9 190 1.85 181 178
6.70 466 383 336 306 285 260 255 246 237 2.20 2.23

1000 385 300 281 238 222 210 202 195 189 184 180 176
6.66 462 3.80 3.34 3.04 282 266 253 243 234 226 2.20

@ 384 280 260 237 221 209 201 104 188 183 179 178
664 460 378 332 3.02 280 264 251 241 237 224 218
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QOF I (Continued)
19, or 999 x Bowp-Face Tyre
for greater variance
14 16 20 24 S0 40 50 75 100 200 500 2o m
208 203 147 0 1W3 188 1.8¢ 1.80 176 174 LYl 168 167 27
283 2074 2.63 255 247 233 233 225 221 216 212 210
206 202 196 101 187 181 178 175 172 189 167 185 2§
2.80 2070 2.60 252 244 235 230 222 218 213 200 206 e
o 2.00 104 150 1.85 1.80 1¥7 173 LTI 168 165 16¢ 20
297  2.68 257 249 241 232 227 210 215 210 206 203 A
201 100 163 189 L84 158 176 172 169 166 184 162 \30
274  2.66 255 247 238 229 224 216 213 207 208 2.00\V ©
202 107 151 Lss 182 176 LT4 168 L7 184 Lsl 4587 32
270 262 251 247 234 225 220 212 208 202 198\hJs
200 1.95 1.80 1.84 1.80 174 LTl 187 164 LEL LAEN 157 84
266 258 247 238 230 221 215 208 204 198 (.94 191
Tus 108 187 .52 1.8 172 168 186 1.62° LSY\hse 155 38
2.62 2.54 243 2.35 226 217 212 204 200 RHEVIN0 LAV D
196 L9z 1.85 180 176 171 167 183 160 (1T 154 15 38 7
250 251 240 232 222 214 208 200 LW LE6 184 £
105 1.90 1.8 179 174 169 166 1Al 1\;9» 155 153 151 40 e
256 240 297 z.20 220 211 205 -LOAN )94 188 184 18l 4
los 1m0 Tsg 178 178 168 Let LEO\NMS7 154 151 149 42
254 246 2,35 226 217 . 208 202 9% 101 18 180 178 .
Loz 188 18L Lo 17z Lee  JaalWas: 1a6 1s2 150 148 44
o2 244 232 224 215 206 200, 182 18 182 178 175 :
1w 17 Lep 176 L7l 163, W2 157 Led 131 148 L4546 ¢
250 242 230 z22 213 2045198 100 18 180 176 172 d
Ioo 18 179 174 170 Awd 161 156 188 130 147 145 48
548 240 228 220 211202 196 188 14 L7813 170
190 18 178 174 LAO)'LEF 10 155 152 148 146 1dd 5
246 230 226 218 &Zu0” 200 194 186 182 176 i7 168
188 1.83 1.6 178 No7r 161 L8 132 1A 148 143 141 85
243 235 223 2i5) 206 196 190 18 178 171 166 .64 :
186 1.81 LT3 ;i’_:xo" Les 159 LA6 100 148 14t 141 139 &0
Jan 232 220 N1z 203 193 18 179 L74 108 1&3 1.60
Lrs 180 oA ies 163 157 LA 140 1d4B 142 139 137 85
237 230 21 200 2oo 190 184 170 L7 164 160 156 M
184 17a\M.72 167 Lle2 156 133 147 145 140 137 133 70 lr
235 228 213 207 108 .18 182 L74 1069 152 156 153 |
182 897 170 165 160 154 151 148 142 138 185 133 80
parbas o171 203 194 184 178 170 165 LST 1S 149 e
AN 175 168 ie3 167 Ll 148 142 139 134 130 128 100
Nez6 219 zo6 195 18 179 173 Los 159 151 146 1.43 125
B Me s 1s5 149 145 n3 1360 1312237
223 545 203 Lot 185 173 168 159 151 1do 1.40 : s 150
176 171 Led 149 154 147 18d 137 1.5¢ 128 L2G -is
220 212 200 19t 183 L7z los 136 LS 143 137 :'19 200
174 1ge 1e2 1oT 152 145 14z 135 182 1.26 1‘2§ 128
217 200 to7 1sg 179 160 L6z 153 148 130 L3 113 400
172 167 160 15¢ L4y 142 138 182 1.28 .22 1.12 113
2tz 20t 1oz 184 l7e les 157 147 142 L3 SEL L0l i
170 165 148 1.53 147 140 136 180 126 119 1.19 Lo
200 sor 18 s Lm Lol iS¢ 14 138 LI RGm o
160 184 157 152 L4g 140 135 128 124 117 115 1.00
207 109 187 17e L.e9 159 152 14 136 125 L. 4 .
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Since the work invelved in making this test is somewhatl tedious,
convenient tables have been prepared which show 95 and 99 per cent
values of the variance ratios for different combinations of degrees of
freedom, The tables are in terms of the ratio itsclf, commonly written
ot /0% = F, rather than the logarithms of the ratio. The degrees of free-
dom at the top of the table always refer to the larger variance, while
those at the side refer to the smaller varianee (table 2).

The procedure in lesting the signifieance of the difference in varianees

“on odd and cven furms with the F test is as follows: ~
1. Variance ratio is calculated by dividing the larger by the guballer.
oA\
Varlance rafio = 1 3.02 O
"' 245 \ hy

2. The smaller, 24.5, was based on 6 degrees of fn'odom and the

larger varianee, 74.1, on 7 degrees of frecdom. '1‘110.95 per cent value of
- F where #iz = 6 and ny = 7 is -1.21,

3. Bince the ratio, 3.02, is loss than the 95¢ ps}r:v{ nt table value, 4.21,
the difference between the two variances w\not significant. The I test
gives the same results as the ¢ test \\1th thuch less work (footnote 6,
page 349). N

_ > 3

APPLICATIONS OF TQH.E::AEKNALYSIS OF VARIANCE
DiIFFERENGE BETWEEN Two Mians

The variance bascd onitlg\e averages for odd and even farms, 93, was
greater than varianceé\ﬁséed on the individual odd or individual even
farms, 74.1 and 24.5%table 1). This could be due to chance or to some
factor causing the’average cost to be greater on odd than on even
farms. As the,difibrence between odd and even farms becomes greater,
the varianee\based on the difference between the two averages also
beﬁomesg}cﬁter. Whether the difference between the two averages is
significhhl can be tested by the F test. The variance between averages
15»celﬁpared with the variance within groups on which the averages
a}c based,

The variance within groups is calculated by dividing the sum of the
squarcd deviations within each group by the sum of the degrees of
freedom within each group as follows:

Opp  FveEx Sums VARIANCE wWitHIN GROUPS’

Bum squared deviations 519 + 147 666 9
Degrees freedom T + 6 g T 51.

' The variance within groups Is a pooled variance ealculated from the variability
within cach of the two groups. This pooled varianee is the square of a pooled standard
deviation eomparable te those caleulated in making the ¢ test, page 312.
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The ratio of the variance between averages, 93, to the variance within
groups is 1.82 (93 + 51.2 = 1.82). For 13 degrees of freedem for the
gsmaller variance and | degree for the greater variance, the table value of
¥ for a probability of 95 per cent is 4.67 {table 2, page 350). Since the
variance between averages is not significantly larger than the variance
within groups, the difference between the average costs is not signif-
icant.® _

The 15 farms in table I were also grouped on the basis of hours worked
per horse (table 3). Average costs per hour were 23.6 cents for horses
working less than 500 hours; and 13.6 cents for over 1,000 hours. The
difierence in the costs was 10.0 cents per hour. The significanceOf,the
difference can be tested by analysis of variance as follows: ¢

1. The total sum of squared deviations is QAo

P

6,136 — (284)2/15 = 750 (table 1, page %é)
2. The sum of the squared deviations hefween avei*af:es is

. ) -
[R(23.625)2 + 7(13.571)9 — (284)%/15 = @4‘,@5 +.1,280) — 5,377
— 377 (table 3)

3. The sum of the squared deviqtiéps"w_z’thin the two groups is the
difference between the total fmd.j‘{htg fum between groups:?

750°L 377 = 382

4. The variance belweert a\.vérages is the sum of the squared deviations
between groups clivided\f)y’the corresponding degrees of freedom:
377 + 1 =377
MK .
5. The vafiatice within groups is the sum of squ
within gl;ab\lil")\s‘aivided by the corresponding degrecs of freedom:

' 382 + 13 =294 .

s '\.' ' ' a - . -

"g‘l;lr icsting the significance of a variance ratio, the .varmnce :11;]111111 gmu;scltsuggﬁi
% basis of éompmison. The variance within groups 18 due to the chance w

the variance between groups must be greater than

can be naid that all the difference is not due to
be ean be read from table 2. )
se is the variance within groups, is often

ared deviations

of canses not copsidercd. Henee,
the variance within groups before it
chance. How much greater it must
The basis of comparizon, which in this ¢
called experimental ervor. ' : ined
* The :um of squared deviations within the groups could aﬂsorgiveaﬁﬁegdﬁ:ﬁ;e
directly by caleulating the sum of squated devistions forfefac af-ed é)eviations for all
two. However, it is usually easier to ob U O btain the sum within
observations and then subtract the sum
Eroups,

tain the 5
between groups to ob
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6. The ratio of the varianee between groups to the varinnee within
groups is caleulated ;

377 + 204 =128

7. The value of ¥ for a probability of 99 per cent and 13 and | degrees
of freedom ix 9.07. Sinee 12.8 ix greater than 407, the ditferenee in the
costs per hour was very significant; that i, hours worked el o very
significant effect on costs per hour of horse labor,

TABLE 3—TESTING THE DIFFERENCE BETWERN WO M I"-\\"'g’ Y
ANALYSBIS OF VARIANCI
¢\
RE‘LATIO‘N aofF Houvrs oF Howse mea o Cosrs per o™

— e — . N/

b 3

8 farms with less |} 7 farms with over 5 Same of squared ,J.-a-l‘u:i.»{.s"‘:
than 500 hours per hiorse| 1,000 hours per horss g Totsl 6,00 — (35.'\ ) 1
'_ - - N - Between Kl‘r;\|.|g.~‘u"{.?}'..’li.l':;3-'-'-- c O 1ATIN
Farm : Costs . Farm | Costs | : v
number* | X X number* ! X X2 Within g st TN — B7T = usd
! i ‘
———— | = | Lregree \j\fru slerert
1 246 | 576 14 '5 17¢ | 218 'i- 1‘4: .l,
12 16 2h6 T 0 81 .I’mt\\-! v gt 1
26 g No/
9 34 ]1,136 & 14 Lini b SYithin groups 13
13 17 | 289 3 IR IR EIRAS
1 24 | 576 4 g | W Fariaeee
2 25 | 623 6 1w | i n77
5 31 9;1 10 14«5 9o Butween granups - = awv
15 18 $24 !
J— . a st AEd y
— R —_——— Withiu groups I3 = i
Total 186 [4,763 {N9s 1373 -
o5 e ¢ \JJ. :
Average (23,528 \\ 13.571 il Variaure ratie
& i Boetween groups 377
£ ) LB pule = ool = 2 = 12.8
Tatal costs for 15 farngy =7 284 F{ealeulated) Within groups 20,4
3
Total squares for 15 far?ns = 6,136 F (54 per pene table value} - 307
\ » o o

* From tahle i,\ &/

\w t Test va. F Test

Bqth tand F can be used to test the difference between two averages.
I’he “results of the tests are exactly the same.!® However, when there

1 The ¢ test of the differcnce between costs of horse labor may be ealeulated as
follows:

208 + 84 .
8p = 8+7_2_\/2928_a42
Ty, = 5-421/g +5 = 542X 0518 = 2.81

10.0
t= ORI 3.56

Since the 99 per cent fable value of { for 13 degrees of freedom it 3.01, the difference
is very significant.
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are threc or more aversges, the analysis of variance with the F test
has a decided advantage over standard errors with the ¢ test. With the
analysis of varianes, the differences among three or more Averages can
be tested at the same time, whereas with standard errors only twe
averages can be tosted at one time!

ONE-WaY CLASEIFICATION .

Simple relationships shown by averages in a one-way classification
are ensily tested with the analysis-of variance (table 4}, The relationship
hetween income and the retail prices paid for potatoes was tested b}
analysis of variance as follows: O\

1. The total sum of squared deviations Is: A\

N\

2,741 — (978):/354 = 2,741 — 2,674 = 67 2\

2. 'The sum of squared deviations among averagesdst

N

o S\ 32
38(2.45)? + 138(2.65)2 + 100(2.73)% + T8[8:09)* — %
L)
2981 4+ 960.1 + 7453 HrT448 - 2,674
2,687 —~ 2,674 RS
= 13 . W

3. The sum «of the squared dexg'@tiﬁns within the two groups is the

difference hetween the total and}thé' sum gmong groups.'®

BT 13 =54

4. The variance am.ongfa}'m'agcs i the sum of the squared deviations
among group average%\ai\-'ided by the corresponding degrees of {reedom:
There are 3 degrees df freedom, one less than the number of groups, 4,

"‘.\. 13-:—3.‘:43

(N : ‘
1 standard errors, it was necessary to make

" To tesg{(}r’é than two averages wit ; 228)
© #everal sephe te toste-—one for each pair of averages compared (table 3, page .

2 hegim of squared deviations among averages is based on the assumption that

the ;ﬂ"ffr’f.tgc represents each observation contributing to that &v&}rag'e.. rlhi‘tt:dcilcil}?;
o 1¢ most easily undérstood when the square of ench average is welg y t
g ; hod makes use of the average price

niithber of observations. Furthermore, this mel ‘ ‘ e price
which usually appears in the table. However, more accuracy is sometimes obtal f
when the sums, rather than the averages, arc used. Instes%d of mulmpbémfj ggcd
average squared by the number of ohservations, each sum is s.quar(;d arkl, ; 4;1 t;e
by the number of observations. Using potato-price sums {not given In table 4},
sum of squared deviations among groups would be:

(03 (306  (203) (40 (TP

35 ti tion 78 b

— 9276 + 9707 + 7453 + 74,6 — 2,6744 = 13.8

oot i i oup.
19 The sum within groups may be eheeked by djrect caleulation froui each group
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5. The variance within groups is the sum of squarcd deviations
within groups divided by the degrees of freedom within groups. The
degrees of freedom for each group are one less than the nuber of
observations. Henee, the total degrees of freedom within groups are
the total number of observations minus the number of groups, or

354 — 4 = 350

Variance = 54 + 350 = 0.154.

fi. The ratio of the variance among groups to the variance within
groups is A\

€ N\
=43+ 0151 = 28 £\

7. The table value of F for a probability of 99 petent and 350
and 3 degrecs of freedom is approximatcly 3.81 Sinee .%‘i'is miueh greater
than 3.84, the relationship of income to price pagd<or potatoes is very
significant.!4

. . A\
The steps in the calculation may be summ\hg; zedd as follows:
S0y BurARED DEGRERS 7N \/ VARIANCE gl Pen CuNT
DEvIaTIONS Frernoa \"AI;IXNC;s TaTio, # Tapin VaLre F
Among averages 13 (slep 2) 3 (step 4) 4..3"’1{“.0[) 43 28 (step 63 .84 (table 2)
Within groups 54 (step &) 350 (step 5) WL (step 3) — -
Total 87 (step 1) 353 " LN— — —

"y *

TABLE 4—TESTING THF RELIABILITY OF COXSISTENT
RELATION SHIP'S"'I}T A ONE-WAY CLASSTFICATION

RevaTioN RETWERY lé_\%rw Ixcome axp Revarn Price or Poraross,*
Rocaus;;mﬁ,. NEW Yomry, Javusrv-FEBRUARY, 1937

& R -
Family income 'ﬁﬁl:f'lber of Average priee, | Sum of priecs, =X 1= 973
X: {1) purchases eents per pound | Sum of squares, X7 = 2,741
'\\' X Sum of squared deviations:
r ‘ Total = 67
Less thin $1,000 38 2.45 %;r:lmg Averages i }i
1, fﬁ}%r‘,ggg 138 2.65 V:iri;l:: STUUPS -
2,00072,999 100 2.73 e
. ) _43
3,000 and o Among averages = 4.
’ e ™ 3.09 Within averages == 0.154
) Fari 1 T 2R
All purchasos 3 - Variznce ratio, £
P o 2.5 F 99 per cent table value, 7 = 3.84

* From table 1, page 524,

M The probability was greater than 99 per cent that such large differences ag these
could nof oceur due to chanee alone. Many workers prefer to state probability in 2

positive way. The probability was less than 1 per cent that such differences would
oceur due to chance aloge,
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The differences shown in table 4 were previously tested by standard
errors.t® In the ¢ test, each average was compared with the one preceding
and thoe one following. Three tests were made. With analysis of variance,
the tests of significance are made by -one serics of operations. Standard
errors tested only one difference at once, whereas the analysis of vari-
ance lests the whole relationship at onece.

Inconsistent Relationships

The relationship of ineome to price with four group averages was
consistent. With every inerease in income, the priee of potatoes,s also
inereased (table 4). The relationship was found to be mgmﬁmnt\by both

TABILE 5—SIGNIFICANCE OF AN INCONSISTENT REL‘A“TIONSHIP N
A ONE-WAY CLASSIFICATION M'\‘\ /

RELATION BETWEEN FamMiny INcoME awp Rzrall, BR1OB oF Poraroms,”
RocnesTer, New YOBE, JANUARY—-F\EB{I.UARY, 1937
a N .

Average ¢ \ - _ Average
Family Number prioe, Famnily Number price,
inecme of cents per | 4\ dneomd of cents per
X, purchases | pound N X» purchases | pound
DI .- - X
Less than $500 7 \‘2 63 | $2,000-2,240 50 2.78
500- 749 ¢ 9, ,{)'2.28 2,250-2,409 16 2.79
750- 999 22 %N 2.46 | 25002749 28 2.62
1,000-- 1,249 38, | 2.57 2,750-2,999 B 2.70
1,250~ 1,409 g | 280 3,000-3,999 19 2, gi
1,500- 1,749 L ) 34 2.61 4,000-4,990 17 3. ;
1,750- 1,999 ..\’;" 30 2.63 5,000 and more 42 2.9
3 —._——_._-_.—_.——_—.

’\’k; f res,
wBum  of prices, ZX, = 073, Sum of squares,
N Number of purc,habes, N = 3bd

Xt = 2,741

4 ~\' ¢
s\ J o .
\ 4 i Bum Variance | 89 per cent
. Degrees Variance ratio table
squarcd freedom F value F
deviations .
L I S
' . IR 2.2
Among averages 29 13 gﬁz - -
Within groups a8 340 . - _
Total 67 353 - S R B

* From table 3, page 328.
1 Pages 325 to 327,
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the ¢ and F tests. However, the § tests tested only individual differences,
and the conclusion that the relationship was significant wax hased on the
consistency of the differences as well as the significance of the differ-
ences. It is not necessary that a relationship be consistent. in order to
prove significant with the analysis-of-varnee tesi.

When the relation of income to potaio prices was shown with 14
group averages rather than 4, it did not prove signifieant with the
¢ test.® The averages were not consisient with the relation=hip, and
many of the differences were not signifieant, The analysis-of-variance
F test on the same classifications gives differend result<. The work is
summarized in table 5. Since the caleuluted value of #, 2048 con-
siderably greater than 99 per cent table value of I, 2.2, il (Fglafionship
proves to be very significant. Apparcntly the munlu; of groups 1in
the classification did not greatly affect the an 1lyagw7r:f- ‘niunee test.

Many relationships based on a large number alsaverages wnd about
which there is some doubt ecan he tested morh (‘:l;i]y and efliciently
with the F test than with the ¢ test. Thisis Miewn by a comparison of
the F test in table 5 and the £ test in table 3,96e 328. With 14 averages,
the # test indicated that the ineonsistentréletionship was not significant.
However, the F test shows that this “inconsistent relationship was
significant. By redueing the numBi‘r of averages from 14 to 4, the
relationship appeared cﬂgmﬁcam{' tven with the ¢ test. flowever, the
F test was about as eﬂiment avith the 14 as with the 4 aver uges.

N,—NUMERICAL VARIABLES

When the indepehdent variable is not numerical, there js often no
way of detvrmmn\ig “whether a relationship is consistent. For example,
different types 0P arms may return different incomoes. Vegetable farms
might retum\mme than dairy farms; and fruit farms, more than vege-
table i'arvsk “but there is no way of tel]mg whether this relationship is
consistent. For this reason, it would be impossible to test the significance
of the whole relationship with standard crrors. On the contrary, with
sQalyfsls of variance, the signifieance of the whole relationship can be
tested equally well for non-numerical independent variables as for.

numerical.
Two-Way CLASSIFICATIONS WITH EQUAL SUBGROUPS
More than One Observation in Each Subgroup

Two-way classifications may be divided into those with (a) equal
groups, and (b) unequal groups. The application of analysis of variance

1 Puges 827 to 320.
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with equal groups is relatively simple. The results of feeding 120 pigs
of four different ages three different rations illustrates a two-way
relalionship (table 6). Each combination of age and ration was repre~
sented by an cqual number of pigs, 10. From the average gains, it is
evident that: (1) the older pigs gain the faster; and (2) those fed ration €
gain [aster than those fed B, and both gained faster than those fed 4.

TARLLE 6.—TESTING THE RELATTIONSEIPS IN A TWO-WAY CLABSIFL-
CATION WITH EQUAL GROUPS

Gamns Mane By 120 Pics oF Foon DirrERENT Actis FED TEREE DIFFERENT Rs

riong. TeN Pigs o Bica Grour £ W\
B ! y ~\ ~
Ration ; ) g ™
Agein {Number 10,“1 4
ks I Average of pigs gain,.,
wecks 4 | B | ¢ 13011@&
Pounds | Pounds | Pounds | Pounds 'x p \\ ),
geEn gieen gain gain ’\ & For 120 pigs:
per gy | per pig | per pig | per pIANN
9..... .| 28.6 27.7 32.8 20.78D) 30 891 |yy 4,106
0., 31.4 | 31.5 | 31.0 | 3w3°| 30 939 | 5 x2 — 148,746
IS SR 33.2- | 86.1 | 40.1 |3675 30 | 1,004
12, ... i 37.3 38.4 42 5,4 N894 30 1,182
Average.. 32.6 33.4 \Sﬁﬁ 34.2 o —
Number pigs 40 40 _{"\M0 — 120- -
Total gain, \\ - :
pounds.. 1,305 | 1837 | 1,464 — — | 4108

The l’elatiom\’riﬁ)}'a of age and ration to gain may be tested as follows:

1. Tota&uiﬂ of squared deviations,
RN\ P %ﬁf _ 148,746 — 140,404 = 8,252
e 48 74 i 140,

\
) 4

= . H 17
2. Sum of squared deviations among 12 groups, 10 pigs each,
+ 3321 4 361% + 4011 + 878 + 384T ¥ 426°
=

286% + 2770 + B28F + 314t 4 315% £ 31O

- 4‘1120;32 — 142,850 — 140,404 = 2,365 |

% The sum of squares between groups was previbus}y ealcu:?ltgdl b.y wgihi;gnfa:ﬁ
squared group averages by the number of observations. M 13;; i;;gg the squaret
average by the number of obsezvations is exactly the sa;;n_e af : 01 i e e be
total by the mzmber of cbservations. The totals for cach lot ot 10 DIE .

determined by multiplying the average gains by 10 (table 6)-
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3. Sum of squared deviations within groups,'®
8,252 — 2,305 = 5,887

4. Sum of squared deviations due to ages of pigs.

The effect of age is measured by the variability among the averages
for the age groups. The sum of the squared deviations due to age may
be ecaleulated from the four averages or totals as follows:

891V 939y 1,004V’ 1,182V 1 106Y?
30(%) +30("3F> +30(“"30_) ”O(go) - 12“( [2:.}}‘

8914 939° 4 1,0042 4 1,182¢ 4,106 O\
50 120 O
_ 793,881 + 881,721 + 1,196,836 + 1,307,124 _ J6850.236
30 7 120
~ 142,319 = 140,494 = 1,825 %)

5. Sum of squared deviations due to l'atiQI]fo,f'd,

2 2 a2 g 2 w Y
L5+ ]’237 Ukl 4—’1’2006 .%‘1%,847 - 140,494 = 353

6. Bum of squared deviationg ghig {to diserepance.

The sum of squared dcviat-io;ls: due to age and to rations, 1,825 and
353, respeetively, are really “parts of the sum of squared deviations
among the 12 groups of piss, 2,365. Ages and ration account for 2,178
out of 2,365. The Izelg‘aihder, 187, is the discrepance (2,365 — 1,825
— 353 = 187). N

Discrepance igg\measure of the variability among the 12 group aver-
ages which is gof“explained by the 4 age- and the 3 ration-group aver-
ages. Thc‘a\\%}ége gain made by any one of the 12 groups of 10 pigs
could bedestimated from the age- and ration-group averages. For ox-
ample,';.: 9-week pigs gained 4.5 pounds less than average (34.2 — 29.7
= 45). Pigs fed ration A gained 1.6 pounds less than average (34.2
—32.6 = 1.6). According to these average relationships, 9-week pigs
féd ratien A should have gained 28.1 pounds each (342 — 4.5 — L6
= 28.1). They actually gained 28.6 pounds. The deviation hetween the
actual and estimated gains was 0.5 pound per pig, and the squared
deviation was 0.25. These squared deviations are the diserepance, and
they total 187 for the 120 pigs.

7. Degrees of freedom.

Bince there are 120 pigs, the total degrees of frecdom are 119 (120
—1=119).

e Could be ohtained independently from the 12 individual groups.
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Among the 12 groups, there are 11.degrees of freedom {12 — 1 = 11).

Within the 12 groups, there arc 108 degrees of ireedom (120 — 12
— 108) or (119 — 11 = 108).

The 11 degrees of freedom among groups may be subdivided. Since
there arc 4 age groups, the degrees of freedom due lo age are 3
(4 — 1 = 3). Likewise, 2 degrees of freedom are due to ration (3 — 1 = 2). -

'The degrees of freedom for discrepance are obtained as follows:

: . Degrees of freedom
Degrees [reedom {or discrepance = (Among) - (Due to) - (Due tO\)

groups ration , (age
= T - . 2 —\8
= 6 PN Dy
or i AD

\"”
Degrees of fréédbi

. : Due to \Pue to
Degrees freedom for discrepance = ( %oV )

ration g { age
S
. @ )

®d
P i

8. Variance. : ;.j:‘a '

The variances can easily béealculated from the sums- of squared
deviations and dogrees of fitedom. The calculation of variances among
ages, among rations, irli"ﬂm discrepance, and within groups is sum-
marized below. X\

9. Basis of compryison. : ) ) . )

In calculating’@he variance ratios, the variances in age, in ration,
and in discrepante are compared With yarance due to chance fluctua-
tion of (:9\1%’ not considered. In this casc, the basis of comparison 18
the vaziéhde within groups, 54.5. 1 with tb

10:3Phe variance ratios, F, were caloulated and compared with tbe
{cviﬁ'es‘spmiding 05 and 99 per tent table values of F as follows:

) 3 .

05 PER 90 PER

sgiil;:m Varwsnce  CENT CEeNT
Duvia- DEGEEES VAR RaTI0, YALDE VALUE
croxs  FREEDOM  ANCE F F F
Amoug ages 1,825 3 6083 . L1.16 2,62 i.gg
Among rations 353 2 1765 3.24 3.0 _
Dism‘epa'n(’e o : ’ 31.2 Ba-s'?s':f'?cmnpam:m -
Witz goups g }f 54. ‘_(Experimenta& £TTOT)

Total 8,252 119



364 THE ANALYSIS OF VARIANCE

11. Coneclusions.

‘Comparison of the caleulated values of F with the 95 and 99 per cent
table values of F indieates that:

(@) The differences due to ages were very significant,

(b) The differences due to ration were significant,

{¢) The diserepance was not signifiecant.'

Of the three conclusions, the second, (b}, is the most important. The
rcal object of this two-way classification is to analyze the cffect of
ration. The age factor was considered in order to isolate the variability
due to age. This reduced the variance within groups=, making\the
variance among rations appear more significant. This ability 16 sdlate.
and discard parts of the variability in phenomena mukes tha analysis
of varianee a more efficient test than standard crrors. (‘.}" .

Difference Between Two Subgroups. The analysis-of-yfiNhnce test indi-
cated significant differences due to ration. H()\\-'t:\»'@l',"l‘i}gfﬂ,\'ﬁ ne informa-
tion concerning the differences between any two rations. It i reasonably
eertain that pigs fed ration ¢ gained more t-h’am\bﬁuse fed either A or B
(compare 36.6 with 32.6 and 33.4). But thereislittle difference between
pigs fed 4 and B (compare 32.6 and 33¢ .p(xJuu(_lH) The significance of
the difference between rations A and Bcan be tested with a little addi-
tional work. N

Sinee, for rations 4 and B, ZJ\"= 1,305 + 1,337 = 2,642, the sum of
squared deviations between rations 4 and B is

1,305 4 1,337¢)°2,642°
0S80

Since, between the A and B ration groups, there is 1 degree of free-
‘dom, the varia w\ls 13 (13 + 1 = 13). The ratio of this variance, 13,
to the variapediwithin groups, 54.5, is 0.24 (13 + 54.5 = 0.24}. Since
F ig loss g&%{t 1.0, the difference between rations A4 and B is not signif-
ieant. o

&n?é ‘the differences among rations 4, B, and € were found to be
significant, but betwcen rations 4 and B not significant, the difference
between € and (A and B) must be significant, This deduetion can be
verified. The total sum of squared deviations among all rations, 353,

£ /9

= B7,265 — 87,252 = 13

¥ When the diserepance ig not significant, it is sometimes combined with the
variance within groups to form the basis of comparison. Following this pmcedure,

the -variance for comparigon = 187 + "_sgg _ 6,074 = 53.3 with 114 degrees of

T6+i08 14

freedom,
The justification for this procedurc is that, when discrepance is not significant,
it is probably due to chance, as is the variability within groups. A significant dis-
crepance indicates the presence of a joint relalionship, discussed on pages 374-T.
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may be divided into that (1) between 4 and B, and (2) between € and
the average of 4 and B, each with 1 degree of freedom, Tf the sum
between (A and B) is 13, the sum between € and (4 and B) is 340
(353 ~ 13 = 340). The corresponding variance is likewise 340 (340
+ | = 840). The ratio of 340 to the “experimental evror” (variance
within groups), 54.5, is F = 6.24. Since the corresponding 95 per cent
value of F is 3.93, the difference between ration C and the other two is
gignificant, '

One Observation tn Each Subgroup ~

There are occasionally two-way clussifications with only one observa®
tion in each subgroup. Most of thesc are the results of planned gxpéri-
ments with no replications. . ' O

In the field of prices, scasonal variation is an example gfa ‘two-way
elussificatlion with one observation in each subgroup. 'I:he two classi-
fications are usually years and months* The st-u’déht is primarily
interested in the differences among months. Thephrpose of the year
classifieation is to eliminate from the prob]qm%e variability due to
year which is often greater than the variabiliby due to the months and

tends to obscure it.

TABLE 7_TWO CLASSIFTCATIONSWITH ONE OBSERVATION IN
EACH\GROUF - _

NS
HEASONAT. VARIATION IN THE PrrgeENTAGE THAT THE Price oF WHEAT BraN was
oy THR RRICE OF Cory Mear*

HIPN -
l e ' Sopt.| Total
Year 1 Qet, | Nov,. Dée. |\ Jan. | Fob. | Mat. Apr. | May | June | July |Aug. | Sept. To a

g5 L7s |67 |72 Jes | 947
a3 |69 {60 {S0 |83 71 lw2 |57 |60 | B4 817

gs |95 |8 | T4 70 (73 |76 2
74 |82 | 87 79 ekt

)82 |82 {79 180 89
{ b8

6N 7o | sz | 1| B2 g
T ol |97

ég ié ig o0 |w0 e [0z |uv8 139 58 8:] 1,061
vy |81 |81 |8l | 8L |7 g1 |71 |65 |68 | 62 gol
6o [ 7R |74 [T T [T 71 |74 |80 | 6T ;8B gﬁa
79 ts8s |87 {88 |86 |83 73 |sv [6e B8 |38 033
gs las |or |ve |98 |90 go |83 [ve |76 {73 .1,__30_

\ e - leto 50 |pez (819|881
Total s s war |eo |rae |77 sz iz O 0 sl 783

) . 2
- Average ¥2.8 ?9.4] 80.81 az.2| 83.2| 87.¢ s6.0| 80.6 74.4| 72 1
[ BN I

i ] —

LI —

For the 108 months: SX? =874,367; SX =846L.

-
— = n
4, ynpublished manuscript, Cornedl University. 10445

* Rennett, K. R., The Drice of Feo
once for esch month. Likewise, any one
7). However, & given month in &
month of any year.

2 Any one year would appear 12 fimes, €
month would appear in every. year (9 times in tab}e :
given year, such as Oetober 1929, ig never replicated in 80y
There is one and only one October 1929,
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The average price of wheat bran in terms of corn meal varied from
s low of 68.8 in September to a high of 87.Fin Muareh (talle 7). The
averages for these and other months for 1920 10537 indicnte the presence
of seasonal variation. Whether these sensonal fluctuations are purely
chanee or really duc to the scason meay be lested by the analysis of
variance as follows:

1. Total sum of squared deviations,

8,401% . - »
674,367 — ’IW = (74,367 — 662,857 = 11,010 N\
N
A
2. Sum of squared deviations among years, £\
Ny
93TEA-B1 7240522+ D042 1.0:5;24-!][] 18 4-HBiar L 87U 4. 10540 _8.11:;13 _ liflT,{}iS..—‘ﬂl'\fﬂ BT =4,701

7

\\
3. Sum of squared deviations among montlesas

655?+715!+72?=+?4m+749=+?57=+782=+7za=+t;gwé>};‘m=---.-u1z:+ms1_"- -EC

] AN 108
= 666,736 —662,857 =3 879 \¥

"

4. Sum of squared deviations for isérepance,

ad

11,510 — 4791 — 3,879 = 2,840

5. Degrees of freedom,.&
Total 107 (1081 = 107)
Among yearly averages 8 (9 - 1= 8)
Amongiehthly averages 11 (12 — 1 = 11)
Discrqiaﬂce 88 (107 - 8 — 11 =88) or (8 X 11 = 88)

6. Variagieds

The}’%énﬁes arc all calculated by dividing the sums of squared
deﬁa}biﬁ‘m.s by their corresponding degrees of freedom (given below).
m?\,\'Basis of comparison.

In calculating the variance ratio, the variance among years and
among months is compared with the variance in the discrepance. When
there is only one obscrvation in each subgroup, there is no variance
within groups, and discrepance must be used as a basis of ¢Omparison -
It is assumed that variance in the diserepance measures the variability
due to chance fluctuations of causes not considered. In this case, the
basis-of comparison ig 32.3.

8. The variance ratios, F, were caleulated and compared with the
99 per cent values of F as follows:
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SoM . 99 Per
SQUARED Draress Vaniance  CENT VALUE
Drviarions Frerpom  Vaeiancs  Ramio, F oF #
Among yoars 4,791 8 598.9 18.5 2.72
Amaong months 3,579 11 352.8 10.9 2.46
Discrepance 2,840 #8 32.3 «—Basis of comparisen
Total 13,510 107

9. Conclusiona. :
{g) The diffcrences among years were very significant.

() The differcnces among months were very significant. O
Since the primary object was to test the seasonal variationg \the
second conclusion is the more important.® Since the diﬁcrences\a}ﬁOng .
months are very significant, it can be said that the tendency for the
price of bran to be high in the spring and low in the falljs very signif-

icant. . R4

Difference Between Tiwo Subgroups. Based o all the months, the index
of seasonal variation is very significant, but this t6lls nothing about dif-
foerences between individual months or grou s‘aPmonths. For instance, _
the differences botween November and March and/or between February
and March may be lested as follows: |

Sum of squared deviations betwgep’November and March.

15 4 787 _ (7_15_;'87_@3 _ 195,622 « 125,334 = 288
9 M

Bum of squared dcvjat%in} between February and.Ma:rch. C

—l

749" + 7877 ‘.}7_49_1"87_8@ — 131,152 — 131,072 = 80.

I\G" .
\" S 9(5}
& squasmp Drormss VAR VARIANCE ENTF
(§" DeviarioNs FrmEnoM — ANCE Ratio, F VaLUS
Betweemn ﬁﬂv'enll)cr
and areh 288 1 288 8.02 3.95
etween February : o5
B\nd March 80 1 80 2.48 . Oi
Discrepunce 2,840 88 3.2.3<—Bas*%s of comp

to March was very sig-

The increase 1 index from November Was
e Increase 1n the 1nde months indicate that

nificant. The indexes for the three intervening
the increases were consistent. :

According to the test, the increase fr
significant. However, since the iperease

m February to March was .not.
from February to March is a

2 The value of F between years ‘need not have becn calculated.
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part of the consistent and significant inerease from November to Mareh,
the February-March increase 13 probubly more sxiguificant than the test
indicated.

Orier APPLICATIONS

There are innumerable applications of the analy=is of virianee. The
analysis of variance ecan be applicd lo three-way and higher-order
tables. It may be apphed to either additive or joint multiple relution-
ships. With somc modifieations, the analysis of variance ean besused
where the numbers of observations in subgroups are neither gquedl nor
proportional. R\,

Some applications of the analysis of varianee (o diffight types of
multiple relationships in three-way tables with uncquitisubgroups are
given on pages 381 to 386. \\

RELATIVE MERITS OF ¢ AND\R TESTS

A standard error always tests one dii‘l"()@i}(rc at & time, whereas the
analysis of variance tests a whole =sefigsJof differences af once. With
analysis of variance, a relationship can bt tested in one sot of operations,
but with standard erros, eat:llvﬁ;{iﬁ-‘idual difference must be tested
separately. Therefore, with staitdard crrors, the conclusion as to the
relationship depends to a_cOnsiderable cxtent on the ability of the
student to combine se\r(;}:é{i definite values of ¢ On the contrary, with
analysis of variance, u%ial‘iy little or no judgment is required to interpret
a single varianee ra‘tiﬁ

When rclationships are tested with standard errors, the number of
groups must fréguently be reduced to two, three, or four, if the relation-
ship is to ’p{(.:ﬁ*é significant. With the analysis of variance, the relation-
ships al¥e’\appear more significant as the number of groups decrcases. .
Howgy}ar, analysis of variance will show the relationship to be signif-
icantwith a larger number of groups than could be used with standard

\?:};orsﬁ"’

In effect, the standard crror comparcs the variability between two
averages with all the remaining variability in the data. The analysis
of variance compares the variability between two averages with only
part of the remaining variability. For the standard error, the basis of
comparison is all the variability within the two groups compared. For
the analysis of variance, the basis of comparison is only the part which
cannot be isolated and attributed to some other factor. For these

2 This is illustrated in tables 1, 2, and 3, pages 324 to 328, and tables 4 and 3
pages 358 and 359.
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reasons, the F test is more efficient than the f test cven when only two
groups are to be compared.”? S

The order of analysis in the F test is the reverse of that in the { test.
With the F test, the whole relationship is tested first, and the detailed
examination of its parts follows only if desired, whereas, with the { test,
the detailed examination must be made before any conclusions can be
reached concerning the whole relationship. Generally, the worker is
more interested in the whole relationship than in the examination of
its parts. ' ' )

Usually the amount of work involved in the two tests is not very >
differcnt. : g . O\’

TRoth the t and F tests are applicable to testing averages, variability,
and correlation. However, the ¢ test can be applied to fregggﬁeies and
percentages, while the ¥ test cannot.. N 3

Where both the ¢ and F fests can be used, the F tegt,?a more versatile, -
more efficient, and gives more complete informationg ’

The only reason that the f test Las been an robably is the more
widely used is that the F test hag heen dev_e]p(lééd more recently.

% This is not true when the differences ean bé:}‘fs:xired- Paired differences can be
tested with either ¢ or £ with equal eﬂﬁcierigy.'; o
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APPLICATION OF ANALYSIS OF VARIANCE TO TABULAR
ANALYSIS

ONE-WAY TABLES O

The testing of a relationship in a one-way {able has alveadyDeén dis-
cussed.! The relationship was tested by comparing the vagiftce among
the groups with the varianee within groups. The methodds thie same for
any number of groups. The sizes of the groups may };vft;quill or unequal.
The relationship may be linear or curvilinear. l,hjx\m;t: neeessary to
reduce the number of groups and increase thehigé in order 1o test the
significancc of the relationship. owever, a pelationship which does not
prove significant with many groups willsbntetimes appear significant
with only two groups. The opposite ma¥he true when the relationship
is curvilinear, \ o

TWO-WAY TABLES

The analysis of variance lgntﬁ tself readily to testing two-way tables
with equal numbers of obgsevations in subgroups. This application has
already been discussed.Z The example used, the relation of age and ration
to gains made by pigs 48 typical of experimental results in the biologieal
seiences. It is in these fields that the analysis of variance has, thuas {ar,
had its greatespapplication. The application of the analysis of variance
to problems if¥fhe social seiences is complicated by the inability to plan
experimer(s}ih the problem of pig gains, there were exactly 10 pigs in
each 1(}1}."3} subgroup because it was planned that way. In such a problem
as theyelation of land class and type of road to the value of farms, the
Qx@b’ers within subgroups would not be equal or proportionate because
g06d and poor land and good and poor reads were not placed where
they are by research workers. In tecent years, statisticians have de-
veloped mothods of approximating the analysis of variance from two-
way and higher-order tables with uncqual subgroups.

UnEqQuaL SUBGROUPS

The relation of labor efficiency and milk markets to incomes illus-
trates a two-way table with uncqual and disproportionate subgroups

! Pages 337 to 360, tables 4 and 5.
* Pages 360 to 365, table 6.

370
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{table 1). The usual method of presenting the relationship is shown in
the first half of table 1. Thé number of farms for each subgroup, which is
given in ilalies in the second half of the table, indicates that the size of
subgroups varied greatly.

TABLE 1.—TWO-WAY TABLE WITH UNEQUAL SUBGROUPS

RELaT1ioy oF Lapor ErriciENcy* avwp Mk Marrer To INCOMES ON
707 Fanms, Tourkms Counry, New York, 1927

Milk market, X, ™\
Labor

efficiency, X |
None 1 Buiterfat| Milk None |Butterfat },

Tncome, | Income, | Imcome, Number Nufraberf Number

XI_ Xl Xl far“ms ) '\jhfms farms
Less than 140 $—136 §—149 $-— 78 N} 82 b4
140-200 145 | 4172 | 482 38" 7 181
More than 200 508 | 4477 | 4763 | Hl0 72 168
< W .
’ = .\
* Productive man-work units per man. A\

In ealeulating the sums of squared; deviations and variances among
the groups, cach of the nine avorages is for the moment considered as

onc obscrvation. This simplifiesithe procedure. The nine averages and
TABLE 2.—TESTING’&%LATIONSHIPS IN A TWO-WAY TABLE
WUNT UNEQUAL SUBGROUPS

\
Reratron or Lipdr Fewciavey ayp Mix MarkET To INCOMES ON
g X \ *
707 Paxus, Tourrrys County, Nuw Yorg,* 1927

.\ ; -
alsdn efficiency, Xs Tneome,t X1 Totals of sversge incomes, X1, for
Mille % - Nui-
market & Ler - ) .
e Bk market | Labor efficiency
L 8} Range Aver | forms | qotal | Average X X
N\ age
} 3
£ -~ 3
§bn0 Lessthan 140 | 102 65 1s— 8570 [3— 136 s -3
140-200 170 | 38 | 4+ vie| 4 4B L8 :
Morc than 200, 281 | 20 | - 10060 + 508
_t a9
Butterfut | Lessthan140| 102 | 82 | — 12210} — 149 + 50 ——
140-200 170 wr | 4 13,240 | + 172 _
More than 2000 281 72 —+ 3-_1.320 -+ 477
: 1,743
Milke Less than 1407 102 60 | — a2} - 8 87 -+
140-200 170 | 181 | + 23800 | + 182 -
Mor thano0| 281 | 168 | +1z8170 ) + 763
- . j 1779
Totals — | wor | +1sece0; 41778 +1.779 +
# From table L. TZXE’-GMIQSS'NO'
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the totals of averages for diffevent milk markets and libor efficlency
were arranged in an orderly fashion to fuetlitate the analysis of varianee
in table 2.

The first part of the procedure, which considers each average as one
observation, is as follows:

1. Bum of squared deviations among the nine averages:

(—136)2 4+ 45° + 503% 4 (— L40)2 4 1722 4 4772 + (—78)% - 1827 4 763

1,779) |
~ E-?"g?g)-- = 1,174,221 — 351,610 — 822 572 ~
2. Bum of squared deviations due to milk market: \ \)

N\

4190 2 1 =203y Ly
I SO0+ BT, (LTI _ 500,478 — 551 6g0Y 55,529

9
<

3. Bum of squared deviations due to labor vf’ﬁ(-ff'z\ltry:

(—363)7+ 3097 4 1,7432  (1,779)°
3 -9

4. Bum of squares duc to discrepandey”

822,572 — 38,8200 758,024 = 25,719

11060673 — 351,640 - 758,024
- N

3

_ 5. Basis of comparison: 3%

The basis of comparisondor the variances due to milk market, labor
efficicney, and discrepqqﬁe}is the variability within the nine sibgroups.
The sum of squared Beviations within subgroups must be caleulated by
the same mcthod used for equal subgroups,

(¢) The totallsum of squared deviations for 707 farms,

(N 2
604,935:400 — 3§$E?76£ = 604,038,400 — 48,965,097 = 555,973,303
O\

o (Eggj ‘The sum of squared deviations among nine groups is

w\i A —8 870)2 L,710° | 10,060° | (—12,210)F  13,24(% = 34,3207

N T ot Tt st TR
(42307 | 23870° | 128,170 _ 186,060°

o4 131 168 707 .

= 129,265,256 — 48,965,007 — 80,300,159
(¢} Sum of squared deviations within the nine groups,
555,973,303 — 80,300,150 — 475,673,144

This sum of squared deviations within subgroups is not comparable
to the sums of squared deviations calculated under steps 2, 3, and 4,
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which were obtained by considering each subgroup average as one
observation. The sum of squared deviations within the nine subgroups,
475,673,144, was caleulated from all 707 observations. It can be made
comparable to the sums in 2, 3, and 4 by dividing by the average number
of farms in each subgroup. The average used in this case is the harmonic
mean. ' -

(d) Ilarmonic mean, number of cbaervations in subgroups,

9
1 1 1 1 1 1 1 1 1
BtEte TRt A TR T RTBITE A
S '
= (162876 - 0 . K

.

Mh =

(¢) Sum of squares within subgroups divided by the’hj\ai'mohic mean
of the number of farms within subgroups, . "*\

475,673,144 + 55.257 = 8,603{373

When this quantity, 8,608,378, is used ag bisis of comparison, the
caleulation of variances and variance ratigs proceeds in the same manner
as with equal subgroups. R

6. Degrees freedom: N

Total = 706 (707 — 1 = 706).
Among subgroups 8 _(@%'1).
Due to milk mK'k\ét’ 2 (3-~1). .
Due to efficichey 2 3-D. .
Due to diserepance 4 (8—-2- 2=
Within subgivtps 698 (707 — 9 = 698) or (706 —
&, nt with unequal or with eqqual sub-

Hor(2X2=4).
8 = 698).

" The degre&{i@f‘fmedom are no differe

groups. L

7. ¥ariances: ' -

’Th{;‘a‘;r;?ir;(;ec.es due to milk market, iabor efficiency, dJscrepanee:;zj
ﬁ-k basis of comparison arc caleulated by dividing the sums of squ
deviations by the corresponding degrees of freedom.

8. Variance ratio:

The variance ratios, F, and th
values of F are summarized as follows:

o corresponding 95 and 99 per cent

Varoe of F

NCE
Bousnoe oF Sums Seuarnn  DEGREES ‘];{::Iz F . 95 percent BIper et
VARIATION DeviaTions  FREEDOM . VARILANOS. 1 5:F 3.01 4.64
Due t6 milk warket 38,820 2. o ';i: 30.75 3.01 4.6¢
Dne tolubor efficiency 758,024 3 ars, 430 0.52 - -
- Dun o diserepanee 25,719 ;' 235 o —Basit chmparism

Wilhin subgroups 5,608,378 gs =~}
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9. Conclusions:

The relation of milk market to inecome wias not «ignificant. As wonld
be expeeted, farms selling milk returned more income than those selling
butterfat or no dairy produets, but the differences were not Lvrge enough
to be considered significant.?

The relation of labor efficiency (o Ineome was very significant,

The discrepance was not significant,

AppITIvE BLLATIONSIIPS "\

Additive relationships were measured by average incomeg¢fer milk
market groups and those for efficicney groups. The increasesfrom $412
to $867 measures the average or additive I'(']:LtiUlIH]Ii}l.'gﬂr’ market to
income. The difference in these totals of averapges \\’:1H~'fjiﬁﬂi‘f‘(l with sums
of squared deviations and variances due to wilk_pidg¥et. The variance
ratio F = 1.37 indicates that the edditive relatiopdip of market to in-
come was not significant, The variance 1';1ti()\Y\f',‘= 30.73 indieates that
the additive relationship of efficicney to incqyﬂélwas very significant.?

JUINT RELA1‘IQﬁéH1PS
The relationship of soils and fe;r{i’l:i%cr to crop yields is shown in &
two-way table (table 3). It is cle,a:i“t;ﬁat fertilizer has little offect on yield
when applied to soils 4. On thé“ether hand, the application of fertilizer
to soil B has a decided effe¢thdn yields. The effect of fertilizer on yields
is related to the soil. In {ith‘er words, the relation of soil and fertilizer to

TABLE 3.—TWO-WAY TADLE SHOWING JOINT RELATIONSHIP

A
: Rl;:{igrmm OF BOIL AND FERTILIZER TO CROP YISLDS

& oN 134 New Yorr Fanus
F 4 ————
R\ \ Boil type, X»
8% Value per acre of
O fertilizer applied, X,

AV A i

Crog index, X1 | Crop tndex, X1

Less than $2.00

........................... 101.1 86.6
$20040083.99. ... 102.6 96.9
$4000rmore.. ... o 103 .5 105.3

' The student may wonder why a difference upwards of $150 [(+867 — 412)
3= 152, table 2] would not be significant with such & lurge number of farms.
However, it must be rememberced that variability in incomes is very great.

*Joint relationships are indicated by the diserepance which in this case was not
significant,
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yields is joint. Joint relationships can be tested by the analysis of
variance. -

The average crop indexes were given in table 3 as they frequently
appear in publication. The material was rearranged, and additional
information was ineluded in table 4 to facilitate the analysis of variance.

TARLE 4.—TESTING JOINT RELATIONSHIP IN A TWO-WAY TABLE

RELarTioN or SoiL axp Frrrinzer To INDEX oF (roP YIELDS oN
134 New Yorx Farwvs

N\
Crop yields,* | Totals of average crop
i iel ¢
Soil Value per acre | Number] index, X1 vields, Xf\ R
type, X. | fertilizer applied, Xa | farms - i } I~
) Total |Average Seily 4 Fertilizer
KA
A Less than $2.00 19 1,021 110L.1 ) — 1877
$2.00 to $3.99 26 2,668 | 102.6 3072
$4.00 or more 121,242 103,50
L& . ~199.5
B Less than $2.00 24 2,078, kﬁ.ﬁ —208.8
$2.00 to $3.99 30 2,907 96,9 1..28838
$4.00 or more 23 | 2uR2 | 105.3

* For the 134 farms, ZXa\='13,238 and 2X7 = 1,330,060.

In caleulating the sumsof squared devigtions due to soils, fertilizer,
and discrepance, the &ﬁefage indexcs of yields for each subgroup were
used ag six single obServations. ' '

1. Sum of squdred deviations among the six averages:

\J ' 596.0°

N i
1011241026 + 103.5° + 86.62 + 96.9° + 105.8° — —¢
OV 59,4375 — 59,2027 = 2348

\Sum of squared deviations due to soil type .

N r2tasss B0 soongy 59,2027 = 564
3 6

3. Sum of squared deviations duc to fortilizer ap

187.72 4+ 199.5 + 208.8" _ 596.0° _ 59314 5 — £9,202.7 = 111.8
2 6 . )

4. Sum of squarcs due to discrepance:

0348 — 111.8 — 56.4 = 66.6

plication:
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5. Basis of comparison:
The basis of comparison for the variances due to soil, fertilizer, and
diserepance is the variability within the six subgroup=. The sum of the
squared deviations for basis of comparison is that within groups divided
by the harmoni¢ mean number of observations mn subgroups.
(@) Total sum of squared deviations:
13,2382
134
(&) Bum of squarcd deviations amony subgroups:

19217 | 2668 1,242 2,078 2007 2422 13288
5ttt Ter tos T Umi T an
= 194,228 4 273,778 + 128,647 + 179,920 + 288 588 + 255,047

— 1,307,796 = 5,407
(¢) Sum of squared deviations within subgrouﬁ:sz\
22,263 — 5,407 = 16,808
(d) Harmonic mean numbcr of farmsgneach subgroup:
6 1:" 6
T 0.2929

1,330,059 — = 1,330,059 — 1,307,790 = 22,263

7

’\

11, R
9 + £ 19 -i— f—i- + 53 2 3
(e) Sum of .‘:quared devmtlons within subgroups divided by harmonic

mean of the number of farms within subgroups:

s \J '
\\i’16,856 + 20148 = 823.0

6. Variance:

The varianbes due to soil, fertilizer, discrepance, and the basis of
comparison g caleulated by dividing the sum of squared deviations by
the corre{gibﬁding degrees of freedom.

7. Vanance ratio:

The'varlancp ratios, ¥, and the corresponding 99 per cent values of
A are summarized as follows:

Sum

BQUaRED 99 PER

SoURCE oF DEvia- Dzcress Varianeg  CENT
Variation FIoNS  Frimpom VAmisNcE Ratio, P Vaiue F

Soil, additive effect 56.4 1 56.4 8.77 6.84

Yertilizer, additive effect 111.8 2 55.9 8.9 4.78

Discrepance, interaction, ’

or joint effect 66.6 2 33.3 5.18 4.78

Within subgroups §23.0 128 6.43« Basis of comparison®

- Bornetimes called exporimental error. -



CURVILINEAR RELATIONSHIPS 377

8. Conclusions:

The additive effect of soil was very significant {compare 8.77 with
6.84).

The additive effect of fertilizer was very significant (compare 8.69
with 4.78).

The diserepance, the joint cffect of soil and fertilizer, was also very
gsignificant (compare 5.18 with 4.78). When the discrepance is not
significant, it is usually ignored as chance variability. When the dis-
crepance is significant, as here, it 13 interpreted as the interaction of the
two factors. This interaction is mevely the joint effect of soil and fertilized
on vields. Whoreas variances due to soil and fertilizer measurg{the
additive relationships, the variance due to discrepance or interaetion
measures the joint relationship of soil and fertilizer on yieldsy hy

The procedure in testing tables with joint relationships isfnd‘different
from that in testing those with only additive relationships. The only
difference iz in the conclusions drawn from the diserepance. 1f there is
no joint relationship, the discrepance will not be significant; that is, it
will be due to chance alone and not to joint, e@e@ s. I a relationship is
joint, that fact will appear in the form of & significant diserepance.

CURVILINEAR REENTIONSHIPS
In analyzing the relationship bjétvﬁeen milk market, erop yield: and
income to test curvilinear relationships, the data were arranged in an
TABLE 5.—TESTII\"G\A CURVILINEAR RELATIONSHIP

RrraTox oF MIiLk M&m anD CRop YIBLDS To JNCOMES, 707 FarmMs,
TeatpriNg CoUNTY, New Yomg, 1927

¥

Total of average [ntomes, X for

Crop Fmd'ﬂ, X Income®, Xt
BIilk o~ Nume _
maet | AN ber Milk market | Crop yields
X O\ }znge A;;r' farms Totsl [ Aversge X2 Xs
." A
N e I -
N ( __ s+
N‘Q" Vi Lessthanoo | 60.0) 56 18— 6,000 |g— 125 .
-109 goz | =33 | + 22803+ i .
110 or more | 126.7 84 4 7630 | 4 2
Butterfat | Less thango | sa0| 02 | + 1770|+ 19 .
0-109 age| 0 | + 9010 + lsig _ b0 ——
110 or mere | 126.7 09 + 24,570 | +
134
Mk Tessthan oo | 6¢0] 118 4. 22,830 | + ;gi 1081
50-100 go.z | 1o4 | A+ 4070 + o i
110 or more | 12697 | 111 | 4 84810 _L//
et 41,052
Total — | 7or | -+1se.oe0 | +3892 +1,052

#TX;= 404,038,400
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orderly manner to facilitate caleulations {table 5). Regardless of whether
the relationships arc linear or curvilinear, the annlysis of varlanee at
first proceeds in the usual mannper:
1. Sum of squared deviations among the subgroup averagoes:
(—125)2 4 08 4 2247 4+ 19% 4 120% + 356" + 1937 4 321 + 7642

1,952 o
- g = 040,084 — 423,367 = 516,717

2. Sum of squared deviations due to milk market:
1672 + 504+ 1,281° 1952

3 G
3. Bum of squared deviations due to crop vields: ‘..f":‘:

2 2 K T
3 +5213+ L3 L (};2 = 95,115 4*2?\';6; 271,748

N\

28N
= 640,055 — 423,367 =-2177588

 §

4. Sum of squared deviations duce to (h.&:(\}(qmm‘.(}:

516,717 — 217,588 — JYLTLS = 27,381

§. Basis of comparison: R\

When the sums of squares and; sumns for all 707 farms are vsed, a
comparable sum of squared. dumhons within groups is caleulated a9
follows: A

{a) Total sum of sqgt{;}cd deviations for 707 mcomes:

\s,.'
4,988,100 - 000 — 555,073,303
(b) Total ,{Um\ of squared deviations among the nine subgroups:
§9 "2 2(;0’ T30° | LTTOC 9.010° | 24 5TO’ 22,8307

32 T e T 69 T 118
\ _401f0 84,8102 186,060 oo oo
“\.:\; + 124 -+ ﬁ— — 1’07 = ']:5,81‘3,-)[)8

\ () Bum of squarcd deviafions within the nine subgroups:
555,973,303 — 45,873,568 = 510,000,735
{d) Harmonie mean number of obscrvations in subgroups:
Mh=— . 1 1
wtmtatete et ot stm
9

= o Taseg = 63039
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{e) Sum of squared devia,tdons-withi_n\subgroups divided by ha.fmonic '
mean number of farms within subgroups:

510,099,735 - 63.039 = 8,001,812

6. Degrees of freedom, variance, variancs ratios, and their signifi-
canice are summarized ag follows: ' '

SOTRCE OF Bus Bouarky  DrTGRRES VARIARCH VaALURS oF F
VARIATION DaviamoNs  Fusebos  Vamawea  Ramo, P85 percent 989 per cent
Milk market, additive #
effoct 217,588 2 108,794 3 30 4.64
Crop yields, additive - N\
effect 271,748 ‘2 135,872 11.72 3.01 4.6
Discrepanee, joint effect o7 4Bl 4 6,845 0,59 — NV =
Within subgroups 8,001,312 695 11,593 (—‘—'—Bas%a n!oampgzr%m

Ny
77
S
.

7. Conclusions: C K2, _
The additive ellect of milk market on income was ,higb]y significant.?
The additive effect of yiclds on income wag highly significant. _
The joint coffect of milk market and yields ehvicome was not sig- -

nificant. A
8. Curvilinearity. . A :
The analysis of variance as applietl thus far fests only whether a

relationship is present. It does not s directly the pattern of that rela-

tionship. N o
The relation of yields to ineorh’e was curvilinear. .Th.ls is indicated by

comparison of changes in,afeld with changes in income. Whez-l aVerage

yvield increased from 6 .9:t5 99.2, the total of average 1ncome increased

from 4887 to +352I\(table 5). The average rate of increase was $48
434
per point incrcgst} in erop mndex (—3— +302= 4.79). When average
-ylelds increaaé;{\from 99.2 to 1267, the rate of intrease In INCOME was
$10 (gzr?’\\:-”zm = 9.98). As yields increased, income rose at an in-
3 : N curvilinear. Whether
creagingrate. In other words, the relationship was eurviinear.

~ D e is of
K}—‘miationship was significantly curvilinear can be tested by analysis
vafance as follows: : o

n:ulk market on income was nob sig-

® On puge 374 it was shown that the effect of f lubor efficiency was removed. In

nificant. However, in that problem, the effect o he effect of -
the present problem, the effect of crop yields was removed, b;ll: ;ﬁl:et and Iabor
lsbor efficiency. Since there was an interrelationship betw;ft;ini}; partly the effect of -
efficiency, the appurent effect of milk market o Fhls prote ships be tabulation or’
labor efficiency. Whether the methed of snalyzing rel%,ta;m gint vartables may
correlation, the fuilure to comsider all the -important in _EP];]:; of the independent
lead to erroneous conclusions, This ia especially ue w_hen B_o .

variables are interrelated, as in the above ‘exatmple.
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(¢) A least-squares straight line was fitted to the totals of average

"incomes, Xy, for different crop yields, X, as follows:

X, Xy X.X; X3 NOo#MAL FEquaTions
. 69.0 87 6,003.0 4,761.00 BN, = N bz Xa
9.2 521 51,683.2 0,840.64 EX N = X+ b2X3
126.7 1,344 170,284.8 16,052.89 1,052.0 = 3a + 204 8905
- 227,971.0 = 204 9 + 30,654.53b;
$204.9 1,062 227,071.0  30,654.53 2 = —1,478.9; by, = +21.664

From the equation X; = —1,478.9 + 21.664Xs, the estimated yaldeshof
X, were obtained and compared with the actual as follows:

2 N
ILSTIMATED AcruaL QO
Cror Yierp IxncoMB IR
X, bl R
69.0 $16 NN 74
09.2 670 7 521
126.7 1,266 A 1,344
Z204.9 1,952 \‘ O 1,952

On page 378, the sum of squared deylalions due to crop yiclds was
271,748. This sum can be subdivided into two parts—the sum of squares
due to a linear relation, and thetadditional sum of squares due to 8
departure from linearity. The smjf} due to the linear relation is caleulated
from the estimated incomgg) Xi, as follows:

~\
2 2 i 2
Wt 6703+ 1’2"6\&8\1- 1952 683,071 — 423,367 = 260,604

9

The sum of the, §quares due to curvilinearity would be the difference

between the Adtal due to ylelds and that due to the linear relation:
P

A 271,748 — 260,604 = 11,144

The .\sig"niﬁcance of the curvilinearity can be tested by calculating its
{M}aﬁce and the variancc ratio:

Varianee = 11,144 + 1 = 11,144
and '
11,144
11,593

Of the two degroes of freedom between crop yield groups, one was
allotted to the lincar relationship, and the remaining one to curviline-
arity. The basis of compatison was the same as that for the problem a8
a whole. '

Since F was less than 1, the curvilinearity was not significant. Although

Variance ratio, F = = 0.96
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the relationship was somewhat c-nn’i]inear, there was no evidence that
this departure from linearity was not & random (luctuation,

THREE-WAY TABLES

The three-way table” used in chapters 8 and 1518 uéed here toillustrate
tests of signilicance by the analysis of variance. Size of farm, erop yields,
and labor cfficiency were related to income (table 6). Incomes increased
- with larger farms, better erop yields, and higher labor efficiency.
TABLE 6.—THREE-WAY TABULAR A.NALYSIS \

C C A
REnaTion oF Size, Cror YimLos, awp Lasor EFFl- ¢\
cIExcY to INcomE, 907 NEw Yok Famms; 1027 N

R

Labor eﬁciéncf. Xi R 3
Bize of _ Crop .."’f\‘\
fm"m, X:! y_{e]{’lS, X"‘ Low NN }'ﬁgh
Inceme, Xy | Income, Xy
Small poor | ANMH | & 384
Small good N FI0E | 4 30
Large pOOTEy Voo 4 59
Large good * +282 | 41,189

~ o '
='v:ray, and higher-order tables, the analysis of

{
With three- o
1 ree-way, fedr difficult: The detail is due

variance becomes guite detailed, but 18 not _
to the large nufber of relationships in\_rol'vcd. Tn & three-way table,
there are thpeevddditive and four joint relationshjp's to be tested_."[“he
eight M&Ka@e; {ncomes were arranged in one colamn 1 order to faclhtitie
csleulations (table 7). The analysis of variance for a three-way table
in\fol\a}eé: . . ( Ohmm_l)_ _
I Right averages of the three-way tablé {¢ .

2. T\EO totals gof averages for each of the three possible one-way
classifications (columns 2, 3, and 4).

3. Four totals of averages for eac
classifications (colurans 5, 6, and 7).

These averages and totals of averages are a!l nece
ient system of -calculating the analysis of vananqe.
of these averages and totals was 28 follows:

h of the three possible Two-way

séaa‘y for a conven-
The determination

Table 4, page 125, tabular anslysis o ﬁ&f;f mpy:h. :
Tahle 7, page 279, tabulation vs. corTelt!
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In column 2, table 7, the total, +$727, was the sum of the four
averages for small farms; and the total, +$1,692, the corresponding
qum for large farms. C L '

In columns 3 and 4 are the totals of average’-iﬁcomeé for poor and
good crop yields and for Jow and high efficiency, respectively. Each
total represents the sum of four average incomes indicated by brackets.

In column 5, the total, 4+-$265, was the sum of the two averages for
small farms, Xa, with poor yields, Xs; and the totals +$462, +$321, and
+$1,371 were the sums for small X, and good X;, large Xz -and poor X,
and Jarge X, and good Xj, respectively. S (
" Gimilarly, columns 6 and 7 contain the totals of the two averages
tor the four combinations of XaX, and X5Xs, Tespectively. | A\

The general procedure in testing a three-way table is ‘EhP \same a8
for two-way tables. The method for unequal subgroups.i§ tged. Each
of the eight subgroup averages is considered a singlgc'{bsérva’ﬁion- The -
analysig of variance procecds a8 follows: R\ .

1. The total sum of squared deviations ameng the eight averages
* from column 1, table 7, was as follows: - ‘O '

(~119)2 + 3842 + 1012 + 361* + (— 0 5022 + 28%° + 1,130°
29 o 077,150 - T3l M = LSS

' This sum contains the sums off 'S"dﬁamd_de\_riations fqr_ all the pdditive
and joint effects of Xa, X, and X4 on Xi. . . .
2. Additive effects: ¢\ S
VARIABLE \\ " SoMs or SQUARED Deviarions P
X, (eolumn ) E{_;TQQE - 2—’%9: = 8478433 .-- 731,451 = 116"403.2
X, (column 3) ..\Eﬁgﬁ- 41_,8_33* 219 925,321_?_ _ 3L sl = 194,376.2

Y sty + 2,476 _ 2419 _ 15g3.i563 — T3L461 Z 802,011.2
4 [] e - .

£\
Xy (Gr.llu@)"

3-Pho combined additive and joint effects of WO variables: 1 by the
“The additive and joint effects of t%0 variables are.mea‘fsul'e gsible
st of squared deviations among the incomes for ¢ c:;ldrita}]\:; and
combinations of those two variables. For example, the a

.. - vigtions
joint offects of X, and X3 are measured by Sums of squared de

among the four group totals in column :‘5;-"351)19 7.

Io . . g ; oNE
: EF"EC;‘?E;I}I?W%D‘?;TEEREBLEB gowa oF SUARSD DevIATY —
Xz and Xy (eolumn 5) M -2;'-'%}?" =1,133,175.8 ~731,445.1 = 40H AT .
' . 2. . S ) =1,045,1704
(e b4 (3P LTIL 221 7TBES TS .
St s edBL - =

Xyand X, {column 6
| _731445.1= 1,001,337.4

2 g 1,5000_ AN Ly 7327825
Xannd X, (column 7} (_3gu)¥-+-97622+333 + -T n
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4, Joint effects of two variables:

The joint and additive effect of two varizbles may be subdivided into:

(a) Additive cffect of first variable,

(&) Additive effect of sceond variable,

{¢) Joint effect of the two variables.

Sinee the additive cffects of all variables and (he combined additive
and joint effects of each pair of varinbles have heen determined, the
joint effect of two variables can easily be obtained by subtraction.

Joint and additive _ f Additive effeet, Additive effecty . f Joink eﬁ?ct
effect of X, and X; of X, - of X, = Naf f\;;\slnd X
¢\
VARIABLES BuMs 0F SyUanRED ])l-:\'l.\'['r\(§§s ’
{jvint and additive) —(additive) — Gulditive) = anj}z{i)
Xoand X, 401,730.4 — 116,403.2 — 191,476.2 ;?'!JU,H:—;I,U

Xzand X, 1,045,170.4 — 116,403.2 — 802,014,8% 126,756.0
Xsand X, 1,001,337.4 — 194,376.2 — 802,000.2=  4,950.0

5. Joint effect of three variables: ‘\\

The total sum of squared deviations mﬁo}g’thc eight average incomes
was £,345,743.9 (calculated in 1). Thi’s?t:()t'a.l is composed of the sums of
squared deviations for all the possibile ‘additive and joint effects of the
three independent variables Wh'wh;m:(z:

(@) Additive effects of X, Xfaj,"and X

(6} Two-way joint effeci€ef XoX,, XoX,, and X Xs.

{¢) Three-way joint gﬁe}tt of XXX,

Bince the total sunkof “squared deviations and the sums for additive
and two-way joinfc: éfiects have already been calculated, the sum for the
three-way jointyglfect can be obtained by subtraction.

Jomnt Errzor o.r\i\“ Sum oF SuTArRED DEVIATIONS
X X, and\{‘"‘ . 1,345,743.0 —116,403.2 — 194,376.2 —502,011.2 —50,651.0 ~126,756.0 —4,950.0
_ O =10,206.3

6..<Béisis of comparison:

“The basis of comparison for testing the various joint and additive .
efiets is the variability within the eight income subgroups.

(@) The total sum of squared deviations for the 807 farms was
caleulated from the sum of their incomes, $3,405, and the sum of their
squared incomes,® $108,367 (table 7).

3,4052

10,000(108,367 - 205-) = 955,841,700

*The work of calculation was simplified by rounding the individual incomes t0
the nearest $100. The sum of squared deviations was converted back into termé of
dollar ineomes by multiplying by 10,000,
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(5) The sum of squared deviations among the eight income sub-
groups was caleulated from the number of farms and sums of incomes
for cach group (table 7, right), as follows:

+ 2—1073% - %ﬁ - 10,000(31,718.21  12,782.83) = 189,353,800
(¢) Sum of squared deviations within {;he subgroups. LN
055,841,700 — 189,353,800 = 766,487,000 O\ ’

(d) Harmonic mean number of observations in suhgroupsl(ﬁabie 7,
right). - o

L 3

8 78.438

71 1 .1 1,1, 1 1=o‘i’ei;91=
TR TR AR TR R

{¢) Sum of squared deviations within quljg\éﬁps divided by barmonic
mean number of ohservations in subgr.oilp’s.

766,487,900 < 18,438 = 9,771,900
7. Degrees of freedom: s N _
The total degrees of f{wt}adnm\were 906 (907 - 1= 906). :
The degrees of fre am within subgroups Were 899 (907 — 8’= 809).
The degrees of fregdom among subgroups were 7 (8~ 1=7).
These may be;'sﬁbdivided and allotted to the various a.fidl_twe and
joint effects js\the same manner a9 the sums of squared deviations.

(@) Additive effect of each variable—1 degree of freedom (2 f—f 1 :d D
(b) Additive and joint effects of two variables—3 degrees © reedom

(4 —1%= 3). ) o -
~fe) Joint effect of tw varighles—1 degree of freedom (3 — 1 | :

N\Ad) Additive and joint effects of three variables—7 degrees of freecom
8-1=17).

() Joint effect of three va
“1-1-1-1=1.

The 7 degrees of freedom &re
effect, (¢) 3 for two-way joint effects,
effect.

8. Variances and variance ratios: . .

The variances duc to the Jifferent addiive and ]
ealculated from the sums of squared deviations and degrees O

riables—1 degree of freedom (7 =1 - 1

enally divided into (@) 3 for additive
and () 1 for the three-way joint

oint effects WeTe
f freedom.
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Using the variance within groups as a basis of compurison, cach variance
ratio was determined. The caleulation and signilicance of varianee
ratios were summarized as follows:

SusM oF
SqUuAnED Yalres oF &
Devia-  DEGHEES VawwaNer g er 4y Fer
Revationsmir ToNs  FreeEpod Vanrasvce Harvo, M (et ent
Addiiive
X 116,403 1 16,408 10,7 385 i
Xa 104,376 1 104,376 17.858 S A Sime
X, 802,011 1 802,011 73.78 for & D lor
Joind, two variables G\
X:Xs 90,951 1 90,951 837 ol all
X.X, 126,756 1 126,756 RTINS Tola- rela-
XX, 4,950 1 4,050 0.8 ) tion- tion=
Joint, three variables .\\:
XXX, 10,206 1 10,206 (€095 ships  ships
Basis of ¢ ‘t v/
comparison 9,771,900 899 103870 — — —
9. Conclusions: o8

The additive effects of all slitbe factors, size, yields, and cficiency,
-were very significant. <
Th - . H '"‘\ * Cy - s A% ik 4 21 ’ﬁ 4 t|
¢ jont effect of $i@8," Xo, and yields, X5 was very significan
The joint effoct of sizdy X5, and efficicney, Xy, was also very significant.
The joint effect of{yields, X;, and efficiency, X,, was not significant.
Likewise, the thxee-way joint effect of X, X3, and X was not significant.’

®In tahles"z\tché, pages 279 to 288, the data in three-way tables used to illustrate
the difforehce.fnethod of analyzing relationships were the same as those used 10
illustratedthe application of analysis of variance, With the difference method, the
varioug\additive and joint effects of the three independent variables werc calculated
fr.qr‘ix'}he first, second, and third differences. These effects could also be caleulated
Y‘R‘)m the corresponding sums of squared deviations of variunces. The procedurt
would be to obtsin the square root of the variance and divide it by 4. Except for
signs, the effects ohtained by the two methods would check very closely. The variance
methed does not indicate the direction of the relationship. :

Bince ench variable was divided into enly two groups, this example is a speeial
ease. The difference method is adaptable to this special case, but could not rea-di[_}'
be applied to problems with three or more groups for each variable. However, this
example is not 5 special case in regard to applicability of analysis of variance. Regard-
less of the number of groups, ali additive and joint relationships can be isolated
with the analysis of variance, :



CHAPTER 21

CHI SQUAREJ :

Chi square is a test of signifieance for frequencies. Chi square is a
caleulated measure of the degrec to which the frequencics in an astua
distribution do not conform to the corresponding frequencie\s‘\in a
theorclical distribution. NN

% N

GENERAL METHOD R\

The caleulation of ¢hi square, 2, may be illustr fed by an actual
and theoretical distribution of the results of tossing 5ypennies 100 times.
The 100 tosses were classified according to pt\\e Snimber of heads that

came up with the tosses. £
N\ ; DEVIATIONS
« M . _ SQUARED
NUMBER PN . Dgviarrons DIvIDED BY
or Humavs  ACTUAL TBEORETlchl]jm'WuwN 4qusRED  THEORETICAL
0 2 . at™h o -1 1 0.3333
1 19 26 43 9 0.5625
2 30 PN 1 -1 1 0.0322
3 39 ¢ \" 3 +1 1 0.0322
4 i\ 16 _2 4 0.2500
b . 3 _ 0 0 0.0000
Total /100 100 0 —- 1.2102

- Im2 OfQ\:h; tosses, all B pennics turned up tails. The mogt numerou:a
numbers of heads were 9 and 3. In the calculation O.f chi square, X
,ﬁcb’li'sﬂoresults are comparcd with the thooretical. In this case, the theo-

\ré,ﬁ'ml frequencies were those that would be expected. due to charfce |
alone. The deviations of the actual from the‘th}eoretlcal fr'eq'uenmes
woere caleutated and gquared. The squared deviations were d]\fldé'fd by
the corresponding theorctical frequencies. The sum of these quotients, |
1.2102, was x% _ ' : ‘

Chi Squal?f':, ¥, depends directly on hqw closely the act;xﬁl :‘1‘1:;
theoretieal frequencies agree. When the differences bet-\%c;:n be tvo

. meries arc large, the deviations squared &Fld X are large. Whell a;:n )
series of frequencies coincide closely as 1l the penny-tossing €X ple,
%® is small, If the two series coincide exagtly, x? would be zero.

: : - 887
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CIN sQUARE

TABLE 1.—VALULY OF CHI SQUARE, x% FOR GIVEN PROBABILI-

TIES AN DEGREES OF FREEDOM?*

Probabilities § in percentiyge

Degrecs
of
freedom, n g 9% 50 30 20 10 5 1
1 0.0002 0.004 0433 1.074 1642 2.706 3841 6635
2 0.0201 0103 1.38 2.408 3.219 4.605 5.001 920
3 0115 0.352  2.366  3.665 4.642  6.231  T.815A100341
4 0.997 0711 3.357 4.878 5.080 7.779  0.488\18.277
5 0.554  1.145 4.351 6.064 7.280 9.236 114070 15.086
6 0.872  1.635 5.348 7.231 8.558 10.0645\I12.592 16.812
7 1.239  2.167 6.346 8383 9,803 12,019 11.067 18.475
8 1.646  2.733  7.344 0.524 11.030 018,362 15.507 20.090
9 2.088  2.325 §.343 10.656 12.242\M.681 16819 21.666
10 2,558  3.940 9.342 1L.781 1344215 087 13.307 23.209
11 3.053  4.575 10.341 12.899 ‘14?631 17.275 19.675 24.725
12 3.571  5.226 11.340 14.0018.05 812 18.510 21.026 26.217
13 4107 5.802 12.340 153.M8° 16.985 19.812 22.362 27.688
14 4.660 6571 13.330 163222 18.151 21.064 23.685 20.74l
15 5.220 7251 14.330.\17.322 19.311 22.307 24.996 30.578
18 5.812  7.962 1538 18.418 20 465 23.542 26.296 32.000
1w £.408  8.672 (16338 19.511 21.615 24.760 27.557 33.409
18 7.015 03600 17.83% 20.601 22760 25.980 28569 54.805
19 7.633  10M17 18.338 21.680 23.000 27.201 30.144 36.191
20 8.260 A0M51 19.337 22.775 25.038 28.412 31.410 37,566
21 8.897011.591 20337 23.858 26.171 20.615 32,671 38.932
22 97542’ 12.338 21.337 24.039 27.301 30.813 33.92¢ 40.289
23 AONVS6  13.001 22337 26.018 28.420 32.007 35.172 41.638
24 (\10.856 13.848 23.337 27.006 20.553 33.196 36.415 42.980
2V 11524 14.611 24.337 28.172 30.675 34.382 37.662 44.314
\.

26 12,198  15.370 25.336 20.246 31.795 35.563 38.885 45.642
27 12.879  16.151 26.336 30.319 32.912 36.741 40.113 46.963
28 13.565 16,028 27.336 31.391 84.027 37.916 41.337 48.278
20 14.256 17.708 28.336 32.461 35.139 39.087 432.557 49.588
30 14.953 18.403 20.336 33.530 36.250 40.256 43.773 50.892

* Snedecor, G. W., Statistica] Methods, p. 163, 1940,
{ "These are the probabilities that as large a valuc of x? as that shown would oceur
as the result of chance alone. The probabilities that as large a x* would noef ocfur
as the result of chance alone weuld be given by 1, 5, 50, 70, 80, 90, 95, and 99, For
the purpose of testing difference between distributions or between relationships in

two- or three-way contingency tables, the latter probubilities are probably t

valuable.

he more
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Sometimes the actual frequencies are different from the theoretical
owing to chance alone, and sometimes because the theoretical series
is not eorrect. Chi square tests whether the difference could be due
to chanece, The values of x* for different degrees of frecdom and different
probabilitiex have been determined to facilitate the chi-squarce test
(table 1). In table 1, the degrees of frecdom at the left are the degrees of
frecdom between the groups or frequencies. The probabilities at the top

of table 1 arc the probabilitics that such large values of x? as appear - '

in the body of table I would occur as the result of ebance alone.

For the penny-tossing problem, the degrees of {reedom were §, one™
less than the number of frequencies, 6. For a probability of 95 pereent,
the table value was x2 = 1.145. The caleulated: value of x* = 1.210%was
ahout the same as the 95 per cent table value, A value o‘fg.x“' as large
as that culeulated, 1,210, would occur because of change alone in 95
cases out of 100, Since there is nothing unusual about &’x* as seall as-
this, the actual distribution is not significantly different from the
theoretical. In other words, there is no indieafion that the thearetical
distribution was incorrect. . \x\ s o '

If the caleulated x* hag excceded 11,0%0; the 5 per cent value, the
conclusion would have been the oppdscit'e. Such a large value of x*
would ocour as the result of ehance alohe in only 5 per cent of the cases.
Therefore, the accuracy of the tljedfe‘tical distribution would have been
questioned. ) _ ) )

One of the most obvig(@; pplicati'ons of chi square is testing the
goodness of fit of mathematical frequency curves. ’The. observed fre-
quency is compared with the th{éo:etiea,l frequencies read from the
fitted curve. ¢ N T

O APPLICATION

Chi s foa has many practical applications, the most innﬁ)ort-aa‘lj};l :é
which are “testing differcnces or relationﬁh{ps'-ln g?neral;it : I?ld.;renneni‘a
of CFh‘ifﬁfating 2 is the same for all its applications. The on'y 74

e . : . With
‘equited from the student is 1n correctly setting up the problem Wit!

47
o] distributi the actual be compared?
what theoretical distribution. should to be studied, some

For instance, if the type of farm operator Was L .
ALILE, 4 B : ] dis-
theoretical distribution must be cstablished, and th’f’[d‘th t-h;)()tl;itlz:mber
fribution depends on the purpose of the problem. 1778 (table 2), was
of farm operators in Winston County, Alabars, .2" . .

distributed as follows:

3. Croppers, 388

1, Fult owners, 1,155 4. Other tenants, 553

2. Part owners, 81 .
5. Managers, 0
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TARLE 2—DISTRIBUTION OF FARMS ACCORDING
TO OPERATOR IN WINSTON COUNTY, ALABANA,
ANDY THNG STATE, 1930*

Operator State Winston Ceounty
Full owners........... 75,144 1,155
Purt owners. ... ... 15,228 , 81
Croppers. ............ G5, 1 RIS
Other tenants. ., ...... 101,286 Hh3 N
Manngers. .. coovnnnnn G003 0 .
R — 2\
Total 257,305 | 277 NN ©
| L ™

* Fifteenth Census of the United States: 1930, ;\g:;i.r(tfl't{ﬁrc,
Voal. I1, part 2, pp. 978 und 983, 1932. { & )

This distribution may be tested apainst svvqa.l theoretical distribu-
tions established on the following hypothesesf2”

1. Out of thin air, Bennett and Peason® =ay that the distribution
is as follows: 50 per cent, 5 per cent, Byper cent, 25 per cent, and 5
per cent. Since there were 2,177 firiis, the theoreticul distribution
would bo: 1,088 full owners, 109..{1;%1'f. owners, 327 croppers, 544 other
tenants, and 109 managers.  ~3% '

2. On the basis of the nopfital relation of income to tepure in a given
yvear, the theoretical peye;m}tagc distribution was 30 per eent, 10 per
cent, 20 per cent, 39 ﬁe\?\ﬁent, and 1 per cenl, which must be used to
distribute the total, @M77.

3. On the bagig’®f the number of farm children in country schools
whose fathersywere in the various tenure groups, the theoretical per-
centage digtfibution might have been 41, 5, 26, 28, and 0 per cent.

4. Assdthing no differences in the relative importance of these five
typeg'gfjtenure, the theoretieal percentage distribution would be 20, 20,
2020/ and 20 per cent,

/ According to the United States distribution of farms by type of
operator, the theoretical distribution would be 46, 11, 12, 30, and i
per cent.

6. According to the Alabama distribution of farms, the theoretical
distribution would be approximately 29, G, 25, 39, and 1 per cent.

Which one of these six theorctical frequencies is to be used depends
on the purpose of the investigation. If the purposc of the investigation
is to determine the value of the snap judgment of Bennett and Pearson,
use the first hypothesis. If the purpose is to measure the degree of
relationship between incomes and tenure, use the second. If the purpose
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is to test the relation between tenure and -number of children per
family, use the third. If the purpose is to test the differences among the
frequencics, use the fourth. If the purpose is to test whether Winsten
County differs from the United Statcs as & whole, use the fifth, H the
purpose is to compare Winston County with the state of Alabama,
use the sixth, :

Many more such hypotheses might be formulated which would es-
tablish a basis for a theorctical distribution. The excuse for any
hypothetical distribution is to test differences or relationships. ~

TABLE 3. TESTING DIFFERENCES BETWEEN AN ACTUAL DISTRIBU-
Tlon AND A THEORETICAL DISTRIBUTION BASED OIf, THE
POPULATION OF WHICH THE ACTUAL DISTRIBUTION

18 A PART*

<

ReLaTioN of TENURE IN WINSTON COUNTY, ALABAMA, TO {THE TENURE
N THE STATE OF ALABAMA ~

,—...-—-_'_'_._._'_ —_—
State of Alabama | Winston County | - x.\\‘ 2
e ———— ¢
. D&a— Devia-
. Theo- 2\ Njoue, Devi tions
: ) Actunl | retical N\ aetual evia | gquared xt for
Operator Number Per mber | morakier rains tions Jivided four
e e e e
farm ohAlabama | retical retical o
gperators operators operat: A ﬁnrceub freedom
- 3 ages and 1
. — o . | per cent
A\ prob-
Full owuer 75,104 | 28\ 1.1 gy | 4520 | 270,400 | 425.3) ability
Purt owner 15, 228 L I 124 — 48 2.3(?-& 7.9
Croppers 65,134 |¢'23.31 388 561 —163 | 26.569 48.
Other tenants | 101,286 N89.55 553 g57 | -804 | 92,410 107.8
Munagrra B0 } .23 a 5 - 5 25 5.
9 - o e
otal  p20J395 | 100,00 | . 2,177 2,177 0| — |u-soed)em1d
1 . 1
. [ B
) # From table &

2 :
ay

TE&J\ING WHETHER A FREQUENCY DisTKRIBUTION FOR &
) FROM THAT FOR THE POrPTLATION
The problem is to test whether tenure in Winston County, the ssla,mple,

iz any different from that in the whole state of Alabama, t_he popl(n.3 atm;L

The farms operated by full owners or tenapts for Winsten . 01111 ty

cannot be compared directly with those for the state }Jecausfe the s ai 2

is so much larger than any one county- The two series of lx;equ:::;cij Zr

can be made comparable as follows: For the state as a whole, the ﬂ1 pt

of farmsin cagh tenure group is expressed asa percentage of the total (12

3). For example, 29.19 per cent of the farms Were operated by full owners.
Phe theoretical frcquencies for Winston County

SampLE DIFFERS

were obtained by



392 CHI SQUARE

multiplying each of the pereentages for the state by the tofal number
of farms in the county. For example, the theoretical number of full
owners was 635 (2,177 X 0.2919 = 635), which is directly comparable
with the actual number, 1,155. The theoretical frequencies wre based
on the state totals. In other words, the theory or hypothesis to he tested
is that the distribution in the county is the same as that in the state.

To obtain ehi square, the deviations of the wetual from the theoretical
frequencies were caleulated and squared. The squares were divided by
the theoretical frequencies and the quotients were summed, giving the
value of x? = G04.7 (table 3). A

Sinee there were five classes of farms, there were foupddegrees of
frecdom. For a probability of 1 per cent, x* = 13.277. Sipde’the calen-
lated x2 = 604.7 is much larger, the chances were small{Tinl differences
between the state and the county were purely randéns The liypothesis
that the distribution of farms according to tendsdgn Winston County
is no different from that in the state is incorrest. In other words, the
difference in tenure was very significant. Aonure in the Republican
County, Winston, was not typical of the\Demaocratic state of Alabama.

In the farm-tenure problem, the t};ém‘eti al frequencies wore based
on the averages for a large populdtion, the stale, of which the
county studied was a small pga,rt'.f Tn other problems, the theoretical
frequencies are obtained in a vagiety of ways depending on the purpose.

TestiNG WHETHER FRE'QUE\NCIES ARE PROPORTIONAL TO SOME RELATED
_ N\ Facror

It was found thdt)the acros per tractor were greater on poor lands
(classes 1T and I/ table 4) than on good lands (classes 1V and V). In
other wordsz‘.t-he“re was a relation between land class and the number of
tractors. The question may be raised whether the differences shown in
the sef:gﬁﬂ column of table 4 are significant. The relation of land class
to thefumber of crop acres per tractor may be tested with chi square.
¢Uhi square cannot be calculated directly from ratios such as acres per
tractor. The original data from which the ratio was caleulated must be
used instead (table 4, center). The actual number of tractors for ditferent
land classes is then compared with a theoretical distribution. Tn this
case, the theoretical distribution is to be based on the proportion of
the crop area in each land class.

Testing whother acres per tractor are constant on all land classes 18
the same as testing whether tractors per acre ave constant. If tractors
per acre are the same on all land classes, then the number of tractors
must be proportional to the number of acres. The theoretical distribution
was thus based on the number of erop acres.
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TARLE 4—TESTING DIFFERENCES BETWEEN AN ACTUAL
DISTRIDUTION AND A THEORETICAL DISTRIBUTION
BABED ON S0ME RELATED FACTOR.

RrLarton of Lawp Crass 10 THE NUMBER oF Tracrons oN Farms

Relationehip Additiona)] data Calcufation of »*
Number of t.ra.ctor\s .
. Dovia~ | Devie-
[ Por : tione | tlons x* for
Land Acres l\u:;ber cenf, Theo- pruared, BouaTed threa
1a " per 1o of retical actual | divided | degregs\
s tructor TD orop Actual from loss by freedum
aeres aeres pereent | - pheo- | thes- | Z8mdel
of aroD | yetical | retieal 4 pef gent
' ACTCS N prob-
— : = T~y >4 ability
N
1 97.6 1.561 24,80 [ 16 30 (=183
IT1 .3 | 2,079 33.04 30 . 40 (— 1012
v 9.0 . 1,338 2476 40 .30 {0
v 3.9 1.095 17.40 35 bal (da)®.
I . ___T___= - -
Tatal s2.0 | 6,208 |300.00 | 121 }2.1’\\-' - [e=uo0pi=11341
_____._'*"_

) ¢ 3

The percentage of erop aeres in each"land class was qalcu_lated ang
multiplicd by the total number, :égf«fra,ctors_, 121_'. For }nstgnce, la,nf |
elass 11 contained 24.80 per ceni;l’of the land. The _theorctwai numberoo
tractors was 24.8 per cent of the total number, 3_0_ (1212>< 0.248 ==l 3 )d
After the theoretical frequé:neies had becn established, X' was caiculat-e !
in the usual mannerd é\ﬁ'found to be 21.699 {table 4, right). ’]é e Eﬁe
cent table value of ‘)’}for three degrees frecdom Was }é.341. i:ai?,veen
caleulated valug&vay greater than the table value, the di et‘ent‘BH o
the actual g d ;heomtical distributions Wwas probably th all du °
chance. Simeb the theoretical distribution assl‘_]mgd 1;1.1&1; the acres S[;e—
tractor \xé’ré' constant, and since the actual dlsmbut-;(;n “;ii ;?31;3; nft
Hiﬁcanﬂy different from the theoretical, the acres per ral?er ' § rnctors
GQHE}}?&M at all; that is, the relation of land classes to num |

\YB}*‘ very significant. :

g nr-WAY TABLE
Tesrivg DoerrreNcEs AMone FREQUENCIES IN & O :

; e individual

Chi square can be used to est diffierence amofng_ t}i:a;;g la‘;lnong

~ frequencies in a distribution. The distribution. of Si ;H\r;rith 2, all the

crop share, stock share, and eash leases may be t:}i ?ea'ses cal b’e tested
differences among crop share, stock share; and ca

at onee (table 5}.

. djfferencgs
With chi square, an hypothesis 13

set up that there are no
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TABLE 5.—TESTING THE DIFFERENCES AMONG THE FREQUINCIES
OF ONE DISTRIBUTION

Nov-Rrnatep Tenaxt Farms axp Tyre or Lbase®

Number of farms Deviutioms
Lease Deviations qu‘uurvcl & Tor two
seuared divided by
Actual  Theoretienl theoreticos! I| ) dogroes
! [recdom and
. T I per cent
Crop sharc. .. ... 57 28 {20} : 20,0+ o probabilivy
Stock share. . ... 23 28 {(— o) 0.8 | a
Cash........... 4 28 (—249) 20.57 V ‘O
n\ N
Total 84 84 — K= 51.50\ "¢ = 0.21
Average 28 28 —_ —~.( R
- at |
* From tahle 8, page 340, \

among the prevalence of the three types nflqm}al The three theoretieal
frequencies based on this hypothesis @ équal. Since there were 84
farms and three types of leases, ’rhg»,th@retival number of farms for
each lease was 28 (84+ 3= 28):{(1::-5,1)10 5). Chi square was 51.50,
considerably ahove the 1 per cjelflt" value, 9.21. The hypothesis that
thera is no difference is very significantly nof true; that is, the differences
among the numbers of the&lirec leases are very significant.

~ With standard err 4 \the difference between two frequencies was
tested, whereas with, chi square the differences among all three fre-
quencies were tesféd” Chi square can be employed either to test all
the diﬁereneep\ét’once or to test any individual differences separateIY-
Testing ogsy\'the difference between the two frequencies 57 and 23,
the nurab  of farms with erop and stoek share leases, the theoretical
mm}b\({rfi« would be 40 and 40. Chi square would be

N , (57 — 40)? + (23 — 40)"

X = 40

= 14.45

Since the 1 per eent table value of x* for one degree of frecdom is 6.635,
the difference between the numbers of crop and stock share leases was
very significant. This corresponds with the results from the ! test
obtaincd on page 340. '

t This hypothesis is identieal to itom 4 for the Winsten County tenure probler,
page 300.
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TesTinG ReLationsrirs S#0wN BY Two-Way FarquuNecy TaBLES

Relationships shown by a two-way frequency table can be tested by
x2. The relation of education to residence is & two-way frequency to be
tested (table G3). S :

TABLE 6 —TESTING RELATIONSHIP IN A TWO-WAY
FREQUENCY TABLE®*

Revariow oF EprcatioNn o PrEsuwr Prace or ResipEnce, NUMBER OF
ForuERr ARKaNsAs FakM CHILDREN Now Livive on Famus anp IN Towng

Relationship tested in & two-way .+ Caleulstions , .\:\ |
freqneneyt : . . N .
I Theoretical dirtribution J Deviatious\patired
!I  _ = - i dividediby
Present plaee of residence ) _ $Heoretical s
) - - Present plave of residence E™ P
Yesars in . s m\ for
- €17 —156)°
selioal J NG =1.442 one
On . In On- n degree’
: Tetal Y
farms towma Total farms | towns } O{ko T anoe fresdom
. £7% -1 { Bb— B0}
EE— 2 YO0 PP 22.815 | and i
— N 80
{ 3 per cent
Nurber ;. Number ' Number | Number | Mugbeny Nuwmhsr , prob-
ll former | former | fovmer || fovmer | forwer | former {187 —-‘2023_, 1.114 | ahitity
Jarm Jarm form frerm . e Jzrm ﬁr.rm 202
chatdren | children | children chﬁ!rb;cll. ehildren ofeiddren
10 ot leas 171 187 358 - 1.5,5'“ 2052 258 (119—-1%)_’ﬂ2.153
Over 10 B35 119 184 W g0 [ 04 184 104
—_— oY [— - 4 _,_'_,-\.'
Twial | 236 | 308 542, 236 306 543 | Calenlated
————hl.__ R ] value it=
Per pont [ 43.5 55.5\{'\‘ o | 485 | #6.5 7 100 x=7.582 6.635

# Zuch tables ara cowrdohly ealled “rontingency tahles,” probably becanse the thepretical frequencies

are rontingent on totd@oMactual frequencies for tho Tuws a}'ld t‘»fﬂuﬂms-
T From table 11 /Bule’542. '

Tn testifigerclationships in two-way frequency tables,
dist-l'ibllﬁ‘{fto which t-‘rlfe actual is compared i3 base_d on the t:otals of
the $able itself. It is assumed that each frequency 1s proportional to
.ho’tfﬁ' of the group totals in which it ig ineluded. For exs'mmple, 43.5 per

Ceoht of the 542 children lived on farms. The number with 1(;)’ yeatr};s oc:
less schooling who lived on farms was 171. The correspon 1mgh ildse -
retical frequency, 156, was 43.5 per cent ‘of 358, thfa tota f}th dren
with 10 yeats or less of schooling.® Likewise, the children wi

obtsined in other ways. Bince 43.5 pe.l" c5e;12t
of 542 children lived on farms and 66.1 per cent hi.id 10 years or lesieffso;ﬁﬁ_l
= 0.861), the thecrotival number for this combination was 43.5 per

: 33 % 0,661 X 542 = 156). i
per eent of the total number, o 156 {0.435 X DX s rtion
Likewise, t;?is theoretical n’lmber could be obtained by multiplying the prope

561 > 236 = 156).
With 10 years of schooliag or less by the total number ot farms (0.861 % '

the theorétical

2 The theoreticnl froquencies may be
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10 years of schooling were divided into theoretical frequencies of 80 on
farms and 104 in towns. The theorctical frequencies have the same
totals in both directions as the actual.

After the theoretical frequencies are obtained, x* is caleulated in the
usual manner.

The number of frequeneies in subgroups was four. However, in this
case, there was only one degree of freedom, instead of three, as might
be expected. The determination of any one of ihe four theoretical
frequencies automatically fixes the other three so that the Jotizontal
and vertical totals are the same as for the actual 1'1'(.\(111(_-.m:i<-..~;.’I\.n\tcsting
& two-way frequency table, the degrees of freedom avelgiven by

n=(R-1) (-1 N

where E is the number of rows, and € the mlmhm:\af columns in the
body of the table. In table 6, the degrees of- fredom are 1 [(2-1)
(2-1)=1]. 7 \d

The value of x? = 7.532 was highly significant. In other words, the
distribution of former farm children no§ st farms according to years of
schooling was different from the comésponding distribution for former
farm children now in towns.? In shﬁrf, there was a relationship between
schooling and the present residehce of former farm children, A higher
proportion of the bettercdicated farm children than of those with less
training move to town.,’zﬂﬁt relationship was highly significant.

This relationship v\%s\t’estcd with standard crrors® and found to be
very significant. THe difference was in the method used and not in the
results obtainedhSWith standard errors, the frequencies in two-way
tables of thisBype must be converted to percentages before the ¢ test ig
applied. W\ith’ 12, the relationships are tested from the original frequencies.

Whenboth the ¢ test and the x® test were applied to the two-way
f;gqué;’ncy table 6, one method possessed no advantage over the olher.

owever, it will be noted that there are only two frequencics for each
classification, “years in school” and “place of residence.” Two per-
centages may be compared as efficiently with the ¢ test as the four
frequencies are tested with chi square. However, when two-way fre-
quency tables contain three or more clagses each way, chi syuare has

31 Stated another way, the distribution of former farm children with 10 years of
less of schovling aceording to present residence was different from the porresponding
distribution for those with over 10 years of achooling. Regardless of which distribu-
tions a.repo:npared, the important point is that a relationship between schooling
and present residence was indieated. That relationship was very significant.

¢ Table 12, page 343.
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the advantage in testing all differences at once, whereas the ¢ test
compares only the difference between two classes.S

Use of Chi Square as ¢ Preliminary Test

When the dependent variable is in numerical terms, simple relation-
ships are usually shown by averages and tested by the analysis of
variance. Such relationships may also be shown by two-way frequency
distributions and tested by chi square. Because x* is.a simpler test of
significance than the analyss of variance and involves much less work,
g relationship may sometimes be more easily tested by »® from a tWOos
way froquency table than by the F test {rom averages. Consqc{uqntly,
chi square may have a place as a preliminary, rough test of relationships
for many kinds of problems. .

"The relation of milk market to labor efficiency couldtbé"s’sudied by
gorting the farms aceording to market and averagiﬁg the index of
efficiency for each type of market, with the following results:

N\

ManrgET - TnpER el LFFICIENCT
Milk AN 213
Butterfat OO 180

\ ¢ 151

None TR

In order to test the difference am;}ﬁg these three averages with anajlysis
of variance, the sums of Bquares Yor 707 farms must first be. dewmned,
a caleulation which in\rqu.@s vonsiderable busy work, especially if tabu-

lating equipment is available. o
Another methed,o*‘gxamining the relationship is to gount the farms

for several subgyowps gecording t-o_market and efficiency (table 7).

The relationskip is shown by compafison of the frequency distributions
1 harder to see in the frequency

in rows op-columns. The relationship 18 :
table thai\i'ih the three averages, but it is eagier t0 ‘te_st. The advanta_.ge
of x2~i}-‘: that no bothersome sums of squared devmtn_ms peed be known.
o~ Tha theoretical frequencies are obtajned by multiplying percentages
\'Uff‘ fhe last line by the totals for milk markets. For exa:m[,}}le, 28.4%‘ lper
cent of 353 is 100, the theoretical frequency for “milk” and “less

than 1407 (table 7).
Chi square, caloulate

? = 78.95. - o
§ The frequencies in the two-way table indlcatet} a ve%y sxgmsf;?lal,:;
relationship hetween milk market and labor (?ﬂimency. zaurml.‘s31 fing
fluid milk were more Dumerous as efficiency inereased (54, 13l
table with three classes each Way: such RS
4, rather than the  test.

ci by the usual method, Was very gignificant,

& ¥or example, for testing a two-way
" table 7, the chi-square test, should be use
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TABLE 7.—TESTING RELATTONSHIPS IN A TWO-WAY
FREQUENCY TABLE

Revamion oF MiLk Manger vo Lanoe Freteryey®

Twao-wiy frequency Theoreticnd frqgueneies Dhrewiatinens -‘"J'lill"'dli
L divaded Gy |

Ll o]

Index lubor cilicieney Iincdex lnhor cfiviciney - ik
Milk P e qboa = | .
. =dl. It
! Lun
merket Less | 140- * More Fewn | Iai= | Maro T Bl
! i . soodl 8K
thin 200 | than | Total | than po2on |tk Fotad bili 3NN '\3'
140 | | 2 ‘ L 204 [ for
: S ; e - m 45 =i g four
I ; i st 1oy & N derrecs
Num- | Nume ! Num- CNum- Nume Numee ! Napm- . Niew- | 1 BN N {recdomt
|

bar | ber | her ber her for tarr her and 1
Sfarms furme _ Surmz furma | furms furme furms e | per cent
Milk a4 o L8l [ O T+ 171V Fih 1] g prob-
Eutterfnt 22 [ 77 : T2 231 [} S LH) 241 ability
- g b e yn o 4 ey
ona o _“a‘_| JS_ i :.1} ]-_J_____ 35 - 13 53 12N B ine _—
Totsl | 201 ‘ 236 | 200 - 70T | 201 % 206 | 260 | g ( S
H H . - DR
. e e e e, . AW . . ES T
Percent | 28 4 | 34.8 | 56.8 | 100 f 28,4 34.8 | 36.8 [ ion S |
! | ! -~ {2 — 4o TR
- . 7 Cua =y
* From table 2, page 271, MY T I_—
) — i R LT - T=F%. U5 xE=
} Degreen freedom = (i —1) (¢ ={3-1) {3 l’)?“-‘l, x i 15.277

168). For farms selling no milk, fhe number decreased (65, 38, and 20).
This indicates that farms sellingmilk were on the average more ellicient
than those selling no dalq? products, This is the same relationship
shown by the three avc@géa:

MarKET INpEX oF ErricieNcy
>Mitk 213
¢\ “Butterfat 180
) (N None ) 151

P4
If the re:l%{iohship shown by the frequencies in table 7 is significant,
then the‘same relationship shown by the three averages must also be
sig\n;iﬁéa-nt.

\'Blfe x* test of frequencies may overstate, but usually it understates,
the significance of relationship measured by the # test from averages.
In other words, the F test is the more precise and efficient method of
-studying variability in averages. The x® test is merely a short-cut
method of approximating signifieance.

x* WITH SMALL THEORETICAL NUMBERS

When the theoretical frequencies are smaller than ten and especially
when smaller than five, the ordinary table values of x%, shown in table 1,
page 388, arc inaccurate. This is cspecially true when there is only one
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degree of freedom. It is true to a lesser extent for two or three degrees
of freedom. However, the crror iz megligible with more than three
degrees of freedom.

When there is only one degree of freedom, a simple variation in the
formula for x* will adjust the “aaleulated” ¥ so that it is comparable
with the “table” values of %% in table 1, page 388. The adjustment
consists of making each deviation of the actual from the estimated
frequency smaller by one-half a unit.

TABLE 8—PROBLEMS WHERL STANDARD ERRORS, ANALYSIS OF
VARIANCE, AND CHI SQUARE ARE COMMONLY USED TO

TEST DIFFERENCES (NN
AN
- . - : W
Omne-way iable Two-way table,sG
= . 4 3 .
o 0} Higher-
Test N _ ”"\-; order
Aver- | Frequen- | Percent- Aver- Freguer;— Percent-  tables
uges cies ages ages cics ages

y QJ_
Stundard| Between! Between | Between Betwe\%b Between | Between 1 Same
error two two two twom | twoin | twoin | 83
ST : \safne or | same same or | two-
O\ different|  distri- different| way
SNV distri- hution | distri- excepl

N\ bution bution | more
—_— compli-
A“fﬂysié Betwesn| Not } Nof Between | Not Not cated
of two, u@ “ | used two, used used
variance: three, PN . i three,
or allpl~ or all
] A . _
—5 - : :
Chi Not” | Differ- | Not Not~ | Differ- I\.nsi;d
SQUAT “rged ences used used enoes used
\e'\\ 3 among | ord- among m‘d}-
all; or parily” | - s.l_l; narily
O differ- | dliif;r-
)™ ences
)| ¢ . .
\ i ]jent;seen between
setual actual
and and
% theo- the.c)-
' retieal retical
3 or be-
o tween
two
distri-
butions
e
N U I
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COMPARISON OF ¢, F, AND »* TESTS OF SIGNIFICANCE IN
TABULAR ANALYSIS

Standard errors, analysis of variance, and c¢hi square may be com-
pared on the hasis of {a) possibilitios of test, and (b) ease of caleulation,

(@) In general, standard crrors are applicable 1o frequencies, per-
centages, and averages; analysis of variance is applicable only to gaver-
- ages; and chi square, only to frequencics and indireetly 10 pereentages
(table 8). N\

In testing averages, cither standard errors or analysts of Jvaviance
can be used. However, the possibilities of analysis of variandt m® much
greater. The analysis of variance can be used to test cy&-}thing that
can be tested with standard errors and, in addition, my®H more. Stand-
ard errors always test difference between two averafs, while anglysis
of variance can test the whole relationship in o€ $eries of operations.

In testing frequencios and Pereentages, citheostandavd errovs or chi
square can be used. However, if chi squargis cthosen, the pereentages
are usually converted into froequencies. When standard errors are used
to test a relationship shown by a two-way frequency table, the frequen-
cies must bo converted into percentages. ,

The possibilities of chi square zg.rp:'rhhch greater than those of standard
errors, While standard error tests only the difference between two
frequencies or pereentages, ehi square may test the differcnces among
all frequencies in a distrib?tion, may compare the distribution with a
large variety of t-heoxéical distributions, or may test the difference
between two distribptions.

Chi square andZafalysis of variance are much more applicable to
and efficient in\testing relationships than standard crrors.

(b) Fromtlfe” standpoint of ease of calculation, the chi-square test
is the eagieést’: The £ and F tests are about equally difficuit.

’~
N -
N”

N
%
\ )




CHAPTER 23
RELTABILITY OF CORRELATION ANALYSIS

The reliability of correlation analysis will be discussed according 40
the following outline: {s) correcting measures of correlation from sap--
ples, (b} testing cxistence of correlation, {c) testing diﬁerenceé,m: eoef -
ficients, (d} fosting linearity, and (e) testing regression coeﬂi@:&enﬁs.

CORRECTING MEASURES OF CORRELATION, )

When the number of observations is small, t-haﬁfoss correlation
cocflicient is {oo high and must be corrected. As the mwumber of observa-
tions increases, the amoun{ of revision soop{be‘comes negligible. All
formulas for caleulating measures of correlation were developed under
the assumption that the total populations included. In practice, how-
ever, most series of data are samples=not populations. Since the
coclficient is based on a sample, if@nust be corrected before it can be
said to apply to the population,Formulas have been devised for such

corrections. _ n
For linear partial and miultiple correlations, the eorrection involves

not only the number ol sbservations but also the number of variables.
For curvilinear corrclation, the eorrection involves three factors—the
size of the samplesthe number of variables, and the number of constants
in the curves. )
Ny
\QBE:.REUTING Gross CORRELATION COEFFICIENTS

For, th} Minneapolis price of wheat, X, and the United States
prod’n];’:ﬂibn, X;, the coefficient of correlation was 7 = —0.469 for !;he
2 ¥oar pertod.! This correlation cocfficient was based on the assqmpt-lon :
that 22 years constituted the population. Since the 22—ye.ar period was
only & small sample, the corrclation coefficient must be adjusted accord-

ing to the following formula: |
o fN -1
o1 0-i(7o)

where 73 is the revised or adjusted coefficient.

1 Page 187.
401
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= v [ 22 )
Fy=1-[1~ (-0.4(;5-})-][52--_ 2]
=1 = (0.780){1.04)
= 1- 0819 = 0.181
ria= —0.125

The corrected, adjusted, or extimaied eoeflicient for the population
was —0.425, compared with —0.46) for the sample. The coeflivient was
reduced 0.044, negatively.

In the easc of the correlation hetween the Minneapolis and Livrpool

prices of -wheat, 1 = 0. 732, the adjusted or correeted coe Hu{.nt was
£ N

, y A
2 - _ r 2 I | i \/
b= 1~ [1— (0.732) 1[22 = 2]

fy
n

=1 — (0.464)(1.05) 7\
= 1 — 0487 = 0.513 N
T = +0.716 v

The corrected coeffivient for the population h\a only a litile less than
that for the sample, +0.732. The coe {fu’l\lt was reduced 0.016. The
adjustment of a hlg,h correlation (.0(,Hiug~.nt.. 15 less than that for a low

ane. R
If the corrclation between the Bfmm apolis price, X, and the United
States production, X, had l}r*orr the same, 1y = —0.469, hut hased on

8 years, instead of 22 yo als, the corrected coeflieient would have becn

r.N I ~ 1~ (~0469)" [[8 2]

SAP= 1 — (0.780)(1.167)
;‘}‘ = 1 - 0.910 = 0.090

(N Fro= —
RO 13 0.300.

This adjwibii’coeﬂi( ient based on 8 years’ data was much less than that
based en ‘22 vears’ data, iy = ~0.300 and Fiy = —0.125, respeetively.
lhg "\:ljuﬁtment become-\ greater as the size of the nmp]o becomes
s‘lqa lex.

The amount of correction or adjustment for gross correlation cocf-
ficients depends on two factors: the degree of correlation and the size
of the sarple.

CorrEcting MULTIPLE CORRELATION COEFFICIENTS

The formula for the adjustment of multiple correlation coefficients is
as follows:

N —
Rl.z.’;- rem T 1 - (1 123 m)(N —m
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where R is tho adjusted multiple correlation coefficient and m is the
aumber of variables or constants in the regression equation. For the
Minneapolis price of wheat and the world and United States production
of wheat, X; and X, the multiple correlation coefficient® was R
— (1.658 and the corrected coefficient, ELu— 0.611 as follows:

= 22 -1
=1 _ g &= T *
faa = 1— 11— 06587 55—
=1 — {0.567)(1.105)
o o=1- 0.627 = 0.373 A
R1_::4 = 0.611 ’ 4 \\
The adjusted coefficient for the 22 years was 0.047 less than{ ﬂae inad-

justed. PAY
For multiple correlation, the amount of eorrection depends on {(a)
the degree of correlation, (b) the size of the sample, af)d‘ (¢) the number

of variables, m.
N\

~ CoRRECTING PARTIAL CoRBELA'gQﬁb
The adjusted partial coefficients are based on the adjusted multiple
eoefficients as follows: N N
F :__.Rifaax} - R?.s-i
12,34‘::' 1 _ R‘f:u

and adjusted squared multiple

OEFFICIENTS

For the wheat problem, {ite wnadjusted?

cocflicicnts were ™ _ )
.?:2’34 = 0-7_15 E?.za-s = 0.667
2, = 0433 B, = 0373
and the adju;éi}fi partial '
N 0607 - 0373 _ 0204
& - oows Cowm O
O Fiags = 0.085.

$f’hie adjusted partial coefficient Was 0,021 less than the unadjusted,

© a4 = 0.706,

In partial correlation, the amou
of the sample decreases and as
The adjustment inereases Very
Inereases,

ot of adjustment increases as the size
the degree of correlation decreases.?
glightly as the number of variables

2 Pable 1, page 187,

2 Table 1, page 187. . i . _ .

4 This is Lu’it apparent in the formuls for the adjusted multiple correlation
coeflicients. '
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CorRRECTING INDEXES 0F CORRELATION

The formula for adjusting the index of eorrelation is as follows:

#=1-(1- pﬂ)(ﬁ - ,ln)

where m is the number of constants in the cquation. For the price
and preduetion of cabbage,® the unadjusted index of correlation was

P(¥mai X"} (LS) tnatural numhers) = 0.818. The adjusted index is \
20 — 1 O\
- _ _ ] e A .
pt=1—[1 — (0.818)% 30 — 2] O "
— 1 — (0.331)(1.056) AR
=1 — 0.350 = 0.650 e\
5 = 0.806 o

When rho is based on a mathematical curve, theNtumber of constants,
m, is definitely known. In this illustration,/thére are two constants,
a and b, However, when rho is based on‘a*ffechand curve, the number
of constants must be estimated. A gtréig'ht line has two constants.
Curves may have any number, two_grinore, depending on the number
of bends in the eurve and the srhﬁmfhness of the curve between the
bends. The student must estimaferthe constants in a curve on the basis
of similar mathematical cu#es. In general, long, sweeping, freehand
curves with one bend mx«pi?e about threc constants.

CoRRE U'IING}NDEXE‘% oF MurLrirLE CoORRELATION

The adJustmen‘t\of ndexes of correlation is the same regardless of the
number of V.ll‘lﬂl)l&% ineluded.

The adj\fhd index for the aeres of corn in North Carolina® is as
follows: £\

*

\ Y ' N-1
X \ 8 P oz (Approximation) = L — (1 - Pz)(N — m)
\ﬂpef’e“ m 18 cstimated as 7.
_ 25 -1
P?_zaa_. (Approximation) = 1 - [1 - (0-746)2} 25 _ ]

7
1 — (0.443)(1.333)
=1 - 0.591 = 0.409
= 0.640

Rho was reduced by 0.106. The amount of adjustment depended on
the number of observations, the number of variables, and the number
of constants in the curves. The constants in the three curves® were

s Page 203.
¥ Figures 5, 6, and 7 on pages 225 to 227,
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estimated as follows. Bince each curve was a long, sweeping, smooth
curve with one bend, it was estimated to contain three constants.
Individually, the three curves would have nine constants. However,
when the three curves are combined into one equation, the one constant
term fromn cach curve combines into one for the whole equation leaving
seven constants (9 —1—-1-14+1="T).

TESTING SIGNIFICANCE OF CORRELATION
TrsTiNG EX1STENCE OF CORRELATION

The previous section dealt with the best estimates of correlatio}l
coolficients from samples. However, it gave no indication of the ‘yélia-
bility of such estimates. This section deals with the significatics of the
correlation coefficients from samples. The problem is tg.,t;gs:ﬁ whether
the correlation in the sample is due to chance ﬂuqt-t}itioﬁs, that is,
factors not considered, or to a relationship betweeh, the factors cor-
related. ' ' . o ’

Significance of Gross Coar:r,ql@ﬁm

Gross coefficients may be tested for signj\,ﬁéé,nce in any one of three
ways: (e) ¢ test with standard error oft r, {(b) analysis of variance, and
(¢) t test with the standard error of 2

(a) t Test with Standard Error of ‘A The ¢ test with standard error of 7
is based on the null hypothesis that the coefficient for the whole popula-
tion is r = 0. Under this hypoethesis, the standard error of r is

£ ) 1 =12

A T gy

The quantity & '\';: 9 is the degrees of freedlom3
Y = a4 bXsFor the price and production of whe .
. bles, there are three curves which might be given

about the regression line
ﬂ-t,g Tiz = —‘0.469,

¥ In thi :nzblem of four varia
by the three following equations: _
2N\ N X,=amt bufiXs) + clf:(Xz)
a\'d X, = ag + baf(Xa) + eof (X3
\ / X, =a:+ bsf(Xi) + CSJF’(XJ}
jned equation, the constants a, oy
re reduced to one constant, &,
ependent variables

a comb!
three curves o 4
terms containing the ind

Each sequation has three constants. In
and a; which determine the level of the
for the one combined curve, and the six
have siz other constants.

; i - ithmetic
8 The degrees of frecdom aboub the arithmetic mean &re N — 1. Apan

; i ithmetic
mean, a constant. In the equation of a stmlgh_t }lue, '-—hata,kes ;.lp oo her dogres
tional congtant, b, which is the regression coeffivient Whil“ he romaining degrees
of freedom. If the straight linc has two degrees of freedom,
about the straight line are ¥ — 2.

! Pago 187,
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L /TZ(C0.4697 /0780 e
Tre = 1/ T3 -2 gy~ V0039
= 0.197

The next step is to test the null hypothesis by caleulating ¢

r—0 0469 — 0
= = g197 238

The degrees of freedom, n, are N — 2, or 20. The 95 per cent value of ¢
was 2.09. The corrclation between the United States productiofand
the Minneapolis price of wheat, riy = —0.469, was significanty that is,
the correlation was not entirely due to chanee'® Sinee thg&{lhﬁer gent
value of { was 2.84, the correlation was not high cnough%e be termed
very significant. N

(h) Analysis of Variance. The sum of squared devia{-idhs in a dependent
variable, ¥¢2, may be divided into two parts: {¢j 4Dt explained by the
independent variable, *Ne®, and (b) that uuo{plained by the indepen-
dent variable, (1 — )No?. The squared copfelation coefficient indicates
the proportion of cxplained squared varigbility. Since it is the variance
ratio which is desired rather than the\wariance, it is sufficient to deal
with the proportions 72 and T — r?;f's}ther than the actual sums of the
squares, 7*No? and (1 — #)No2eThe ratio of the two proportions is
the same as the ratio of the twd sums of squared deviations.

The procedure in testin{fa gross correlation coefficient is as follows:
The proportion explainady ¥*, is divided by the degrees of freedom, 1,
for the one regressioh ‘coefficient of a straight linc. The proportion
unexplained, 1 — zﬁ,:is divided by the degrecs of freedom, N — 2, about
the regression }ing/ The variance ratio is ealculated from the two quo-
ticnts, and t6868d in the usual way. For testing correlation coefficients,
the basis*({f}:ﬁmparison 1s the unexplained variability.

For“sh'e\price and production of wheat,!! r;3 = —0.469 would be tested
as follows:

£

&\ 95 PExr
\ 4 PrororTiON OF CENT
Squaren DEGREES VARIANCE? VARIANCE  VALUE®
Deviarions Frernom ProrortioN Rartio, F or F
Explained by X; i = 0.220 1=1 0.220 5.64 4.35

Unaccounted for 1 —+}, = 0,780 N-2 =20 0.039——Basis of comparison

Total 1=1 N-1=21

W The fact that it is significant docs not prove that the assnciation is & cagual
one. That can be determined only by judgment.

U Pages 187 and 405.

12 Expressed as o proportion of total sum of squared deviations.

13 Table 2, page 350.
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Since the variance ratio, F = 5.64, was greater than the 95 per cent
value of F, 4.35, the association between price and production of wheat
may be said to be significant.

(¢) £ Test with the Standard Error of z, Frequently Called the z Trans-
formation. For some purposes, it is necessary before caleulating ¢ to
transform r into z and then test z by means of its standard error. The
expression z is merely the following funetion of #:

2= 11513 log (1 +#) — log (1 — 7]

. . ™\
in terms of common logarithms. The standard error of 2 is given by
1 o’\"\
0, = —F—r '\ ’
N-_3 \

To test whether a correlation coefficient is significantly, gréater than
zero, the standard error of 2 1s no more useful thawthe Standard error
of r. However, when 7is assumed to be-other thén'zero, estimates of
its standard error are erroneous. The only valugsdf 2z transformation is
where the standard error of r cannot bg used: With the o, the cor-
relation s = —0469 could be tested deNdetermine whether 1t was
significantly greater than zero, but pot“whether it was significantly
greater than —0.30, —0.20, or —Q.10: With the a, the latter type of
tegt can be madc as follows: 4
1. Calenlate z forr = —QfLﬁQI’

2 — 1.1513[log ({32 7) — log (1 = 1)]
1.1513{10g 1 + (—~0.469)] - log [1 - (-0.469)]}

—~ 1.1513(log 0.531 - log 1.469)

_ 1.1618{(9.7251 — 10) ~ (0.1670)]

§<{}15]3(—0.4419) '

‘k, L (.5088

2. Qaldulate z for a hypothetical 7, 58Y 7 =
N

\ J 4= 1.1513{loglt + (~0.20)] — leg {1 - (—0.20]}
1.1513(log 0.80 — log 1.20)

1.1513[(9.9031 — 10) — 0.0792]

= 1.1513(—0.1761)

= —0.2027

3. Calculate the standard error of 2.
[ M.
BT N-3 v2-3 VI
4. Caleulate ¢ where the hypothetical s = -0
z = —0.2027. o

-0.20.

1
_ 1 o204
= 135 0

9
20 and hypothetical
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Actual z — Hypothetical 2

a;

_ —0.5088 — (-0.2027) _ —-0.3061

- 0.2204 - 0.2204

= —-1.33
This value,'* { = 1.33, may be compared with 1.96, the 95 per cent
value'® of ¢ where n = . The corrclation ri; = —0.469 is not signif-
icantly greater than —0.20. However, it was previously shown to be
significantly greater than zero. Q)

Stgnificance of Partial Correlation ¢ \:\

Partial coefficients may be tested for significance in any one of the
three ways for testing gross coefficients. R ~N

{(a) The i Test with Standard Error of rizz. .. m. When the population
partial coefficient is assumed to be zero, the stagdard error is

_ 1 =l m
Tr2g. . m Mo

where m is the total number of vanable% For the Minneapolis and
Liverpool prices, with the effect of ploductlon of wheat'® eliminated,

rag = +0.706. <
/A S (+0.70@_2 _ /0502
12,44 i < 22 _ 4 - ].8

\{\/0.027 = 0.167
The value of {is A\
R4 _ 0706 —0
O b="oier — %
Since the ‘QQ:\IJer cent valuel” of ¢ for n = 18 is 2.88 and less than 4.23,
the palgti‘é,l\coefﬁcient is highly significant.

(b:)({l&ia-ly.svés of Vartance. The partial coeficient, 7.3, can be caleu-
l%'fé‘ii'from two multiple coefficients’® according to the following relation-
ship:

7%2.34_ = R¥.234 "_ R%.Sﬂl
1 — R

¥ The negative sign has no significance,

1 Table 4, page 320. Note that in testing z the degrees of freedom are always
infinite, =,

1 Tahle 1, page 187.

17 Table 4, page 320. The degrees of freedom for testing partial coefficients by this
method are always N — m.

18 Table 1, page 187,
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The numerstor of the expression is the difference between two maltiples.
This numerator expresses the proportion of the sum of squared devia-
tions in the dependent variable which is explained by X, in addition
to the proportions previously explained by X; and X, This additional
explained variability, which is the basis of the partial coefficient, can
be tested with the analysis of variance as follows:

99 Per
PROPORTION OF . Cent
BQUARED DEGREES VARIANCEY® VARIANCE VALUE®
DEVLATIONS FREEDOM Ratio, F oF E\
Haplained by X3 and X4 R} 5=0.4328 2 — - &
Additional explained by X3 RBf g FRiLu=0.282¢ 1 0.2824 17.9 NB.28
Unaccounted for 1—RB sym0.2847 N-—4e18 0. 0158+ Basis of compayison
- NS ¢
Total Coi=10 N—l=m2l N

The size of the variance ratio P indicates that the.Additional vari-
ability explained by X, is highly significant. This i€ éxactly the same
as proving the partial coeflicient 7u. highly siggificant.™

This test may also be used as 2 criterion of Whether to include an
additional variable in & multiple correlati {ghalysis. If the additional
effect is significant as in thi example, f;hc’:a ditional variable X, should
probably be included with Xy, Xo, and ¥ - -

(¢} t Test with the Standord E:-"?:er«’bf z. The expression z is calculated
in exactly the same manner fpr~;i§rtial as for gross coefficients. How-
ever, the standard error of #'i8 slightly different.

RO

\<..* 2= N —m-1

where m is the total number of variables. Whether the partial coef-
ficlent, 71254 =;{~'{’}..7“(}6 is eignificantly greater than, say, +0.40, can be
tested as follpivs: '

1. Ca-}r\u“jh’fe z for ra.m = +0.706.

&3 = 1.15130l0g(1 + 0.706) — log(1 ~ 0.706)]

AN 1.1513]0.2320 - (0.4083 — 10)] = 1.1513(0.7637)

Y =08 |
9. Calculate z for the hypothetical coeffi

z = 1.1513(log 1.40 — log 0.60)
— 1.1513[0.1461 — (9.7782 — 10)]
= 1.1513(0.3679)
= 0,424

19 Fxpressed as a proporti

% Table 2, page 350.

1 With this method, the partial effect of
partial coefficient riz.54. -

cient rizs = +0.40.

on of the total sum of squared devigtions.

X, was tested without caleulating the
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3. Calculate the standard error of 2.

1 1 1 1

VITmZ1 VR-4-1 ~/17 4123
~ 0.2425

Op =

4, Caleulate £ for the hypothetical coefficient #;55 = 0.40 and
z = (.424.

;0879 — 0424 0455 ~
- 0.2425 T 0.2425 N
= 1.88 (N
7NN *

N

Since the 95 per cent value of £ where n = w is 1.96, thepartial coel-
ficient 7ig34 = +0.706 can hardly be said to be kliné’ﬁcan{tly greater
than 4-0.40.

Signzficance of Mudtiple Cc{?;afez&iion

Multiple coefficients of correlation arc,'tﬁ;\.:fhd with the analysis of
variance in the same manner as the grossicoéficients? under method (b).
The proportion of sum of squared 'de"»‘iations explained by the inde-
pendent variables is K? and t-hc.;dgi’(r)'q]lailwl proportion 1 — fi%, The
degrees of freedom for R® are~hi— 1, or the number of independent
variables. The degrees of freédem for I — K2 arc N — m. The multiple
relation of the world and United States production to the Minncapolis
price of wheat,? R1 3 \6‘658 could be tested as follows;

49 Per

. PrororTion or CRNT
25 SQUARED DEGREES VARIANGE  Vanmarce  Vanom

’ DEvIATIONS FrEEnOoM ProvonrrioNn  RaTio, F oF F

Explained by \nd X Blu=0433 m—1 =2 0.217 7.2 5.98
Unaccounted ?OT 1~ Ry 3 =0.567 N —m=19 0. 030——PRasds of compuriaon

Tot.al 1 =10 N-1=21
\

The size of the calculated variance ratio, F = 7.2, indicates that the
multiple relationship was highly significant. In other words, the price
of wheat was very significantly associated with the world and United
States production. This does not mean that a significant relationship
existed between X; and X; or between X, and X,. It indicates that there
was a significant relationship between X; and both X; and X, taken
together,

1 Page 406.  Pape 187. % Table 2, page 350.



SUMMARY OF TESTING SIGKIFICANCE OT CORRELATION 411

Significance of Inderes of Correlation, Gross and M ultiple

Gross and multiple indexcs of correlation can be tested by the analysis
ol variance in the same manner as linear gross and multiple coefficients
of correlation,

For the production and price of cabbage, the index of gross cor-
relalion® was piy_. x4 s matursl sumbersy = 0.818. The explained varia-
bility, % is compared with the unexplained vaiability, 1 — p2 The
degrees of freedom for p? were s — 1, where m is the number of constants
in the curve on which rho was based. The degrecs of freedom for 1% p?
were N — m. The steps of the test may be summarized as followsh

ProrosTioN "'\ 99 Prg
oF Btu oT A o Cexr
SqUARED DEcEES Varianee  VARIANCE  VALUE
Drviarions  Freepon Proronriors { Ratio, F oF P
$
Explained by X in curve Y=X-£b- a2=0.689 1 0,669.7’:\ 36.4 5.28
Unaceounted fur 12 =0.331 18 0. 0184<—'—Ba,s:'3 of comparison
o =N
Tatal 1=10 19 I

The relation between the price and prgd}'l}t-ion of cabbage in terms of
the curve ¥ = ;g was highly signif_‘r‘cga;“lﬂ".

The same melhod can be app?i}}ﬂ’ in testing the index of multiple
correlation for the acres of c-orpfiri North Carolina,® pr (pprosimation)
= (.746. The degrees of fr:e;edoﬁ'x for p? were m — 1, where m was the
number of constants ezstl}rmted neeessary to express the curves in
equation form, The stgﬁs”were summarized as follows:

PrororrTon 95 P'Er
¥ N oF Bul OF CENT
AN GnUaReD  [IHGHEES VARIAKCE VARIANCE VaLUE

DxviaTiors [REEDO Proronrion Barwo, F or F

Explained by Xé’,\;&. and X4

= ; 2.66
frechand e A=0EET m—1= 0 0.0828 3,_?7 .
Un;Z:uZtg}’(m 1—pi=0443 N-—m=18 0.0246«——Baeis of comparisen
Pafab 1-10 N—1=34

i};}z curvilinear multiple relationship between the acres of carn in South
Caroling, and the prices of corn and cotton and stocks of corn was

gignificant.

Summary of Testing Significance of Correlation

i i tion have been
Three methods of testing existence of cor.relamon
dard error of r, (b) analysis of variance, and {¢) standard error

employed:

{a) stan

of 2.

% Page 203 and page 404, = Page 228 and page 404.
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For gross cocflicients, methods (&) and (b) are the more common.
The results and amount of work involved in {a) and (b} are ahout the
same. Method (¢) involves more work and should be used only when
the cocfficient is tested against a hypothefical value other than zero.

With enc exception, the above principles for gross coctbicients hold
for partials. The standard error of r is more applieable than unalysis of
variance when the partial coeflicient is given and the multiples from
which it is derived arc not known. Analysis of varianee 1z the more
applicable when the partial is not known and multiple cocllicicuts, are
given, N
Tor multiple coefficients and indexes of correlation, tl}t;\'fl‘na\-lysis of
variance is the aceurate test. L N

TABLE 1.—VALUES OF CORRELATION COEFI-'IC.‘-I].*X\'&‘S TOR pd AND 99
PER CENT PROBABILITTES AND VARIOUS DUEGRERS OF TRETEDOM

Gross and Multiple cocficients :‘(}éf; and Multiple roefficients
partial ! X ) ‘\'\ :'ptlrtitll .
Degrecs cocfficientsTi  p,.e Four -DegrEes’mCﬁipicm&T Three Taur
of Tiz aud varables | variables Yt r1z sad varintles variables
freedom#* | T FSWTIN Rk »ii’gedmn"‘ Tixs . . .m Frat 0 Riwsd
N—m ' TN -m
. V,:‘
Frobability ‘ Probability | Probubility Probability | Probability | Probability
95 9 | 95 99 03NS 4y 95 B0 L 95 99 | 9 99
_ I
:_ \:_ -
1 097 1000 808 1060y teun 1.000 25 | .96 505 | .AT0 D3 819
2 050 .90 _975\ g 883 097 24 388 L0 | A4ATD 523 L6508
3 LSTR 050 | 980 N6 | 650 3 25 881 A48T a2 51t 600
4 811 917 | A81) 49 | 81z 9620 26 ATL 478 451 505 .591
5 754 ,8?11\,8[{35 817 | 874 03T 27 86T .ATO . 446 535 | 4v7 .82
[} OV BRAN VDS BB8 | 83D 01l 28 AG1 463 | 439 50| 400 573
7 866 (AR08 TER L85G BUT  BHS 20 355 436 | 482 52z | 482 563
8 paE\Wes | .72 82T TIT 860 30 A0 440 | 46 514 a7h 5T
g B 7R5 | BuT LBO0 | TR0 .B36 35 w25 418 | me7 4w | aadll s28l
0 OB | 671 776 | 726 40 and .A03 ! a7y 45t A1h A
£EL | 045 733 | FUB 45 | .2ss  .e72 .maa  .4s0 .gerll .avol
6611 627 782 .653 50 273 354 | mae 4n0] 87H a8
410608 V12 L66d &0 250 325 | m08 877 | .48 414
623 | 500 B0 | 046 70 239 302 | 2es  .aal | .Gee 830
806 | 574 87T | B30 721 80 217 283 | .260 330 @0x .36
5801 350 662 815 TO6 o0 205 .o67 | 254 .31z .essll a8l
BTE .45 4T 0t eul 100 65 2bi. 241 et 2T B2
BBL | .BR2 BRY | BET 6T 125 1174 228 ].210 .260 | 246 294
S4% | A200 820 | 5T LGS 150 150 208 | .19 .zet| 225 269
37l s0e w08 1 LBGER LGart 200 158 181|172 212|185 23D
526 408 506 . .332 .41 400 nes 1928 !.1ze 151 .80 187
513 | 488 .B85 ‘ 542,630 H 1000 ‘ o5z 08l | 077 096 | D088 106
H I _—

* Far gross, partial, and multiple correlations, w is the number of varables and N the number of
abservalions, For gross eorrelabions, w18 obviously always 2,

t Bnedeeor, G, W, Btatistien] Methaods, p. 133, 1H0.

1 Snedecor, G. W., Statisticul Methods, p. 286, 1940, § Computed by authors.

|| Bazed on interpolations by the autheors,
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Tables of Significant Gross, Partial, and Multiple Correlation Coefficients

Tables have been construsted giving the exact values of gross or
partial and multiple correlation coefficients for different degrees of
freedom and of probability. For example, with 20 degrees of freedom
and 95 and 99 per cent probabilities, the table values of the gross coef-
ficient r were 0.423 and 0.537 (table 1). )

A correlation eocfficient can be tested by comparing it with$he
corregponding valuc in such prepared tables. In the example (0f, the
production and price of wheat for 22 years,” there were 20 degreés of
freedom and ri; was —0.469. Since this coefficient was q191€"than the
95 per cent table value, 0.423, the association ean be 'said' to be sig-
nificant. However, this cocfficient, r = —0.469, was lesé,than the 99 per
cent fable value, 0.537, and the association cannotBesaid to be highly
gignificant, AY;

Partial coefficients of any order can be t "te\d in the same manner
with the same set of values. For Minneapelis and Liverpool prices of
wheat, with production eliminated,?® t'l},e'partia,l coeflicient, for 22 years
Was 11350 = 0.706. With four variablésand 22 observations, the degrees
of freedom, N — m, were 18 (2255 = 18). The corresponding 95 and
99 per cent table valies of the Partial coefficient were 0.444 and 0.5(3‘1.
Sinve 720 = 0.706 was greafor than the 99 per cent value, the associa-
tion can be said to be ﬁ@n.éigniﬁcam. )

Multiple coefficicnts of any order ean be tested in the same manner
but with different/séts of values for each order. The values for 01'11y
two orders, Ryof and Bize are given in table 1. Fm: the producfflon
and Minncapelis price of wheat® for the 22-year per:lod, the multiple
c-orrelation}gééﬁieient was Ry = 0.658. With three variables, t:he degrees
of freedoi’{l, N — m, were 19 (22— 3=19). T.he corresponding 9_9 per
cent, fable value of multiple correlation coeﬂiments: for three variables
wis_0.620. Since i = 0.658 was greater than this 99_ per cent table
value, the multiple corrclation. can be said to be very SIgnli'icant. ;

When a fourth variable, the Liverpool price,® X, was introduced,
the multiple correlation coeflicient was R'I:m = (.846. For }8 defgrfl{;: _
(22 — 4 = 18) and a 99 per cent pfﬂbablhtY:.the table value of the

: son coeffici 0.677. Since Riwm = 0.846 was
multiple correlation coefficient was 1o selationship was
greater than this 99 per cent table value, the muliiple zels _
highly significant. _

3 Pages 187 and 410

# Pages 187 and 406. % Table 1, page 187.

2 Pages 187 and 408.
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Since five or more variables are only rarcly included in a multiple
correlation problem, corresponding tables are not usually published,
and the student should use the analysis-of-variance test on page 410.

Indexes of correlation can sometimes be tested with the tables of gross
and multiple cocflicients. When an index of gross correlation is based on
g curve with two constants, the table values of the gross corvelation
coefficient can be used. For the 20-year curvilinear relationship between
the production and price of eabbage,™ pyu xt) L8 matursl nuabersy =, DAB18.
Since the index was based on an equation with two constanis, the\able
values of gross coefficients are applicable. The 99 per cent tableyvalue
for 18 degrees of freedom was 0.561. Since the actual indt;x,,b.S.lS, was
greater than the table value, this curvilinear relationslipbetween the
production and price of cabbage was highly significantd)

When a curve has three or four constants, the ¥able values of three-
and four-variable multiple coefficients should be\ised.

For the 20-year parabolic relationship befyeen the production and
price of cabbage,® pyocipxsexy = 0.862{ Bince the index was based
on an equation with three constants, the table valucs of the three variable
multiples ean be used. The 99 per, ¢ent table value for three variables
and 17 degrees of freedom was }0.647. Since the actual index, 0.862,
was greater than the 99 per,ceht table value, this curvilinear relation
between the production andMprice of cabbage may also be said to be
highly significant. y \

Indexes of multiplie. c}rel{uion sometimes can be compared with the
table values of m\wfti;bﬂe correlation coefficients. When the number of
constants in thelchrves is three or four, the table values for threc and
four variablesfmultiple coefficients are applicable (table 1). However,
the equations on which indexes of multiple corrclation are based ordi-
narily jovolve more than four constants®® and cannot be tested with
tbesghﬁinary tables. The F test should then be used.

TesTiING DIFFEREXCES BETWEEN CORRELATION COEFFICIENTS

The difference between two gross or two partial correlation coef-
ficients can be tested with the standard error of the difference between
two 2’s.

Differcnces between correlation coefficients are of two distinet types:

31 Pages 203 and 411, # Page 203.

# Note that, for the index of multiple correlation for the acreage of corn in North
Caroling, page 404, the number of constants was estimated to be seven. This is not
an unusually large number of constants for such problems.
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{#) Difference betwren two different coefficients in the same sample
or problem. .

(b) Difference between values of the same coefficient in two different
samples or problems, : ’

An example of {a) is the difference between ry, the relation of world -
production to the Minncapolis price of wheat, and ry, the relation of
world production to the Liverpool priee.3* Both coefficients were caleu-
lated from the same sample or problem, 22 years of records. A differente.
between 14 and ry would indieate whether world production was.mdré
closely related to prices at one market than to those in the other{ ™)

An example of (b) would be the difference between 7y for 1892-1913
and 7y for 1914-1940. In each case, ry would represent the“relation of
world production to the Minneapolis price. A diffe ¢e" between the
two values of ry would indicate a change in the ddgree of relationship
with the passage of time, RN

The two types of differences are tested bKa” out the same methods.

$ 3

Difference Between Gross'Coefficients

Two different coefficients in the ;Eié?ib problem were riy = —0.649, for
the Minnespolis price and world:pl:oi:luction of wheat,® and 4= —0.668,
for the Liverpool price and{world produ_ction. Both coefficients a‘,pply
to the same problem, 1’8‘92.&1913. World producti?n was Iore highly
correlated with the Liverpool price than with the Minneapolis price. T-he
question may bo rdied as to whether the differerlme, 0.019, was sig-
nificant. The mefhéd for testing such differences in gross coefficients
was as followsy . :

1, Calcu@"jz\e’é forst ryy = —0.649.

.s\ '
\\ 2 = 1.1513 (log 0.351 — log 1.649}

~O" — 0T
N/ _ -
2. Caleulate 2 for r, = —0.668. .

2= 11513 (log 0.332 — log 1.668)
= —-0.807 :

3. Calculate the difference between the two 2's.

D, = —0.807 ~ (=0.774) = —0.033

| ; 407,
3 Table 3, page 192. 3 Tghle 3, page ?92. ¥ Page
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4. Calculate the standard error of the difference, 1., between the

two z's,
i
gdp, = N — 3
= 1/ 2 __ /2 = 1/0.1053
A 19 ¥
= 0.324
5. Setting up the null hypothesis, caleulate £, \
D, —0_0.083 O\
b= e 024 010 A

™

Since the 95 per cent value®” of # for n = o« is 1.96, the diffcrence be-
tween the two correlation coefficients is not significatrd:

The difference between r for 1892 to 1913 ahd¥y for 1914 to 1940,
two values of the same coefficient for differentshinples, would be tested
in the same manner as above. The only @ifference would be in the
calculation of the standard error of thedifference.

Y NRS3TN, -3

where the subscript 1 refers ta! 1892—1913; and 2, to 1914-1940.

Differepep. Between Partial Cogfficients

Differences betweeh\\two partial correlation cocflicients are tested in
the same manner @¥ differences between gross. The only distinctions
are in the expressions for the standard errors of the differences,

The partialeoefficients, 3. = —0.600 and ry; » = ~0.317, measure the
net, effects(o} United States and world production, respectively, on the
Mlnneapb‘hs price, with the effects of the Tiverpool price climinated.®
Unltgd. States production seems to be the more closely related. Whether
}b dlﬁerence between 32 and 74, is significant may be tested as

Hows

1. Ca,lculat-e z for rz.2 = —0.600.

z = 1.1513 (log 0.400 — log 1.600)
= —(.693

2. Calculate 2 for ryy» = —0.317.

z = 1.1513 (log 0.683 — log 1.317)
= —0.328

% Table 4, page 320, . % Table 2, page 189.
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3. Caleulate the difference between the two 2’s.

D, = ~0.328 ~ (~0.693) = 0.365

4. Calculate the standard error of the diﬁférence between the two 2's.

& = —-—2
. e = N —_—m— l .
2 /2
= 22—3—1=1/1:8=0‘333 -~
5. Betting up the null hypothesis, caleulate £, N
_ . oA\
D, -0 0365 . N\
l= T =03k 1.10 S

Since the 95 por cent value® of § for n= o I3 1.96;"the difference
between the two partial correlation coefficients is nﬁ‘t}\signiﬁcant.

The differcnec between the values of g fo;‘ 1892-1913 and for
1914-1940 would be tested in the same manner, except that the standard
error would be : o\ '

$

- 1 > 1
0= N~ mi;j’il.-l-Ng——- my — 1

where the subseript 1 refers to ,18}3211913;. and 2, to 191_4—1940.

TESTING CURVILINEARITY
There are many pr floms of testing curvilinearity, some of which
are as follows: (1) av}rages in a one-way table may be tested against
the linear-regression lines; (2) a curvilinear regression may be tested
against a lineax Yestession; (3) two curvilinear regressions may be tested
against eachd 10T, : '

TESTING RELATIONsHIPS IN ONE-WAY TABLES AGAINST LINEAR
A\ T EGRESSIONS

“Sofetimes the relationship shown in a one-way table appears fio be
. : o a truly curvilinear

curvilinear. Such eurvilineariby may be.' duef t :
relationship or merely to random fluctuations the dat_a. Whether the
relationship is significantly curvilinear ¢an be tested with the analysis
of variance as given on pages 377 to 381.

TeesriNG CURVILINEAR AGAINST LiNEAR REGRESSIONS

Wy = -—0.803 and P (F=atd X+2XT}
s = 0.645, and p? = 0.743

# Page 206.

For the price and production of cabbage,
= —{(.862, and their respective Squares,

# Table 4, page 320-
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The index of correlation based on the curve ¥ = a4+ bX + cX? was
higher than the cogfficient of correlation based on the straight line
Y = a+ bX. This indicates that the curve fits the data hetter than
the straight line and that the relation was curvilinear. The significance
of this curvilinearity may be tested with the analysis of variance. The
steps of the test may be summarized as follows:

ProrowrionN 45 PEr
oF BuM oF CENT
Sutarkn Deaners VauraNer  Vantakce SaLoe
DEvistioNs Frexvoy  Puorowrion Ratio, Fa OF F
Explained by ¥ ma4-6X P 0,645 1 — <\ —
Additional cxplained by N\
Y=ot+bX+eXr o —rtm 0,008 1 0.M8 it 4.45
Unaceounted for 1 prem)257 17 0.0151—ZE Ragss of camparison
Total 1=10 19 KA 4

The proportion of the total variability nxplaiged by the straight line
is given by #? with one degree of freedom. /flie proportion of the total
variability explained by the curve is giv€n by p?* with two degrees of
freedom.* The additional variability explaincd by the curve over and
above that cxplained by the straight line is given by the difference
p? — %, with one degree of frecdamd,*This additional varizbility js tested
against the unaccounted-for~ydriability to determine whether the
relationship is significantlyzéurvilinear. The variance ratio was F = 6.5.
Since the 95 per cent tabl? value of F was 4.45, the tendency for the
relationship to be curtilinear was gignificant.

For the acres of {corn in North Carolina, the coefficient of multiple
correlation? was H).xy = 0.666, and ;5 = 0.444; and the index of
correlation hghipproximation®® was o = 0.746, and p% 54, = 0.557.
The multi ]"ge\"fe]ationship was curvilinear. This was indicated by the
fact t-haﬁ\- e index exceeded the coefficient. The significance of the
curvilinearity can be tested as follows:

\V 95 Pra

PROPORTION Cexv
oF 3UM oF DroREEs  VainlaNce VaRIARCE  VALOE
SpuanEs Frezpom Prororttod RaTio, F oF F
Explained by Xz Xi and X, in HE=101 444 3 — - -
linear regression
Additional explained by curves g2 —R2=0.113 3 0.0377 1.5 3. lf:'t
Unaceounted for 1 — pt=0.443 18 0. 0246+———>Hass of comparieot
Total 1 =10 24

#The degrees of freedom are always 1 less than the number of constants in the
equation.

€ Page 214, 4 Pugre 228,
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The additional variability explained by the three.curves over and
above that explained by the three straight lines is given by p* — B2
Sinee the curves take up six degrees of freedom and the straight lines,
three degrees, the difference takes three degrees. 'The variance ratio,
F = 1.5, was less thun the 95 per cent table value, indicating that the
multiple relationship was not significantly curvilirear.

TestiNng Two CURVILINEAR REGRESSIONS AGAINST EacH OTHER

Curves with three constants often fit the relationship more r:loseh}
than straight lines or curves with two constants. Likewise, curqe\s‘with
four or more constants often fit better than those with theee.~The
increase in the index of correlation for a four-constant over™a three-
constant curve ean be tested by the F test used to tesp.the increase in
p OVCE 7. L&

The difference between indexes for two curves with/the same number
of constants cannot be tested with this methodsa>™

Testing the differcnce between two curﬁ{hear regressions is not so
common a problem as testing curvilingar) regressions against linear
regressions Ot Averages. e ' :

N
~

SIGNIFICANCE OF ESTIMATES BASED ON REGRESSION EQUATIONS
The greatest value of a régre’séibn cquation is to estimate the depend-
ent variable in terms of{one or more independent variables. The

reliability of these es{igat‘es may be tested. The standard error of an
estimate based on & simple linear regression equation, X, = a+ Xy

is given by Q" ,
> gx; Or 2= o3l — Ti2)

72
7\V : . .
H[)wnvexzkthé population standard error of estimate, estimated {rom a
samplej s _ . L
¢ S\ S Noi(l — 3)
<\ o sx; OF S12= TN-2

labor to harvest,** X, in terms of yield of
tion was Xi= -30+
dard error of an esti-

For the relation of hours of :
alfalfa, Xz on 16 farms, the Tegression equa
530X, and 72, = 0.910 and o7 = 15.75. The stan

mate based on the eguation was

I —
6781 = 0910) _ /288 _ (/76
&x: Oor &= ——'_Tﬁ — 2 14

= 1.27
. 4 Pages 147 and 148,
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The standard error of estimate 15 interpreted in about the same way as
the standard error of the arithmetic mean. For 14 degrecs of freedom,
the 95 per cent table value of ¢ was 2.14, and 2.14 times sx; equals
2.72 (2.14 % 1.27 = 2.72). Of all the cstimates based on the regression
equation, 95 per cent would be correct to within 2.72 hours. Stated
another way, the chances would be 95 out of 100 that any one cstimate
would be correct to within 2.72 hours,

The same general method applies to estimates from linear or eliwwi-
linear regression equations or cuwrves with any number of yvarigbles.
The general formula for the population standard error of p@hﬁu\&te is:
AN, A,

2 2 7o £
sxp or sm.on= g DAL Ha )y 1/,?5@@4?\;{1-:;- =)

\:M‘.

where m is the number of constants in the regressiotyequation or curves,
x:\\#'
S\

NY
L >
o/



APPENDIX A -
GLOSSARY OF SYMBOLS USED IN THIS BOOK

¢ = a constant in an equation; average for period in trend analysis.

A = arhitrary origin. Q

A = arithmetic average when used with other symbols, as AX2, AX, AX;,
AX., AXY, cte.; averages method .

AD = average devlatlon l.\

& = a constant in an equatmn also, rate of change i n regressmh c()eﬂ"lment

by or byy = gross regression coefficient. w\\

biy.g OF fng.e, ete. = net or partial regression coefficient:\\,)

Bin.s, Hra.as, ote. = small Greek letter beta = coefhicientof regression in terms of
the units of standard deviation; a meaau.re‘§net relationships.

o=t () + (=Y, | ::t'::

Py prsakd PR
By = pa/uh = T (*j\;’) . -

SN g

¢ = g constant in an equatione
e, ¢x, ¢y = correction fa,cbo.rs\for the use of arbltrary origins.

d = a constant in an, ehuatlon

d = deviations from arbltrary origin in. b

]d', = deviations “ofnidpoints from arbitrary origin in ferms
regard bo“mgn _

D= devnk fions of midpoints from arbitrary origin in points; difference between
tm’u statistical measures.

erms of class intervals. :
of units without

< (,onsta,nt in an eqnat;on

\ ’ry 2 71828 = base of the N aplena,n, or natural logarithmic system.

F = a constant in an equation.
f = a frequency; the number of observati
fo = frequeney of class contammg mogjf me
— average of two fre uencics, fr and fz.
;: and f+1g- fl‘equenm:ls of classes next below and next above the modal enfilaz.;s
7_; and fy; = totals of frequencies below and above class containing meciat,
quartile, and the like.

f, ', f* = functions of & vanable. -

F = variance ratio.
FH = freehand.

ons in & given class.
dian, quartile, or the like.

o
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1 = class interval.

k = eoefficient of alienation.
k% = gocflivient of non-determination,

I_; and I,; = lower and upper limits of cliss containing mode, median, or other
measures.

log = logarithm.

L8 = least squares,

m = midpoin,

. o
m = number of variables. oA\
Ma = arithmetic mean. N

\/

Ma' = hypotheticul arithmetic mean. G
]Ma — A| = difference hetween arithmetic mean and urbit;'afy origin, without

regard to sign, KA
Me = median. \V
Mg = geometric meun.

M4 = harmonic mean. ‘s\\“
Mo = mode, x\

#g = small Greek letter mu = 254/, O i

n = degrees of freedom. N

m, Ry = degrecs of freedomn for the .g;féixi':cr and smaller variances, respectively.

N = number of observations. ¥

N _aa = number of items less than arithmetic mean.

Ns, Ny = number of obgeradions whose deviations from arbitrary origin are
smaller and larger \ﬂ\}m their devistions from the arithmetic mean.

3

0 = origin on graph{”;"”

p= percentage@.\proportion.

Pra = prodm\-{{\mbment for X, and X,

Po = a\'ex@ﬁ;e of two proportions, 1, and p.,
P = prétluct sum,

Pg, Ey'= tenth and ninetieth percentiles.
P.EY= probable error.

¢ = (1 — p) where p = proportion,

g. = 1 — p, where p, is the average of two proportions, p1 and ..
@1 and ¢y = first and third quartiles.

QD = quartile deviation or semi-interquartile range.

r = rate of change plus 1.0, in compound interest equation, ¥ = arz.
f, 'xy, Ty T = simple gross correlation coellicient.

P, ryr, T Ty = coefficient of determination.

f,Fxv, T1z = population correlation coefficient estimated from samples.
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P12.3, 2.0 = partial correlation coefficient. -

Floa, Trz = population partial eorrélation coefficient estimated from samples. I

e = coefficient of part correlation,

Ry o, Ry = multiple correlation eoefficient.

RZ i Ry = coefficient of determination.

Big B = populatlon coefficient of multiple correlation estimated from
samples.

» = small Greek letter rho = index of eurvilinear correlation.

pL8, Yo/ xt; = index of ewrvilinear correlation eomputed by methods of I{ast
squares about the curve ¥ = a/X%

P(1.23 spproximation short-onty = index of multiple correlation between thrae VQTlabl%
by short-cut approximation method. S P\

p? = cocfficient of determination. N TN

P = opulatlon index of correlation estimated from a sample.( N

s = population standard deviation estimated from smnple\
= pooled estimate of population gtandard deviatiob from two or more samples,
31 2 = populstion standard error of cstimate, estl jated from sample.
AS by‘, Sp a4, and S log ¥ = = stundard error of es@
&% = gkewness., B\
SP = zelected points, \J/
¢ = small Greck letter sigma = stanclar& devmtmn
s? = varianee.
Cate, Ofy Op, Gz = g{-andard cm,f ,gf mean, - frequency, differences, and other

statistical measures. , :
b3, wrp = standard ermr\of the differcnce between two means, frequencies,

and other stat t‘x@al measures.
% = capital Grcek letter sigma = summation sign.

’standard errors where the number of observations is lmited;

t = numher of
; e in terms of that mesasure’s

ratio/PE"a range in a statistlcal measur

g n»a yrid error.

T = nuﬁrber of standard errors where the number of observations is unlimited.

N4 VAD, Ven, and Va= coefﬁclent of variability based on various measures of
)  variability. .

# = deviation of the variable X from its arithretic mean. . )

lz| = deviation of & variable X from its arithmetic mean, without mip(-;ct t,ol nglI;.

X = a varishle, usually independent; also, an individual variate of that varizble.

X, = dependent variable.

X, X, and X, = independent variables.

X _sa = any observation less than aritbmetic mear.

iab ean.
y = a deviation of the yariable Y from its arithmetic m 1 equation

y’ = deviation of the variable Y from value estimated from & regressio

Or 4 Curve.
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¥ = a variable, usually dependent; also, an individual variate of that variable,
¥’ = value of ¥ estimated from a regression equation or a curve.,

z = residlual, deviation of a variuble from some estimated value,

z = transformation of r,

x* = small Greek letter chi, squared = measure of differcnee between ohserved
and theoretienl frequencies.



APPENDIX B .

A METHOD OF CALCULATING SUMS OF SQUARES AND SUMS
OF PRODUCTS WITH TABULATING EQUIPMENT

When ““Hollerith” tabulatmg equipment is available, sums of squares anl:l of
products may be easily obtained by a ‘‘progressive dlgltlng” mel‘.hod. The
procedure may be outlined ag follows: "\

1. First, the data are punched on a tabulating card.! In the_ pmblem of the
production and piice of wheat, the information punched on. ‘the eard included
the year and four variables, prices of wheat at aneaporksxa.nd Liverpool und
production of wheat in the United States and in the waild (fable 1, left). When-
ever possible, the data in their original form shouk Je punched on the eards.
However, in this example, the mformatlon coiméted of first differences with

'PABLE 1. ORIGINAL DATA GOPED’FOR PUNCHING ON A
TABULATION CARD

CHANGEs* IN PRICES OF WHEAT AT~memroms, X, avp AT Liverroor, X
¥ ProprTorIoN OF WH.mT m “pEe UNITED STaTES, X3, AND IN THE

WOILLD, X,
. ' .m\ d
Original datd, Coded data
AN
) ‘ ; ’ . X1 X X X
Year | B | X | Xop T (50| (+50) | (+50) | (+50)
~
&
1802 N/ 18 | ~20 | — 7| +15) 1892 32 | 21 | 43 [o065
1893\ ol Cia) Zo| +8) e | 43 | 38 | 40 |05
P o ’ ) ) ’ i
1913 o) 8] +2| 22y 1013 52 | 44 | 52 |072
Column on t‘abula.tin.g (Bal'd .............. . 1: 2; 3: 4 5)6 7:8 9,10 11112113

__._.__-.—————-_-'_T_'_.—.—a—u_,_.—-—'._-——-
*Pable 1, page 170.
her purpose—
has already been performed for ancther p
I b Stcp o probahly more w wseful for tabular than

tabular analysis. Tabulating equip ment i3 1] a5 correlation analysis,

for correlation analysis. Where tabular analysis is used as we roducts wers

the data would a,lready be on cards when the sums of squares and/or

desired.

425
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both plus and minus signs. Since the tabulating machine manipulates a series
of numbers all with the same sign more easily than one with both plus and
minus signs, the minus signs were removed from each of the four serics of first
differences. This was accornplished by adding 50 to cuch first difference (table 1,
right).

On the tabulating card, the year was pluced in columns 1 to 4. The Minne-
apolis price of wheat, X,, a series of twodigit numbers, oceupied columns §
and 6; X occupied columns 7 and 8; X, columns 9 and 10; and X,y was placed
in three columns, 11, 12, and 13, because there was one year with three digits.

The coded data in table 1, right, were punched on tabulating cards with the
usual equipment. The data for each yeur were placed on one card, g there
were 22 cards in all. AN,

2. The next step consists of grouping the yoars aceording to one Sarieble and
obtaining cumulative totals for all four variables. N

The 22 cards were first sorted on column 6, the “units", éoWmn of X1, The
resulting 10 groups® of cards were then arranged in order SO‘}-h:.lt the pack began
with those punched “9” in eolumn 6 and ended with tle¥e punched “0.” Then,
with the tabulating machine, cumulative totals of th{\\f(ﬁzr variables, X\, Xa, X,
and X4 were obtained for all the different digits Q&:Ulu mn 6.

The total of X, for all the “%s" in columipBwas 1537 (table 2, upper). The
corresponding totals for X, Xy and X, werevI66, 156, and 148, respectively.
The cumulative total of X, for all the “48%* and “8's” in column 6 was 183,
Since there were no “7’s” in column .6; yhe cumulative total for 777 was also
185. The final cumulative total of Fo¥or the “0's™ was 1,104,

The 22 cards were next sorted’dn column 5, the “ 10" column of X1 The
resulting groups were then apz;\aged in order from largest to smallest. Then,
with the tabulating maclh i,"cumulathre totals of X, Xy, X and X, were
obtained for all the diffgtent digits of column 3.

The total of X, for(dll"the “7’s”" in column & was 217 (table 2, lower). The
final cumulative fotal* of X, was again 1,104.

3. The mnext, sﬂep consisted of adding the colurans of cumulative totals to

* Actually,) there were only nine groups because there were no 7's.”” However,
when theraire 1o cards for one digit, a blank card is inserted in that digil’s posilion.
In thig\case, 2 blank card was placed between the “8’s” and the “6’s.”” This rule
docsnet apply to the zero group nor does it apply to highor groups than the highest
one present. In the lower part of table 2, there were no “9%s,” “8%,” “1’s,” or “0’s.”
Blank cards were not inserted for the “0'g, “8R " or “0Ps,” but & card was inserted
for the missing “1's.”

% Regardless of which column of which variable is the hasis of the sort, the last
cumulative total of any variable is always the same beeausc it is merely the sum
of all values of that variable. The total of X, for the 22 years was 1,104 regardless of
whether the cards werc sorted on eolumns 5 or 6 (table 2, upper and lower). Likewise,
the total of X, was always 1,282 rcgardless of whether the cards were sorted on X,
columns § or 5; X5, colurens 8 or 7; X, columns 10 ar 9; or X, columns 13, 12, or
11 (tables 2 and 3). This reappearance of the same final totals from one tabulation
to the next gives a good check on the accuracy of the ruachine and opcrator.
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TADBLE 2—CALCULATION OF THE SUM OF S
i QUARES AND O
THE 3UMS OF PRODUCTS INVOLVIKRG X; g

hl
From CumcrLanvE Torars* OBramwEp arFrer SORTING ON THE UNITS AND
Tens q "
Dicrrs oF X, AND TapvLarmine X, X X, anp X,

Cumulsfive totals
Basis of sort ]
X, .
Xl Xg XS X“
Column & Columns §—6 | Columns 78 | Columns 9-10 | Columns 11—}3

2 157 - 166 156 a8
8 - 185 214 217 AN

1 185 ' 214 o7 L o227
6 231 272 967 N 266

5 411 : 436 471, 528
4 593 U599 ' godN. 721

3 805 " 832 ] 812 805
2 933 - ggg . i s 014 181 .
1 1054 1046 /> 1054 1215
0 1i6t— TX, | 3602 = DX} HeR=32X, | #2683 =2X,

Column & o\ e

7 2174 L2010 1380 810
6 3450 [0\ 8180 2330 2000
5 a0 8¢ 6690 5780 6050
4 Ca960d\ | 9540 8720 9420
3 10280\ 9750 9150 10070
2 1040 10920 - 11070 12830
1 \ \1040 . 10920 11070 12830

Adding-machipe]* - :

totals (| 69764 = 2X1

7\ ) : -

* A;ll"hkﬁrcs except those. in ifalics -were recorde

Thewerd to the right of the pumbers in the lower part of the tab
N\Iniﬁ;’h‘ine totals were inserted.

\ \*f There were no “7's.” A blank card

1 There were no “1s.”” A blank card was inserted &

57788 = TX Xaol54817 = ZXXs 59508 = 2X0 X«

d by the tabulating machine.
le and the adding-

id was inserted between the “_S’s" and “6's.”
frer the “2a.”

of products. First, all cumulative totals for
they should not be included. Also, all the
5#10's" eolumn {column 5} were multiplied
1o the right of all the values in the lower
sotals for X consisted of 16 numbers,

chtain syms of squares and sums
“(7* groups were erossed out, for
cumulative totals for the sort on the
by 0. This was done by adding a zery

part of table 2. Finally, the cumu]sitive e
the first being 157 and the [ast 11,040. The 16 nimbers were sumrmed wl

adding machinc and the total, 59,764, was seb upder the column. The totals of
the X,, X, and X, columns were obtained in the same manner.
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The sums of cumulative totals were sumg of gquares and of produets. Each
total was the sum of the products of X, times the particular variable tabulated,
The sum at the bottom of the X eclumn, 59,764, was =X X, or 2X]. The other
sumg in order were X X, ZX 1 X, and ZX X, (fable 2, lower).

The sums of the four variables themselves had been automatically determined
in the above proecedure. The sum of each variable is simply the last cumulative
total for that variable in any sort. For example, 2X is 1,104, the Iast cumulative
total of X, from the sort on colurnn 6.

At this point the values of =Xy, =X, =X, zX, zZX}, =X X, XX, and
$X X, had been determined {table 2). To obtain other sums of squared S.¥;,
zX3, and X3, and other sums of products, XXy XXX, and TXa¥ 1,\1t was
necessary to repeat the above process, sorting on X, Xy, and X ind turn and
tabulating those variables. N\

In table 3, leff, the basis of the sort was X, and the vurﬁ‘fb‘leb tabulated
were X,, X, and X, The sums of cumulative totals undergthieh ¥o, X, and Xy
eolumns were TX7, ZX,X;, and 2X.X,, respectively. &)

In table 3, center, the basis of sort wag X and thewanables tubulated were
X; and X, The sums of cumnulative totals were E)!,asind XX,

In table 3, right, the basis of sort was X, an& the one variable tabulateds
was also X,. The sum of the cumulative totuls Was TXZ.

All the sums, sums of squares, and qums of products may be summarized
from tables 2 and 3 as follows: o

X, SORT Jt;g,' SORT X; SORT X, BORY
X, = 1,104 TX?-50764 ABXI=57,878  ZX}-57,208 X} =87,767
IX, - 1,002 IX.X» - 57,728 ?}szs = 54,746 IX,X. = 67,235
=X, = 1,107 =X X;= 34%:‘5 =X, X, = 89,076
X (=128 =X.X.=5%

Any sum of produc‘ts could have been determined in another way. The value
of ZX,X; was obtmned by sorting on X and tabulating X;. However, it could
have been obtdined by sorting on X and tabulating X,. The answer would have
been the samie. The sums of the four variables themselves, which were taken
from table 2 could have been taken from any other tabulation of that particulur
varmbie For example, since X, appeared in every tabulation, the sum, ZX,
= 1 28'% appears nine times in tables 2 and 3.

When the data are not coded, the sums of squares and of products by this
method are identical with those by other methods. When data ure coded, as
in the present example, the results are not the same. Howcver, the sums of
squares or of products are not the final objects of the caleulations. The product

1 While X, Xy, and X; were all two-digif numbers requiring two columns on the
tabulating eard, one value of X, was over 99, requiring three columns on the eard
for X,. Note that there are three sets of cumulative {otals based on the X, sort,
those for the sort on the “units” colurmn 13, the “10°s” column 12, and the “100°s"
column 11, The totals for the eolumn 11 sort were multiplied hy 100 before adding

the 19 eumuylative totaly together to obtain ZXJ.



SUMS OF SQUARES AND.P&OD'UOfé-'f' SR '42'9':

TABLI 3.---CALCULATION OF SUMS of"SQ ARES AND SUMS 0
- SQUARES AND SUMS
PRODUCTS INVOLVING Xy, X, AND X, - OF

C“;mtl]‘;'ﬁ"e " Comulative C"t“f““}*’"
SO OLals . tOf.Etl - 1ve ’
o Sort |~ 'F | Sort | totals
: ! : X - — X
Xy Xa Xy e _Xa. 1oX - X
Column |Columns |Cotumns |Columns |Columsn |Columna Columns Column C‘olumn.;
8 vg | 910 | 11-18 | 10 | g-¥0 | 11-18 1 18 ) HSIS
9 49 44 35 9 186 | 125 | 9 4N 187
8 289 320 366 8 934 | 181 8§ N 617
7 450 462 508 | 7 981 | 283 | OW| 544
6 562 554 501 |- 6 413 | 453 {6 696
5 607 608 ea7 |- 5 | 58 | G665 796
4 851 660 | 759 4 g21 . [ \eaw| 4 874
651 660 759 3 | 813 g |3 927
2 817 816 o7 | 2| sesf{loes ; 2 4 1148
I 1052 | 1082 { 1288 | 1 ors [ 1152 1143
0 1009 | o7 | 2988 | O |(eE | iE 0| 298
Column Cotagéfu; b Column
7 105 20 12
7 weo | se0| grofe e | 2880 8480 9 960
6 2670 16760 sip| 5 | 00| O 960
5 5060 | so60 |(gE0 | 4 | 10290 12350 | 7| 4610
4 10150 | 95SA 10320 | - 3 | 11070 12830 | 6 8630
3 10530 | 9980 | 10800 | 1070 | 12830 8 8800
2 | 1070 | Qosto| 1es0| o | 10T - s
1 » 12830 ] :
1092&“ 11070 1 2 | 12830
N o : o Column
N . g b R 7
O : T 1 12800
\\; o | e | e
, . o - ’ . Adding- .
ding-| Adding- . .
Adding oachine| 57298 | 67285 machine | 87767

machine| 57878 | 54746 | 59076.
totals | = ZX} |=ZX2Xs|=EXaXs “totals

L3x? |=2X:X| totals | =22
_,_———*-'_-'______“

om these sums are the results

and standard deviations, a
are coded,

moments and standard deviations Ual@slirdﬁf;
. . ) e €,
desired. Product momaents, P P15 and B - ¢ whether the date

i tly the same regardless of Whethe
e that the coriE by addition o subtraction. For exam

provided that the coding is done
the above values, -

ple, from-

.
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1,002 . 1107
T2 - 406364 AXy = Zpr = 503182

AX Xy = 5;*-57-;& _ 948845 AX.=

According to the usual formula,®

AX:Xy — (AXs (4 X5)

2 48845 — (49.6364) {70.3182)
= —0.i6

i

P

i

This is exactly the same as the value of s altained from uncoded data by
another method 8 o

When tabulating machines are available, the progressive-digiting method of
obtaining sums of squares and of products often saves mueh timeSafl labor
over other methods, The smount of time saved depends on (1) t‘h}A numher of
observations, (2) the number of variables to be squared andgross-multiplied
in the same problem, and (3) whether the data have :J.Iré‘,jld}? been punched on
cards. AN

When the number of observations is greater tha b0 or 60, the tabulating-
machine method usually means a consiclerable saviug bl time. When the numher
of ohservationg is small, say 15 to 20, other I}}{tﬁh.ﬂds probably take less time
than the tabulating-machine method. \®

The advantage of the tabulating-machinefoethod increases with the number
of variables. If a person were studyingonly the effect of X, on X, he would
probably not save much time with ;uiﬁﬁlating equiprent even if he had a very
large number of observations. IleWever, if he were studying the relationships
among 10 factors, he would pihably save time by using the machine method
with only 20 to 30 obser\fayéo?}s.T

When data have alreddy” been punched on cards for another reason, the
machine method savedevén more time over other methods.

Another advagtage” of the tabulating-muchine method in addition to the
saving of time is)ereater accuracy. This advantage is small when there are
only 13 to 20\’(1%er\fations, but becomes greater as the number of phservations
inereases, ™

The ch‘la limitations of the machine method concern the unfamiliarity of the
stat;lsf{ioién with the machines and the machine operator with the method.

~,
\5 sPa.ge 172,

8 Page 172.

7 In this problem of price and production of wheat, it is doubtful whether the
tabulating-machine method took any less time than the usual methods. There were
only 4 variables and only 22 chservations (years). This cxample was used primarily
because it had appeared before in the chapters on multiple and partinl correlation,
pages 169 and 186,



APPENDIX C

THE DOOLITTLE METHOD OF SOLVING NORMAL EQUATIONS
FOR NET REGRESSION COEFFICIENTS

The method used for solving normal equations! in chapter 10 isa gene'r»s}
method applicable to various types of simultaneous equations. Howeven, ‘the
unique nature of the normal equations makes possible another proceduts kriown
a5 the Doolittle method, For the beginner, the miethed given in chapter 10 is
probably the easicr to follow. For the worker with many sqtfg‘of’équaﬁions to
golve, the Doolittle method probably saves time. . R4 %

The normal equations used to llustrate the Doolittle m,eﬁlod were the same

as those on page 173- . O
. - . x'\ w/

(I) + 167.04965112,34 - 9.1570(113,24 —NgQg‘.‘]:BOOquga = +1331570

(11} —  0.1570bgm -+ ?2.3078513.?3{-,321.6713514,23 = — 56.1033

(1)  — 209.4300bz.5+ 121671302 588.3084by.0; = —221.8304

ITowever, with the Dootittle method; ‘the firgt term in equation IT, -—9.1_570?;13,“,
T are not used. Another difference

and the first and sccond terms in8gmation 11 _
is that the three constant term§'en the right side of the equation are transferred
to the left of the ”eq'uals”gsfmbols ; und, of course, their signs are changed.

The Doolittle metho&l}ré’éeeds ag on page 432
Q 1 Pages 173 to 175.

A%/

431
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DoourrLe MErHOD of SonviNg NormaL FQuaTioxs

Line Procedure Calrulations
1. Equation I =167 . 0480b1z.00 — 0. 1570M12.00 — 200 4300k 2 —133. 1570 =0
2. Equation TL 472 3078ba et 121 67 Lih gx4- 36, 1053 =10
3. Equation III - 5RE 8981 221, 8304 =0
4. Write equation [ 4167 0406512 30— 9. 157061224 —200 . d300014,2: —133. 1570 =0
5. Line 4 = -+ 167.04G86,

signs chanped = 1.0bias  +0.0548160au+ 1. 25370001002 +0. 797111 =0
i Write equation 11 472, 3UT8ba. 2+ 12167 L3bun+ 56.3033=0
7. Line 4 X +0.054B818, A\

bra.a¢ berm omitted - 0.5020bizc— 11480150 a{-N.2007 =0
8. Line 6 + line 7 4718058000+ 150. 1012664 15,8142 =0
9. Line § + +71.8058, signs changed —1.Dlsae —1. 5345720105 —0. 670660 =0

PN _

10. Write equation TII - SREAINE B 231 53 =0
11. Line 4 % +1.253700, fz.ae and bigze torma omitted — a2l a2 b1 a2 — 115, 9388 =0
12, Linc & 3 ~1.534572, b1z and bz terms omitted .:1{[). 0063bies— T4 8036 =0
13. Line 10 + line 11 + line 12 56 T30 b — 20,0021 =0
14. Line 13 + -+156. 73597, signs changed N — 1.0 bz [-0.127813 =0
15. Value of bz AN 4-1.0 b= +0.127613
16. Line 0 with value of bic.as substituted —1 (%21, 5345720+ 0. 127613) —0.670668 =0
17. Simplifieation —1¢0By 35 —~0,875500 =10
18. Yaluc of bion ;1';1.’]513.2{ = -[.875500
19, Line 5 with values of Bis 24 * ’: ’

and b substibuted  —1.0hiz.104-0.0548IEE —0, 87350) 1. 253700(+ 0, 127613} 40, 797111 =0
20. Simplitication —1.0biza A28 +0.008108=0
21. Value* of b1z.4 41, Obiz.34 oA = 40609108
Check: 22\

Substitute in equation T the 'ﬂﬁue}s of bre.., brazs, 2od bz
+167.0-195(+U\.{( B108} —0. 15700 —0. 575000 =200 4300{+0.127613) —133. 1570=0

+1508661  + B.UL70 - 26.7260 —133.1570=0
Y N/ +0.0001 =0
Y

* Lines 15, 18, ap@i'are not absolutely necessary, because the valaes of bieas, buan, and buas ere
also given to thedefbwf the equals signs in lines 14, 17, and 20, respectively.

Noo/
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A -

Additive relationships, 128, 246, 249
analysis of varianee applied, 874
and joint compared, 261
tested in three-way table, 383 386
Agpregative, 56, 66
Alienztion, coeflicient of, 160
Analysis of variance, 345
applications, to correlation, curw.hnear
411
gross, 406
multiple, 410
partisl, 408
testing curvilinearity, 417
to tabulation, additive relationships,
374
curvilinear relationships; 377

differenee between two means, 3::4*
£ test vs. F test, 356 ™ |

joint relationships, 374 . )
non-numerical variables, 36
one-way (:Iasqﬁoation,{ﬁ}
eonsistency of reh@onbhlps 358
three-way tableg\381
two-way clamﬁuatwns with equal
subgraups, 360
more, t:l\m cne observation in
ewch subgroup, 360
_énedbservationin subgroup, 365

fwo way tables with unequal sib- o

¢N® groups, 370
\mepsm'd with standard errors and chi
gquare, 399 -

cxporimenial error, 355

F and ¢ test compared, 368
Arbitrary origin, 18, 47, 155
Arithmetie mean, se¢ Mean
Asymmetrical distribution, 11
Average deviation, sec Deviation, average
Averages, see Mean

various averages compared, 34
Averages method for linear trend, 78

Base periods, 73

Bauman, A. 0., 08 ~
Bean, L. H., 230, 244

Benner, C. L 182 X
Bennett, K. R , 183, 211, 380..3
Beta coefﬁcie.nt 199 . s.
Bias, 301, 302 .
Bivariate frequency d‘i’s;nbutmn 1565
B]ack J. D, 162, 344\

‘Bowley, A, L 140,/

Brandow, Q. E‘, 38

..\" c

Canpbell, C. E., 182, 244

| Carmichael, F. L., 98

Cussetta, Mrs, J. V., v
Central tendency, sese Mean; Median;
Mode

Chi square (x*), 387

application, 389
ags preliminary test, 397
differences In one-way [requency ta-
ble, 393
sample compared with population,
301
- testing relationships in one-way fre-
quency table, 393
two-way frequency table, 305
compared with standard errors and
analysis of variance, 399
table of values, 388
with small numbers, 398
Classes, interval, 4
location of limits, &
number, 2
pize, 4
unequal, 4
Coefficient, of correlation, see Correlation
of regression, sez Regression

435



436

Correction factor, averages, 19
correlation, 156
standard deviation, 48
Correlation, additive, and joint compared,
261
and joint relatiomships, 201
compared with tabulation, 203
advantages and disadvantages, 266,
273, 276, 282, 293, 295299
cansution, 194-195
corrected values, 401-405
gross, 401
indexes, of correlation, 404
of multiple correlation, 404
multiple, 402
partial, 403
curvilinear, multiple, see Correlation,
multiple, index of
simple or gross, 200, 269
advantagesand disadvantages, 210
effect of extreme residuals, 205
effect of flexibility of cuorves,
206

cffect of method of fitting curves, R “ v limitations of, 251

206 N
gffect of method of measuring red )
giduals, 207 \’
from different curves, 203 )
index of correlation, ?@D\ .
rhoe {p), 200 O
caleulation qf;;éﬂﬁ
chargeterishic of, 210
from d,irﬁﬁrent curves, 203
impartance of defining, 208
prohlems in choosing, 209
jades, 211
Ktﬁ};&%rﬁnear, 144150
7 advantages and disadvantages, 161
coellicient, 150 )
compared with determination
and non-determination, 163
compared with tabulation, 266
double-entry table, 155
meaning of, 143
methods, advantages and disad-
vantages, 161
compared, 159
least-squares, 146

INDEX

Correlation—/(Cloné naed)
gross, linear—(Confinued)
methods—{ontinyed)
produet-moment, with
tiong, 150
with grouped data, 153
without deviations, 153
product mement, 151, 169, 172
product sum, 153
regression equation, 160
tahular use of, 164
simple explanation, 144
nterserial, 194, 276 AN
compured with Lubul:tti:}h, 276
joint, 246, 291 \ o
acdvantages and (].i;ﬁ:ul'\‘fa:,nt-a.geﬁ, 260
and additive ednpared, 261
approximatian yethod, 252
calculasitadof rho, 255
compqw@ sith labulation, 208
c()l'{‘-l:{%ﬁson of additive and joint, 249
pul‘yi‘linca.r, 250
. lewst-squares mothod, 246
3 and approximation compared, 260

o > 3

devia-

Q"

Ny

linear, 246
presentation of joini relationships,
257
graphic, 258
graphic and tabular ecompared, 257
tabulac, 207
regression squations, 247
- rho, 250
tabular preseniation, 251
two-dimensional graph, 252
contour lines, 254
uses, 262
with more than two independent var-
{ables, 260
lincar gross, see Correlation, gross,
linear
rultiple, curvilinear, 212
index of, 212
advantages and disadvantages, 243
approximation ansalysis, 217
from linear multiple regression,
217
advantages and disadvao-
tages, 243



Correlation—(Continued)
multiple—(Condinued)

index of--~{Continued)

approximation analysis—(Coniin-
ed) o
short-cut method, 230

advantages and disadvan-
tages, 244 :

guide to drawing apprummar :

tions, 230
characteristics of eurvilinesr meth—
ods, 241
comparison of eurvilinear methods,
242 .
lenst-squares analysis, 213
asdvantages and disadvantages,
243 :
rha, 215, 228, 236
linear, advantages and disadvan-
tages, 178-180
determination of, 168
from partial, 195

graphic presentation of results, 178 e

meaning, 166
partial regression coefficient, 168
product moment, 169, 172 A\
products and sguares fory 169
R, caleulation of, 175»«\ :
interpretation %\Wﬁ
regression equtio 176
coefficients, 177
tabulay uée ‘of, 183
mmultsmeous equations for, 173
st d error of estlmate, 167
uges; 181 -
procr-dures, 263
srelatlonshlps, 3 variables, 273
\M; ™ compared with tabulution, 273
- 4 variables, 282
compsared with tabulation, 282_
part, 198
partial, 186 .
characteristies, 196
compared with gross, 190 :
first-order cocflidients, 189, 191
from gross corrclations, 191
from multiple correlations, 185
interpretation, 196
interserial eorrelation, 194
limitations, 196

. INDEX

437

. Correlafion—(Conﬁnwd}

" partial—(Continued)
second-order coefficients, 185, 194
uses, 197
simple, fee Corre]atlon, curvilinear;
_ Correlation, gross
testing significance, eurvilinear corre-
Iation, 411
curvilinearity, 417
difference between two coefficienis,

414
gross, 415 , \‘\
partial, 416 A\

estimates based onregression, 419
gross eorrelation, 405)413
muitiple correlatzon, 410, 413
partial corzelation, 408, 413
signifiean\values, 412
CDx,R W\103 181, 182
Cumulative chart, 9
Curyt‘httmg, see Least-squares method;
\ Secular trend
Cumlme&r eorrelation, see Correlation,
curvilinear
Curﬂlmea.r relationships, analysis of var-
isnce spplied, 377
Curvilinestity, analysis of variance &p-
- plied, 437
Ciycles, annual, methods for, eoMmparison,
115
fimt-differences, 105
percentage-of-moving-Averages,
108
percentage—of—precadmg—year, 106
percentage- —of-straight-line-irend,
107
purchasing-power, 109
uses, 111
 monthly, methads for, mov:ng—average
117
percentage~of -corresponding-
“ month, 116
purchasing-power, 117
uses, 119
i D

Davénporﬁ, E., 162

Deciles, 46 .
Deflated series compared with purchas-

ing puwer, 109
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DeGraff, H. F., 128
Degrees of freedom, 321
for chi square, 389
subdivision of variahility, 347
variance, 347
various { tests, 322
Depencdent, variable, see Varinbles
Determination, cocfficient of, 149, 176
Dweviation, average, 40
advantages and disadvantages, 49
coefficient of variability, 43
compared with standard and quar-
tile, 49
from grouped data, 42
from ungrouped data, 40
standard error of, 316
standard error of difference between,
316
uses, 5l
menn, see Deviation, average
quartile, 38
advantages and disadvantages, 49

compared with average and stand-
ard, 49 R
standard, 44 s\

advantages and disadvantages, -‘19
coeflicient of variability, 494
compared with average d{l‘l(h[udrl tile,
49 \"
from grouped datopd6
from ungrouped datn 44
in means, 304
from popﬁluticn, 308
fromysgmple, 308
pooled,
standard error of, 316
gtandard error of difference between,
- 316

o~
\ uses, 53
Differences, first, 105, 284
paired, 336
standard error of mean for, 337
sceond, 284, 285
standard error of, 332
third, 236
weighted, 130
Diserepance, 362, 366, 372
Dispersion, 36
Distributions, see Frequency distributions
Doolittle method, 431

a3

"
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Double-clussification table, 155
Double-entry tables, 155

Ii

Elliott, I, T, 244
Enstrom, A, F., 88
{lrror, see Standand error
Fxperimenta] error, 355

Exponentiai curve, 83 “\
Izekicl, M., IH), 162, 185, 2] 17, 342, 244
A\
I 7N\ *

F, varinncee ratio, 3-}!\ 340
I test et tastd 363
tahle of, ?.)11}3 3

Falkner, H.OD) 98

Findlen, I{\I 130

Fish, M.£211

I'Lnlm[, AL, v, 320

j“f(:g{uom'ics, standard error of, 314

3 standard error of differences hetween,

314

Frequeney distributions, 1

asynunctrical, 11
bivariate, 155

cluss interval, 4
comparison of, 13
cumulative, 8

graphic representation, 9
J-ghapedd, 11

loeation of class limits, &
multi-modal, 11

nuniher of elasses, 2
ogive, 9, 10

relative, 8

size of classes, 4

skewed, 11

symmetrical, 10

unequal classes, 4

uses, 19

U-shaped, 13

Froqueney table, one-way, 2
{ test, 339
x? test, 393

two-way, 137, 156
t test, 341
x? test, 395
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G

Gahriel, H. 8., 182

Galton, F., 147

Gans, A. R., 182

Geometric mean, see Mcan .

Goodness of fit, chi-squarc test for, 380
Goulden, C. ., v, 320

Giross eorrelation, see Correlation

H

Hass, G. C.,, 182
Harmonic, see Mcean
Harper, F. A:, 130
Heflchower, R: B., 152
Himmel, J. P., 340
Histogram, 9

Hitcheoek, J. A., 181, 182

I
Tndex numbers, base periods, 73 PR
compariscen, 67 N
defined, 55 ' N
effect of method, welghtmg,\{nd type
of commodltv\‘m’

time-reversal test, 74
types of c01:0.1:(1()(111;;@‘1 73
" unweighted, 560/
arithmetic niaa'u of relatives, 58
gecmetritymean of relatives, 60
mede of relatives, 59
suan, of numbers or simple aggrega-
N tive, 56
<‘§Téigh1;ed, 62
aggregative, 66
arithmetic mean of relatives, 62
multiplicrs, 64
geomotric mean, 65
weights, detcrmination of, 62, 71
variable, 72
Index of multiple correlation, see Correla;—
tion, multiple, index of
Inference, statistical, 301, 307
" Interpolation of median, 24
_ Interserial correlation, 194, 276"
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Jesness, 0. B., 126
Joint correlation, see Correlation
Joint relationships, 132, 246; 249, 283
analysis of variance applied, 374
and sdditive compared, 261
correlation and tabulation compared,
263
significance of, 335 "\
tested in three-way table, 383, 386
Jones, D. C., 140 2 \:\
Jorden, E, M., 135 NS ¢

s ™

K™

Kincer, J. B., 1815182
Koller, E. F. N26Y

Kurtosis , 3& 54

\ L

JJLaMont, T. E., 137
\Least-squares method, for eurvilinear cor-

relation, 206, 213
for cyeles, 107
for gross correlation, 146
for joint correlation, 246
for secular trend, 79
Leptokwiic, 54
Linear correlation, see Correlation, gross;
Correlation, multiple; Cor-
relation, partial
Linear trends, 76
Link-relative method, 95

M

Macaulay, F. R., 98
MeCormick, T. C., 342
Malenbaum, W., 244
Mattice, W. A., 181, 182
Mean, arithmetic, advantages and disad-
vantages, 22
analysis of variance for differenee be-
) tween, 304
arhitrary origin, 18, 47, 155
characteristics, 22
offect of shifting arbitrary origin, 22
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Mean, arithmetic—(Continued)
effect of size of clags interval, 22
from frequency distribution, 16
from individual items, 16
hypothetical, 317
standard error of, 304-307
standard error of difference between
two means, 311
standard error of second difference,
313
uses, 23
geometrie, 30
advantages and disadvantages, 31
characteristics, 31
uses, 32
harmonie, 32
advantages and disadvantages, 33
characteristics, 33
used in analysis of variance, 373
uses, 33
Mean deviation, see Deviation, average
Median, 23
advantages and disadvantages, 26
characteristics, 26
determination of, from frequency djss
tributions, 24
from individual items, 28
from cumulative polygon, 2‘;‘ N\
standard error of, 315
stundard error of différen
315 N
A

s"

between,

uses, 26
Mesokurtic, 54

Mills, F. C., %301

Miner, J. R,
Mode, 27,
advz,mtageb and disadvantages, 29
: %tlp}'miimation, 28
chatarcteristics, 29
uses, 29
Moving averages, 93, 107, 117
Multiple correlation, s¢e Correlation, mul-
tiple
Mumford, H, W., 136

N
National Burcau of Feonomic Research,

o4
Net correlation, see Correlation, partial

*

INDEX

Net regression, see Regression equations,
linear; Regression equa-
tions, partial

Non-determination, cocflicient of, 160

Normal equations, solution, 147, 174, 431

Normal {requency curves, 304

Null hypothesis, 319, 349

(0
"\
Oghurn, W. F., 164 N
Ogive, D, 10 AN
One-way tables, see Tabulatibn “analysis
Origin, arbitrary, 18, 47,1 55

LY
Puired differenebs) 336, 337
Part, corrcl ‘bir;‘n, 198
Purtial ¢b: alation, see Correlition
P 'uhaJ ebression eoefficient, 168
Pf-armn T, A, BY, 102
Pﬁaraon H., 138
Pcnra{:n, Kml 28, 54
b Percentage, of ecorresponding month,
eycles, 116
of preceding year, cyeles, 106
Percentiles, 40
Persons, W. M., 98
Platykurtie, 54
Polygon, 9
Pooled standard deviation, 313
Popalation, 302, 304
correlation from samples, 401
distribution of samples from, 319
standard devistion in means from, 308
x? compared to sample, 391
Price relatives, see Index numbers
Probable error compared with standard,
310
Product moment, 152, 169, 172
Product-morment method, 150, 152, 153,
155
Proportions, standard error of, 314
standard error of difference between,
314
Purehasing power compared with de-
flated, 109
Purchasing-power method, 109, 117
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Q.
Quartiles, deviatjon, 38, 40
firat, 37
range, 37

semi-interquartile range, 37

standard error of, 315

standard error of difference between,
316

third, 37

R

Random sample, 301
Hanoge, 36, 49
quartile, 37
semi-interquartile, 37
Ratcliffe, H. K., 245
Reed, W. G, 162
Regression cosflicients, 161, 168
Regrossion curves, 204, 213, 216, 220-222,
225-927, 229, 231-235

Hegression equations, curvilinear, 202 2%

<N

curvilinear joint, 250, 261 -
curviinear multiple, 212-215 N »
from tabular analysis, 289-291 Ny
linear gross, 147, 160 ” 4
linear joint; 247, 292\
linesr multiple, 176, \
uses, 183 \
partial, 168 e
significance ob\édlimates from, 419
tabular presentation, 164, 183, 251, 257
Rrlationghipssee Correlation; Tabula-
A\ tion analysis
Relatives, see Index numbers
Relinbility, measures of, 300
7o correlation ansalysis, 401
‘of tabulation analysis, 323, 370, 387
- RRho (p), see Correlation ’ :

Root-mean-square deviation, sce Devia-

tion, standard
~ Ruler method for linear trend, 76

3

Sampie, distribution of, 319
generalizing from, 307
population correlation from, 401
random, 301 :

| 8nedecor, G. W., v, 350,
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Bample—(Continued)
small, 320
standard deviation in means from, 308
x* compared to population, 391
"Barle, C. F,, 162
Behickele, R., 340
Sessonal variation, elimination of, 101
methods of ealeulating, commparison, 97
iimk-relative, 95 ’
moving-gverage, 93
simple averages, 90
trend-adjusted, 91
test, for, 365
uses, 99 Y
Secular trend, lineard ntethods of deter-
. minifig)averages, 78 '
least—éq}:é&ﬁ, 79
ruleforatring, 76
selected-points, 78
.éq&ri-a.verage, 78
: qorﬁinear, methods of determining,
o\ exponential curve, 83
moving-sverage, 83
v culeulation of, §3
cutting corners, 87
uses, 88
" Selected-points method for linear trend,
8
" Herni-average method for linear trend, 78
Semi-interquartile range, 37
Significance, see Relinbility; Standard
error; Analysis of variance;
Chi square
Significant, defined, 325
Simultaneous equations, solution, 147,
174, 431
Skewness, 36, 54
Smith, B. B., 182

Q"

N
AN
e S\ N
\

388, 412 .
Spencer, L., 102
Standard deviation, see Deviation, stand-
ard
Standsard error, 304
and probable errors, 310
applied to tabular analysiz, 323
consisteney of relationships, 827
difference between two means, 325
one-way frequency tables, 339
- paired differences, 336

single mean, 323
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Standard error—{Continued)
applied to tabular analysis—(Contin-
wued)
two-way frequency tables, 341
two-way percentage tahles, 343
two-way tables of averages, 320
diagnesis of, 333
compared with F and x? tests, 399
normal frequency curves, 304
pull hypothesis, 319, 349
of average deviation, 316
of eorrelations, gross, 405
# transformation, 407
partial, 408
z transformation, 409
of difference between two average
deviations, 316
of difference between two correlations,
414
gross, 415
partial, 416
of difference between two frequeneies,
314
of differcnee between two means, 311

of difference between two medians, 31’5 \y

of difference between two proportions,
315 "4
of difference between twomguartiles,
316 ~
of difference between %m standard
deviations, 316
of estimate, 16741y
of estimates baged on regression, 419
of frequencies 814
of mean,JH-307
frop population, 308
fxbm sample, 308
#\of 'paired differences, 336
\of median, 315
of proportions, 314
of quartiles, 315
of second differences, 313, 332
of standard deviation, 316
probability of oceurrence of T, 319
probahility of occurrence of ¢, 320
T, 316
i, 320
degrees of freedom for, 322
uses, 322
nzes, 322

INDEX

Straight-line trend, see Secular trend
String methed of linear trend, 76

T

7, 816
tabhle of, 319

{, 320
degrees of (reedom for, 321
ftest o 8 test, 305

tuble of, 320 N\

uses, 322 A
Fuble, of I, 350 ) \' \\

of ¢, 320 « \

of x2, 388 &N

Taubular method, v\;(.’!’?:'T:L])ill.'llifJn analysis
Tabuluting mm-.la[\(ﬁé, sums of produets
and/squares with, 425
Tli.l)ulution\:m:ﬂysis, ubsence of relation-
.’;\ “ships, 128
ndg}i‘t:hwu’and joint relationships, 283
Medfapared with corrolation, 203
“differences, first, sceond, and third,
284287
rates of chanpe, 288
additive relationships, 128, 283
advantages and  disadvantages, 141,
966, 273, 276, 282, 203,
205-299
analysis of variance, applied to addi-
tive relationships, 374
applied to eurvilinear relationships,
E¥ig
applied to differcnees between means,
354
{ test vs. F test, 356
applied to joint relationships, 374
applied to non-numerical variables,
360
applicd to one-way classification,
357
consisteney of relationships, 358
applied to three-way tables, 381
applied to two-way classifications
with equal subgroaps, 360
more than one observation in sub-
groups, 360
one ohservation in subgroup, 365
applicd to two-wany table with un-
cqual subgroups, 370
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Tabulation analym—((‘ommmd)
characteristies, 140 :
chi square applied, 389
curvilinear relationships, 127, 269
holding inferrelated variables con-
stant, 139
interserial relationships, 274
eompared with correlation, 276
joint relationships, 132, 283
linear relationships, 126, 264
compared with correlation, 266
multiple relstionships, four variables,
277
comparcd with correlation, 282
multiple relationshipy, three vanablcs
270
comparel with correlation, 273
non-numcrical, dependent variables,
187 )
independent, variables, 134
one-way, 135
three-way, 136
two-way, 135 :
numeriesl variables, four-way, 125
higher-order, 125
one-way, 120 < '
threc-way, 124 ' s
iwo-way, 123 RS
gtandard errors applied, 3287
consistency of relatao?»s\hips, 327
difference between/wo means, 325
one-way froquency tabics, 33%
paired d].‘Eferenees, 337
single menf /323
tWO-W l'r\equcncy tables, 341
bwo-way percentage tables, 343
twbiway tables, 32¢ .
{Ndiagnosis of, 333
£ hnd F tests compared, 365
1, F, and x* tests compared, 400
Tabulation »s. correiation, 264
floxibility of methods, 296
non-numerical variables, 297
results, 207
aumber of obscrvations, 296
simplicity of methods, 285
Thomsen, F. L., 108
Time-reversal test, 70
Timoshenke, V. P., 170
_ Tolley, H. R., 162

443

Trend, Jong-time, see Secular trend

Tufts, W. P., 162

Two-dlimensional graph, see Correlation,
joint

U
Underwood, F, L., 132, 334

Unegqual subgroups, analysis of variance
applied, 370

Universe, 301 Q
TUnweighted, see Index numbers A
¢\
v O

N

Variability, coefficienjnof, from average
devmen, 43
from quartiledeviation, 40
from standard deviation, 49
uses, 59\
1mpoghn\11ee, 36
mpgsures of, 49
Sllhle]Slon of, 345
unaccounted for, causes, 176
Va;rlahles, dependent, defined, 122
. holding interrelated constant, 138
independent, defined, 122
Variance, 348
about & line and mean, 149
analysis of, see Analysis of variance
ratio, see &
Vass, A. F., 138
Vial, E. E., 181, 182

w

Waite, W. C., 103

Wallace, B. A 162

‘Warren, G. F., 39

Weighted diﬁ'erences, 130

Weighted indexes, 62

Weights, determination of, 62, 71
variable, 72

White, 0. H., 135

Z

¢ transformation, 407, 408

Zero-order correlation, see Correlation,
gross
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